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ABSTRACT

This paper is devoted to characterize the shape of polynomial equation systems (viewed as polynomial
ideals) with finitely many solutions (counting their multiplicities) and the dual structure of the quotient
algebra. Our characterization links both the techniques for solving polynomial systems (Gianni—Kalkbrener
Theorem) and the inverse interpolation problem (Moéller Algorithm).
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RESUMEN

Este trabajo se dedica a caracterizar la forma de sistemas de ecuaciones polinomiales (miradas como
ideales polinomiales) con un numero finito de soluciones (contando su multiplicidad) y la estructura dual
del algebra cociente. Nuestra caracterizacion conecta ambas técnicas para resolver sistemas
polinomiales (Teorema de Gianni—Kalkbrener ) y el problema de interpolacion inversa (Algoritmo de
Méller).

1 INTRODUCTION
In 1927 Macaulay [Macaulay (1927)] gave a construction which, to each monomial ideal
J OKXq, ... X]=:P,

associates a set X of distinct points in k" such that, using modern lingo, the monomial ideal
associated to each degree-compatible Grébner basis of the radical ideal

1:=1(X) :={f OK[Xq, ... ,X]:f(as,...,an)=0,foreach (as, ..., a,) 00X}

is the given monomial ideal J, i.e. J = T(l); moreover Macaulay explicitly stated a direct
correspondence between the points of X and the monomials 1t O J forming the “Grébner sous-
éscalier” N(I).

In 1981 Méller [Mdller- Buchberger (1982)] introduced Duality in Computer Algebra
proposing an algorithm — essentially a multivariate version of Newton Interpolation —which, for
each finite set of (distinct) points X 0 k", computes the Grobner basis and the “Grébner sous-
éscalier” of I := I(X). Mdller's Algorithm was later refined and generalized [Faugeére et. al.
(1993), Marinari et. al. (1993) ] to any finite set of functionals L 00 P *:= Hom(P, k) such that

P(L):={fOP:A(f)=0, foreach A O L}
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is an ideal, computing the Grébner-basis and sous-éscalier of N(P(L)).

In 1985 Lazard [Lazard (1985)] characterized the Grébner-basis of any ideal | O k[X4, X;] thus
also refining Macaulay’s result. Lazard’s result was then subsumed by Gianni-Kalkbrener
Theorem [Gianni (1987), Kalkbrener (1987)] describing the lexicographical reduced Grobner-
basis of any zero-dimensional ideal in P.

In 1990 Cerlienco—Mureddu [Cerlienco-Mureddu (1990)] gave an algorithm which, for each
finite set of distinct points X O k", computes the Grobner sous-éscalier N(I) of I:= [(X) and a
direct correspondence between X and N(I).

Recently, [Marinari - Mora (2003) ] merged Lazard’s result, Cerlienco—Mureddu Algorithm and
Moller Algorithm in order to give an enhanced Lazard Structural Theorem for a zero-
dimensional radical ideal.

Finding out later that Cerlienco and Mureddu [Cerlienco-Mureddu (1990)] had extended (in
1995) their results to cover any zero-dimensional ideal whose primary components are
translations of monomial primary ideals at the origin (CeMu-ideal), [Marinari - Mora (2004)]
generalized the Enhanced Lazard Structural Theorem to CeMu-ideals, strongly improving its
factorization results.

The aim of this paper is to extend to all zero-dimensional ideals both Cerlienco —Mureddu
Algorithm and the Enhanced Lazard Structural Theorem; as we will see, the factorization
results don’t hold in the general setting.

We are therefore able to describe the structure of the lexicographical Grobner basis of any
zero dimensional ideal | O k[X, . . . ,Xn] in terms of its Macaulay Representation (i.e. the set of
the inverse systems at each root of |).

In particular, denoting < the lexicographical ordering induced by X; <. . .<X, an easy
combinatorial algorithm returns the “Grobner sous-éscalier” N(1I) of I, thus allowing to deduce
the minimal basis

{t1,...,tr},t1<t2<...<tr

of its associated monomial ideal T(I) and (by interpolation) the unique reduced lexicographical
Grobner basis

G :={fy,...,f}, T(f) =t for eachi.

Moreover, for a CeMu-ideal, a variation of Cerlienco—Mureddu algorithm allows to deduce a
canonical “linear” factorization of each element of such Grébner basis in the following sense:

for each t := X 1“‘- RN ¢ nd , 1 <1 <r, a combinatorial algorithm and interpolation allow to
deduce polynomials

Ymsi = X = Omai (X1, . . ., Xm-1)

foreachi,m,$,1<i<r,1< m<n,1<d<d,satisfying

fi =Mm Nsyms (Mod (fy, . . ., fiy)) for each i.

At least in the radical ideal case, this combinatorial description subsumes Gianni—Kalkbrener

Theorem as a corollary and gives a combinatorial justification of their algorithm.

2 NOTATION

Let P :=K[Xi, ... ,Xa], m = (X, . . ., X,) the maximal ideal at the origin, T :={X /* ---X '

n

(a,,...,a,) OIN", < the lexicographical ordering on T induced by X; < - - < X.

76



The algebraic closure of k is denoted k and for each zero-dimensional ideal |1 O P,

Z)={aOk™f(@)=0, 0f O I} 0 k" forany a = (b, . . ., ba) O k%, ®, is the projection
O < ) CE T X,] defined by
(Dq(f) = f(b1, ey bd,Xd+1, F ,Xn] of O k[X1, P Xn]

Each element f 00 P can be uniquely expressed either as
deg(f)

= >0X) OK Xy X, 4][X,)]

= gi O KX, ..., X 1], Qaegy # 0, Or as a linear

combination

N

f2Y cf 0= elf o),
T i=1

c(f, t)20,t0T, 4> - >t of terms t O T with coefficients c(f, t) O k;

and we will denote Lp(f) := gaeq the leading polynomial of f, T(f) := t,

its maximal term, Ic(f) := c(f, t1) its leading coefficient.

For each subset GO P, T{G} :={T(g) : g0 G}and T(G) :={tT(g) : 1O T, g OG}is the

monomial ideal it generates. For each ideal | O P, G(l) is the minimal basis of the monomial

ideal T(I) = T{l},

N(l) =T\ T(l) and

B(l):={Xt:1<h<n, tONMDINND =TI n {130 {Xt:1<h<n, t0N(I)}),

we set KIN(I)] := Spank(N(l)).

For each f O P, there is [Buchberger (1965), (1970) and Buchberger—Loos (1982)] a unique
canonical form

g = Can(f, ) = Sung Y(f, t,<)t O K[N()]
such that f - g O I. A Grébner basis [Buchberger (1965), (1970)] of l is any set G [0 | such that

T(G) = T{l}, i.e. T{G} generates the monomial ideal T(l) = T{lI}; the reduced Grébner basis
[Buchberger (1965), (1970)] of l is the set G(I) := {t - Can(t, I) : T O G(l)}; the border basis

[Marinari et.al (1993)] of | is the set B(l) := {1 - Can(t, I) : T O B(I)}.

TwosetsL:={/, ..., I} OP*:=Homy(P, k), and q ={q1, . . ., gs} O P are triangular if /(q;) =
0, for each i <j.

Denoting, for each k-vector subspace L [0 P*,

P(L):={g OP : I(g) = 0, for each / O L}

and, for each k-vector subspace P O P,

L(P):={/0OP*:1Ig) =0, foreach g O P},

we recall [Macaulay (1927, 1913), Marinari et.al (1996), Alonso et.al ( 2000), Mora (2005)]
that the mutually inverse maps L(-) and P(-) give a biunivocal, inclusion reversing,

correspondence between the set of the zero-dimensional ideals P O P and the set of 'certain’
finite k-dimensional P-modules L O P*.

3 MACAULAY FRAMEWORK
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Foreacht O T, letting
M(t) :=c(f, 1), foreach f =Y orc(f, )t O P

one has a morphism M(1) : P - k; letting M := {M(1) : T O T}, Span«(M) O P* is the set of the
Noetherian equations [Macaulay (1927, 1913), Mora (2005)] of P.

For each element
I=>icM(t) O SpanM) : ¢ OK\{0}, tO T, Ty<Te<---<T<---

T(/) := 14 is the leading term of I, ord(/) := mini(deg(ti)) is the order (or under-degree) of |,
deg(/) := maxi(deg(T:)) is the degree of I.

For a subset A 0 Span«(M), we set
TN} = {T(), IOA}, No(A):=T\TLA}
Foreachj=1,...,n, gj:=0x: SpanM) - Spany(M) is the linear map such that

M (w) if  r=Xw .
@,(M(T))—%} Nt OrQgr;

since, for each i, j, Gk x, =, &, , alinear map o: : Span(M) — Spani(M) is inductively
defined for each t 0 M by & = G so that for each 1, w O T we have

M (v) if  w=w
! 0 if  T{w

for each f := 3 orc(f, T )t O P, or : Spany(M) - Spang(M) is defined as

ag()=> c(f,no(l) for each | CISpan, (M)

A vector subspace A [0 Spany(M) is called stable if for each / O A and each
fOP, o) OA.

Proposition 3.1 Forany f,g O P and w O T it holds

M(w)(fg) = .Zw M(v)(F)M(t )(9)
Proof: For

f =3 .orc(f, v)v =3 arM(v)(f)v,

g = Ywrc(g, VT =3 arM(T)(9)T,
fg = Yuore(fg, u)u =3 uorM(u)(fg)u
and, for each wOT , we have

M(w)(fg) = c(fg, w) = \,%T c(f, vie(g, 1) = ‘Z- M(V)(OM(T)(9)-

Denoting, for each k-vector subspace A [0 Spany(M),

I(A) :={fOP:[(f)=0, for each I O A}
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and, for each k-vector subspace P O P,
M(P) :={/ O Spany(M) : /(f) = 0, for each f 00 P},

we recall [Macaulay (1913), (1916), Marinari et. al (1993), Mora (2005)] that the mutually
inverse maps I(-) and M(-) give a biunivocal, inclusion reversing, correspondence between the
set of the m-closed ideals | O P and the set of the stable k-vector subspaces A O Spani(M),
m-primary ideals being dual to finite-dimensional stable spaces and we remark that, for each
m-closed ideal | O P, M(l) consists of all the Noetherian equations of I.

Abasis{l, I, ..., I, ...} of a stable vector subspace A 00 Spank(M) is
called the Macaulay basis [Macaulay (1913), Mora (2005)] of A w.r.t. <if

s T{A} ;= {T<(/)} O T is an order ideal®;
=ML + ZE(V’ TL)M(v) , for suitable &(v, T<(/)) O k and for each i.

VON(A)

If we set /(1) := M(T)+ 3 orq) V(L T,N(1))M(t) O Spani(M), for each
m-closed ideal | O P and each 1t O N(l), then | can be characterized [Macaulay (1913), (1916),
Marinari et. al (1993), Mora (2005)] by the unique Macaulay basis {/(t) : T O N(I)} of M(l).

Therefore, each zero-dimensional ideal | O P can be considered as given if we know the set
Z = Z(l) and, for each a O Z, the Macaulay basis of the corresponding primary component of
I

ForeachaOZ:=Z(l),a:=(a4, ..., a.), denote:

* Aa: P - P the translation \,(X)=Xi+a

em,=(Xs-ai, ..., Xn-an),

* ga the m-primary component of I,

* Aa = M(Aa(qa)) O Spang(M),

* l,a, Ov O N<(Aa(ga)), the Macaulay equation /., := /(v) so that
e {l,a: v O N<«(Aa(ga))} is the Macaulay basis of A..

Setting s := Y arz deg(g.) and

L:={A, ..., A :={laha: Vv ON(Aa(ga)), a OZ},

we know that Span(L) = L(I) and | = P(Spany(L)); moreover, w.l.o.g. we can
assume L to be ordered so that, for each g,

I, = P(Spani{As, . . ., Ao})

is an ideal [[Macaulay (1913), (1916), Méller (1993), Mora (2005)] .
We also set

X:={1,...,%X}:={(a,v): vONA(ga),a O 2Z}

enumerated so that x; = (a, v) = Aj=l.Aaand 0j, 1 <j <'s, we set M(A)) := M(v)Aa where
A= haha.

Under the following equivalent assumptions:

3 A subset N [ T is called an order ideal if it satisfies st N 0 t O N, foreach s, t OT .
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* A =M(A) foreach A O L,

* I,a = M(v), for each A = L,aAa 0L,

* each Ai(ga) is @ monomial ideal,

Cerlienco—Mureddu Algorithm [Cerlienco-Mureddu-(1990), (1995) ] associates to each couple
of sets L and X as above, an order ideal N := N(L) and a bijection ® :=®(L) : L - N,
which, as we will proof later, satisfies

N<(L) = N(P(Spany(L)))

for the lexicographical ordering induced by X; < - - - < X..

Definition 3.2 The ordered sets L(l) := L and X(I) := X are called, respectively, a Macaulay
representation and a CeMu-skeleton of | ;= P(L); each A = /,,A, O L is called a CeMu-
functional and each x = (a, v) 0 X a CeMu-card.

Moreover, if OA=I,,Aa O L, A = M(A) = M(v)A,, then lis called a CeMu-ideal, X its CeMu-
scheme, and each x = (a, v) 0 X a CeMu-condition.

We need also to consider, for each m < n, the sets

T1,m]:=Tn kX, ..., Xel={X /X iqa, ..., am) O IN™},
M[1,m] :={M(t) : T O T[1,m]}

and the projection
T K" = K™, T (X4, « . ., Xn) = (X1, .+« . 5 Xm),

which we freely use to denote also the projections

T o T=INT o IN"= T[,m], 15 (X[ - X ()= XXy
T M — M[1,m], Ti(M(1)) = M(Th (1)),

and T, k" x T— k™ x T[1,m], Ti(a, T) = (Th(a), Ti(T )).

Recalling Macaulay’s notation [Macaulay (1913), (1916) ] for Noether equations as members
of k[ Xl_l,..., Xn_l], we remark that for each Noetherian equation

1(1) = M(D) + T omo Wt T N(DM(E) = T + 3 or W, T, N,

=X 1d1 X d” there are unique polynomials
(X X_l)Dk[X X
so that

()= X RO X O X PG+ X L (X X)X
X (X X)X

and we set

TR = (I A+ X (X)X e+ X (X X)X +
X

X (X X D) =0 o (D)X X)) OKIXG e X

m

Finally, for a CeMu-functional A = L.\, we set
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Th(A) = Tl (Laha) = Ta(la )Ar. (2).

4 LAZARD, GIANNI-KALKBRENER AND CERLIENCO-MUREDDU RESULTS

Theorem 4.1 (Lazard Structural Theorem) [Lazard (1985)]

Let P := k[X4,X], < the lexicographical ordering induced by X; < X, I O P an ideal and {fo, f1, . .

., fi} a Grébner basis of I, ordered so that

T(fo) < T(f1) < - - - < T(f).

Then

fo= PG - - -G,

fj= PHjGj+1 < Gyer, 1 Sj <k,
fc = PH«Gy+1,

where

* P is the primitive part of fo O k[X4][X2];

* G Ok[Xq],1<igsk+1;

* Hi O k[X4][Xz] is @ monic polynomial of degree d(i), for each i;
*d(1) <d(2) <---<d(k);

* Hi+1 0 (G1 T 'Gi, H1G2 Tt ‘Gi, ey HjGj+1 tt ‘Gi, ey Hi.1Gi, Hi), di.

Theorem 4.2 (Gianni—Kalkbrener) [Gianni (1987), Kalkbrener (1987)] Let I O P := K[X,...
Xn], be an ideal, < the lexicographical ordering induced by X; <---<X,and G:={gs, ...,
gs} a Grobner basis of | w.r.t. <, enumerated in such a way that

T(g1) <T(g2) <. .. <T(gs1) < T(Qs)-
Foreachd,1<d<n, dOIN, set

Gd =Gn k[X1 ..... Xd],
G :={g 0 G, g OK[X1, ..., X4, degi(g) < &}

and remark that
G11|:| G12 D D G1 D |:| Gd.1 D D GdSD Gd6+1|] |:| GdD veny
each Ggs is a section of both Ggs«1 and Gg.

Each Gy and Lpas(G) := {Lp(g), g O Ggs} are Grébner bases w.r.t. < of,
respectively, ls ;=1 n k[Xy, . .. ,Xq] and Lpgs(l) := {Lp(g), g O ls, deg(g) < &}.

Moreover, for each d, 1 <d < n and each a:= (bs, . . ., bg) O Z(l4),

denoting ¢ the minimal value such that ®4(Lp(g,)) # 0 and j, & the values
such that

o= Lp(go) X 0+ KX, .., X VKX, - . ., Xi]

it holds

“j=d+,

« for each g 0 Gg, d4(g) =0,

« for each g 00 G 4415, Du(g) = 0,

* ®Dy(gs) = gcd (Du(g) : g O G g+1) O KX g41],

s foreachb Ok, (by, ..., bs, b) OZ (lsr1) = Pu(gs)(b) =0.
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Algorithm 4.3 (Cerlienco—Mureddu) [Cerlienco-Mureddu-(1990), (1995) ] Given a Macaulay
representation L consisting of CeMu-functionals, and a CeMu-skeleton X of an unknown
zero-dimensional CeMu-ideal | O P, determine it by assigning an order ideal N := N(L) and a
bijection

d:=d(L):L 0 N satisfying

N.(L) = N(P(Span(L)))
for the lexicographical ordering induced by X; < - - - < X..

The algorithm is inductive on s = #(L), the only possible solution for s = 1 being N = {1}, ®(\1)
=1.

Letthen L’ :={\1, ..., As1}, N :=N(L’), ® := ®(L’), and set

m:=max (j: 0<s:1A) =TiAs)),
d:=#A, i <s:Tm(A) = Tw(As), P (A ) O T[1,m+1]},
W= o'\ )= W, X, wOT,m] O A,

m+

V =1, (W),
W 1= O(V)(Ttn(As)),
= wX?,,,

where N(V) and ®©(V) are the result of applying the present algorithm to V,
which can be inductively done since #(V) <s - 1. We then define

LD(A) i<s
N:=N O{t} and CD(/\i)Z:% -

S

5 CERLIENCO-MUREDDU CORRESPONDENCE

Let
L={n,...,A}, X={X, ..., X OK"xT,
X = (ai, vi), @i == (Qi, . . ., @n), Vi =|-| Xla”

=1
be the Macaulay representation and the CeMu-skeleton of an unknown zero-dimensional
ideal I O P. Our aim is to generalize Cerlienco—Mureddu Algorithm removing the assumption |
a CeMu-ideal.

The algorithm is inductive on s = #(X), the only possible solution for s = 1 being N = {1}, ®(x1)
=1.

Let us therefore consider L’ := {A4, . . ., As1}, the corresponding order

ideal N’ := N(L’) and the bijection @’ := ®’(L’).

Let us also denote, [Ov, 1 <v <n, d OIN,
Yys := Spandm,(A) : A O L, exists w O T[1, v] : ®'(A) = wX 5+1 }

If P(Span(L)) is radical, by abuse of notation, we simply identify each x; = (a;, 1) and the
corresponding A; = Aa‘ with a;. With this notation, we set

m := max (j : Ti(As) O Spank(ti(L")),
d = min{d : Tw(As) O Yms},
W:= {L(\) : D'(A) = WX

m -+l

w O T[1,m]} O {Tt(As)}
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w = B(W)(Tin(As)),
= wX O,

where N(W) and ®(W) result by applying the present algorithm to W, which can be inductively
done since #(W) < s - 1. We then define

LD (A) i <s
N:=NO{t} and <M4%=%

. I =s
Let
L:={A\,..., M, Xi={Xq, ..., X OK"xT,
X = (@, vi), @i := (@, . . ., @n), Vi =|_| X}

I=1
be the Macaulay representation and the CeMu-skeleton of a zero-dimensional ideal | 00 P and
let N := N(L), & := ®(L) be the result of Cerlienco—-Mureddu Correspondence. Then
Lemma 5.1 If Y = {A4, ..., A} O L is an initial segment of L then
*Y is a CeMu-skeleton,
* N(Y) O N(L),
s foreach j<r<s, ®(Y)(\) = P(L)N) .
Remark 5.2 Let us remark that, by construction, we will have

PSpan(m(L)) =Yw OYuwi O--- OYys OYysey O+
I n kX4, ..., Xo] = P(Spani(tg,(L)))= P(Yyw) - - - OP(Yys) OP(Yyseq) O - .

The result is essentially a specialization of Kalkbrener's Theorem [Kalkbrener (1997)].

6 LAZARD STRUCTURAL THEOREM

Let
Li={A,..., AL X ={X1, ..., X%} OK" T,
Xi = (ai, Vi), ai .= (an, R ain), Vi :|-| Xla it

=1
be the Macaulay representation and the CeMu-skeleton of a zero-dimensional ideal | 00 P and
let N := N(L), @ := ®(L) be the result of Cerlienco—Mureddu Correspondence. Then
Fact 6.1 It holds
(A) N :=N().

Since N is an order ideal, T:= T\ N is a monomial ideal whose minimal
basis G := {t1, . . ., t} will be ordered so that t; < t,< ... <t.

Denoting further

B:=({1} 0 {Xt:TON})\N
we obviously obtain
Corollary 6.2 It holds

B) GN)=G={t, ..., t} ti<t<...<t;
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(C) B(h=B

Let us extend the ordering of Lto N = {14, . . ., T} enumerating it so that 1, = ®()\;), for each o
and let us denote the ordering of L and N by [l so that
foreach a, B, Tl 15 Ax U Ag, = a <B.
Denote foreach 1 O N
cL)=A0L: Alo'@y=p0L: ol 1,
e X(t):={x: A\ OL()},
* I(L(1)) := P(Span(L(T))),
and, foreachtONOB

N :={wON:wl 1,
so that

Corollary 6.3 It holds

(D) For each t O N there is a unique polynomial

fi=1- Dz c(f, ,wyw
N(T)
such that A(f; ) = 0, for each A O L(1).
Foreach t D G there is a unique polynomial

)
T z c(

w N (

(

such that A(f;) = 0, foreach A O L.

Proof: Since #L(T) = #X(1) = #N(T ) and #L = #X = #N, f; can be computed by
interpolation.

In the same mood, but interpolation is not sufficient to prove it, we can state
Fact 6.4 It holds

(F) For each t D B there is a polynomial

Z c(
w N (

A(f) =0, for each ADL.
Corollary 6.5 It holds:

(G) The reduced Grébner-basis of I is
G(l) ;= {f: T O G};
moreover, for each T O N, T(f;) =

(H) The border basis of I is

Ba):={f:to0B);
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Proof: For each 1 0 G O B, T is the only term in f; which is not a member of N so that T(f;) =t.
Forany t ON, T(f;) = 1 because Cerlienco—-Mureddu Correspondence grants t [0 G(I(L(1)))
and N(I(L(t))) = N(t).

Fact 6.6 It holds:

() Foreachv,1<v<n,

let j, be the value such that || < X,. < 11 then { f[1 vee e TIN } is @ minimal Grébner basis
of P(Span(t,,(L))) and of | n k[Xy, . . ., X,]; for each & O IN, let j(vd) be the value such that s
<X, <toaethen {Lp(f, ), ..., Lp(fi , )} is a Grobner basis of I(Y.c);

v+l —

(L) foreachj, 1<j<s, A( frJ ) 20 so that L and {A( fr‘ ) fr‘ , 1 <j < s}are triangular.

7 INTERMEZZO: FACTORIZATION RESULTS
Let us now restrict ourselves to a CeMu-ideal, assuming that
Li={A\,..., Msh Xi={Xq, ..., X OK"xT,

Xi = (ai, Vi), ai .= (an ..... ain), Vi =|-| Xla !
=1

are the Macaulay representation and the CeMu-scheme of a CeMu-ideal I, so that, for each i,
A=MQ)=M(v)/, ,foreachi, 1<i<s.

Under this assumption, for any term

T:= X OIX O TAN(L)

such that N O {t} is an order ideal, we define, for each m, 1< m < n:

Ni(t) ;== Nn(L, T) :={w O T[1,m] : T > WX;‘LT; IIDXS" O N},
An(T) = An(L, T) := {® (WX ms TX ) :w O Nn(T)} O L,
Bm(T) := Bm(L, T) := Tt(An(T)) O (K[X4, . . . , Xm])*,

Cn(t) := Ci(L, 1) := {Tt(A) O Bm(T) : Tn1(A) O Bmea(1)},

Lan(T) := La(L, T) := {AO L : {Tt(A) O C(T)} O L;

Din(T) := DL, T) := {% 0 X : {Tt(A) O Cun(T)} O k™ x T[1,m];
Mu(T) := M(L, T) = {w O T[1,m] s w <X S wX 2o X 1 ONJ,
Mu(T) := {w O Mn(1) : wll 13,

where, with slight abuse of notation, we have

No(T)={wOT:w<1}, A(T):={A: D) <1}, Ci(T):=Bu(T).

Lemma 7.1 With the notation above, it holds
1. #(Bm(T1)) = #(An(1)) = #(Nm (1));

2. Cerlienco—Mureddu Correspondence associates to Bm(1) the order ideal
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N(Bn(T)) = Nn(T )
and the bijection ®(Bn(1 )) defined by

OBm(V)(Mm(X) X o5+ - X /1) = ® (x), for each x 0 An;
3. #(Ln(1)) = #(Cim(1)) < #(Mn(T));

4. under Cerlienco—Mureddu Correspondence one has
N(Cn(T))O {w O T[1,m] :w <X " };

5. L = OmLm(T).

Proof:

1. is trivial;

2. Cerlienco—Mureddu Algorithm when applied to the ordered set L associates each element
A O An(1) to the term

D) = DT AT X 235 X1 1) 5

3. in order to obtain Mn(t) one has to remove from Nn(1) the subset

{w X ndﬂm ONg(T):wOT,m-17}={wX gm :w O N (1)}

while for each w 0 N.4(T ) there are dn + 1 CeMu-conditions y =(a, v)Ok™ x T[1,m] for which
M(V)Aa O Bw(t) and ®( Bma(T))( Ton-1(laha) = W.

4. In order that there is w [0 N(Cw(T)) such that w > X r:m , Cerlienco—Mureddu Algorithm
requires that Dat least dn+1 CeMu-conditions ¥, ...,%y , ', =(a;, vi), 0 <i < dn such that

T[m(xn)="'=n’n(x\ )=...=T[m(xdm),
so that TG, (M(Vi)A4) O Buma(T)

5.1f A O L is such that ®(A) < T, then there is a minimal value m < n
for which A 0 An(T), Ttw(A) O Bn(T), T (A) O Cw(T), A O La(T).

If A O L is such that d(A) = X fl <X ﬂe” > T, there is m < n such that en, > dn, while e; = d;, for
each i > m; this implies that there is / 0 An(T) such that Tt,(/) = Tt,(A) so that A O Di(T ).

As for (D-E) linear interpolation is all one needs to prove

Proposition 7.2 With the same notation as in Lemma 7.1, it holds

(V) foreachT:= X 1d1 X nd” 0 G, and each m, 1 <m < n, there are polynomials
= Y
gmr - Xm * Z c(gmr ’W)W
Wl M, (1)

such that A(gm:) = 0, for each A O Lw(1);

(T) foreachT:= X 1(11 e K nd” O N and each m, 1 <m < n, there are polynomials
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- dm

ng = Xm * 2 c(gml ’W)W
Wi, (1)

such that A(gmr) = 0, for each A O Ln(t), AU &7(1);

Proof:

(V) Since #(Cm(1)) £ #(Mn(T)), we can evaluate each c(gm;, W) by interpolation, so that /[(gm:) =
0, 0/ 0 Cm(t) and A( gmr) = Thn(A)(Gmr), OA O Lin(T).

(T) One has just to apply (V) to the set X(1).

ForeachT:= X, ---X [ ON letus denote v := v(T ) < n the value such that d,# 0 while d,
=0 for each y > v so that t 0 T[1, v], gm = 1 for m > v, and, denoting

hr :l-l gmr D klxl"""xv—l]lxvll

he=lpe=hX,” +- -

so that . O K[X4, . . ., X..1] is the leading polynomial and the content of h, while the monic
polynomial p; is the primitive component of h; .

Therefore we have*

Corollary 7.3 With the notation above, under the assumption I radical ideal, it holds
(W) foreachT:= X' ---X ! ON, there are

FOKXs, ... Xl

and a monic polynomial

pr ::X\l,jv + z C(pr!W)W |:|k[>(1"“’)(V—l:l[x":l

wiM,(7)
so that h;:= /; p, are such that

*T(h) =T,

*Lp(h.) =1k,

* I(184(a)) = 0, for all a O X(1),

* p(a) =0, foreach a 0 D,(1),

* hi(a) = 0, for each a 0 X such thata U &(1).

(X) foreachi, 1<i<rthere are

FOKXs, .. Xl

* This justifies why we need to require that I is radical: in this restricted setting, each
functional A; is evaluation at a point and distributes with product
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and a monic polynomial

P =X% + z c(p,,w)w CIK[X,,..., X L] X, ]

wlM v(ti)
so that h; := lp; are such that

*T(h)=ti= del "'XSV 0Gn T, v,
e Lp(hi) = 1,

. l(m,4(a)) =0, foreach a O VU Dn(t),

* pi(a) = 0, for each a O D,(t),
*h;(a) =0, for each a 0 X.

While #(Cn(1)) < #(Mn(T)), in general equality does not hold and the polynomials g.. are not
unique. However, uniqueness can be forced via Cerlienco—Mureddu Corespondence in such
a way that the result does not require the assumption I radical ideal.

We begin by remarking that
#(Ca(T ) = #(My(t )), foreach T:= X - X !r,
so that {,, is actually unique. We can therefore set y;, := {,, and compute inductively, for m,
1<m=<n,
m-1
Zmr := |-| yw ’
V=1
Qn(T) := {M(W)A, : wOT[1, m-1], a O Z:=Z(1), M(W)Aa({m: )20},
Pm(T) :

{M(nm(:v—»h M)A, O Lu(r), M)A, 0 Qu(o),

| |
Ro(®) = {(Tn(@), To( =) : M(rrm(W—‘)M . O Pu(0)},

Em(T) := N(Rm(1)),
Sm(1) = {(T(a1), Tﬂn(uw—)) OR(1) : (@ ,vi) U o'(n)},
Fon(T) :=N(Sn(T))

This decomposition can be further refined if, foreach T:= X" ---X ! and eachv < n, we
iteratively compute, for decreasing & < d,,
b}

v+

Yos(T) := {T(x) : Ow O T[1, v] : ®(x) = w X
EVS(T) = N(YVB(T) ),

X O Pysi(T)},

Pys(T) :={|v|(nv(t/—))/\a M)A, O L), Mw)A, O Y1)},

Sua(1):= {T(x) O Yuo(1) @ x U @'(1)},
Fun(T) := N(Sm(T)).

with initial value P (1) :=Pyy =P,
We then obtain:

Corollary 7.4 [Marinari - Mora (2004)] It holds
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(M) ForeachT:=X ldl - X nd” O N and each m, 1 <m < n, there are unique polynomials

+WEIFZ ymT’ and
Yoo =Xm + Z 1=5=d

wCF,5(7)
such that

* Tt(A)(Ymz) = 0, for each A O Ys(1), AU &'(1);
* Tt(A)(Yme) = 0, for each A O Ln, (1), AU & (1);
* Vit = M5 Ymer .

(N) ForeachT:= X f“ <X nd 0 G, and eachm, 1 <m <n, there are unique
polynomials
_ d,
ymT :- Xm + Z C(y mT 9W)W
WIE, (1)
and

Vor =Xn+ D> C(YppW)W,  1<O=d

W‘:Emé(r

m

such that

* Th(A)(Ymsr) = 0, for each A O Yms(T),
* T(A)(Yme) = 0, for each A O Ln(T),
*Ymt = |-|5 Ymér ;

(O) ForeachT:= X" ---X ' O N, there are
L. OKXs, . .. Xo]

and a unique monic polynomial

P.=X{ + > c(P,w)w OK[ X, X,4][X,]
wCF,(7)
so that H; := L.P, are such that

*T(H,)=1, Lp(H,) = L,,
* T,,.4(A)(L;) = 0, for each A O L(1),
* T,(A)(P:) = 0, foreach A O L(1),
* ,(A)(H,) = 0, for each AOL : A L

®'(1).
(P) Foreachi, 1<i<rthere are
Li O KXy, .., Xea]

and a unique monic polynomial

P =X+ > c(Pw)w DK X, X L] [X,]
wlE,(t;)
so that H; := LP; are such that

«T(H)=t=X/"---X) 0Gn T[], Lp(H)=L
* T,4(A)(Li) = O, foreach A O U Lm(t),
« TL(\)(P) = 0, for each A O L( ),

89



* T,(A)(Hi) = 0, for each A O L.

Proof: The only non trivial statements, i.e. the vanishing of m,_,(A)(L)) and 1,(A)(H:) are an
elementary consequence of Leibniz Formula (Proposition 3.1).

Fact 7.5 It holds

(Q) Li, Pi, Hi, 1<i<rsatisfy {H4, . . . ,H:} is @ minimal Grébner basis of I, for each v,
1<sv<n {f,,.. M i, }is a minimal Grébner basis of I n kK[Xy, . .. ,X,] and of I(Tg,(X));
foreachv,1<v<n, {Ly,..., | i,; } is a Grobner basis of I(Y.s)).

Clearly, if 1 is radical similar statements hold for {hy, ..., h}, {l, ..., |jw Yand {l,, ..., h i+

Remark 7.6 Among the three bases

{fi, ...t {hy, ..., h}tand {H, ... H}

only the first one is reduced. On the other side, for each i, we have
T(f) = T(hi) = T(H) = t..

Therefore we have

fi=hy=H;and

-fi-hiD(h1,...,hi.1),fi-HiD(H1,...,Hi.1)foreachi,1<isr,
whence
'fiD(h1,...,hi),fi D(H1,...,Hi)f0reaChi,1<iSr

Fact 7.7 It holds

(R) Foreachi,2< i<r,Pi0O(Hy, ..., H):L.
(S) Foreachj,1<j<s, )\,-(H r,)#0;Land {)\j(H I )'1|'I r,,1<j< s}are triangular.

Corollary 7.8 Moreover, if | is radical

(Z) K, pi, i, 1 <i<r satisfy

{h4, ..., h}is a minimal Grobner basis of I,
foreachv,1<v<n,/{ hl e h i, }is a minimal Grébner basis of P(Spank(ti(L)))
and I n k[Xy, ..., X];

foreachv, 1sv<n, {l, ..., |M}isa Grobner basis of 1(Yys);
foreachi,2<l<r,pi0fhy,...,h}:[;
foreachj, 1<j<s, )\j(hrJ )#0;

L is triangular to {\( r y 1, 1)< sk

Figure 1: Mdller Algorithm for Macaulay representation

(N, q, B, B) := Méller(L)

where
L={h, ..., }is a Macauly representation of a zero-dimensional ideal I,
N := N(I),

d={q1, ..., Qsyis triangular to L,
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Forh=1..ndo
t:=Xn bi:=Xy- 8, B:=B0O({t}

While r < s do
Let t:= min{t O B : Ani(by) £ 0}
r-=r+1,B:=B\({t},
t:=t, N:=NO{t}, o :=A (b)'b, g :=q 0 {q},
For each 1 0 B do b; := b, - A(b:)qr,
Forh=1..ndo
If Xit. O B then

tithtr,
Zc(blr,r)bth

TON
X, 7OB

B:=B O {Xut,h=1.n}
N, q, {b.: T 0B}

f;=xhbl! R

8 PROOF

In order to complete the proof all we need is to directly apply Moller Algorithm [Moller-
Buchberger (1982), Faugere et. al. (1993), Alonso et. al. (2003) Marinari et. al. (1993), Mora
(2005)] (a simplified version of it in our context being presented in Figure 1).

The proof is by induction, we begin with

Lemma 8.1 If #L = 1 conditions (A), (F), (1), (L), (Q), (R), (S) hold.

Proof: When we have a single point (a4, . . ., a,) O k", we have
«N = {1},

*B=G={Xy,... X},

[ TI = 11

. fx = X - a, for each i,

and the properties are obviously satisfied.

Thus having a starting point for induction, let us assume we have a Macaulay representation
and the corresponding CeMu-skeleton

Li={An, ..., AL X=X, ..., X%} OK"XT,
N
Xi=(ai, Vi), ai:=(@i1,...,ain), Vi =ﬂ X
of a zero-dimensional I, and let us dé:ote
X :={Xs, ..., X1}, L' :={\1, ..., Asa} and I’ := P(Spany(L’),

for which we assume conditions (A-L) hold. If moreover I (and thus I’) is a CeMu-ideal, we
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also assume that conditions (M-S) hold for I.
In particular:

@’ := N'> L’ is Cerlienco—-Mureddu Correspondence,

G =G(I)={wr, ..., W} Wi <wz<...<W,

B’ := B(I’),

fw, w [0 B’, are the polynomials whose existence is implied by (F),

Fro=f 'W‘ , are the polynomials whose existence is implied by (E), so that {Fi: 1 <i<r}is the

reduced Grdébner basis of I’,
L, P’i, H'i are the polynomials whose existence is implied by (P).

Setting

I:=min<{j, 1 <j<r:A(F)z 0},

then it holds

Lemma 8.2 If L’ satisfies conditions (A-L) then

DL As)=w; .

Proof: Let w, = X 1d1 At :n and let m + 1 := max(i : d # 0), so that
F:OKDXq -+ -Xunsa].

Since, by (l), for each v

Pn k[X: - - -X.] = P(Span(m(L))),

and

FiOkXs---X,vsmO j<T

we deduce that

TL(As)(F;) = As(Fj) = 0, for each F; O k[X; - - -X,], v&€ m , while Ti+1(As)(F 1) = As(F)# 0.
This allows to deduce that

m = max (j : Ty(As ) O Spank(tg((L)).

Therefore Tin.(As) O Spank(Tk((L’)); also

dm = min{d : Tt(As ) O Yms};

in fact, for each & < dn, since

TF)=wi<X)--- X! Oj<r,

and T(As)(F)) = 0, (1) allows to deduce that Ti(As) O Yms and Ti(As) O Ve
As a consequence we consider

W= (,(A) @A) =wX 1o, w OT[, VI O {Ta(As));

in this setting Cerlienco—Mureddu Correspondence gives a relation between
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each point Ti,(x;) and the corresponding term T..

Moreover, since the argument is on the cardinality of the Macaulay representation
and #(W) < #(L), we directly deduce that the ideal P(1,(W )) has {Lp( 1[1 )

Lp( f, ., )} as Grobner basis. Also

Th(As )(Lp( f[J )) =0, for each j < T while Tt(As )(Lp( fl‘ )) #0.

so that the same argument grants that Cerlienco—Mureddu Correspondence
returns ®(Ti,(As )) = del e X r:m i

As a consequence, applying Moéller Algorithm to L = L’ O {As} we get

gs := ¢'F;, with ¢ = As(F7);

N:=N 0O {ws};

B =B’ \{w;]} O {Xw, 1<i<n};

fi = fr- As(fr)gs foreach t O B’ \ {w;}, T>w; and
f.:=f, foreacht OB’ \{w}, T <w;since As(f;) = 0;

foreach 1 := Xw, OB’

f, = (X - @w)F - Z c(Fw)fy,
X

wB'
where

Fri=w,+ z c(Fy,w)w

wON'
Corollary 8.3 If L’ satisfies conditions (A-L) then L satisfies conditions
(A), (F), (1), (L), (Q), (R), (S).
Proof:
(A) and (F) are obvious;

(I) and (Q) are a direct consequence of the application of Cerlienco—Mureddu Algorithm to
P(Tn(W));

(L) As( f, ) # 0O for construction;

(R) on the basis of Remark 7.6 we know that F; OO(H’4, . . . ,H’;); also all we need to prove is
that, for each i,

HD (H, - Her) = {H T(H) < T(H)Y
Therefore

«ifTH)=t0G’, i< 1, we have
Hi=HOMH1, ... Hi)=(H, ... H);

“if T(H)=t,0 G’, i > I, we have

Hi=H;-aF; O (H,1, ey H’i.1) = (H1, ey Hi.1);
so that, also (H's, . .., H) = (Hs, . . ., H).

* Finally, for 1 = Xit; we have L, =L’;, and
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LP.=H; = f. = (Xi-as)F;: = (Xi-as)L';P’; =0 modulo (H4, ... ,H;)=(H4, ... H);
The same argument proofs the claim for {hs, . . ., h}.

(S)As(H, )#z0andAs (I, )#O0becauseboth ff , - f, ~andh, -
representation in terms of {F;, i < I} and As (F)) = 0, foreach i < I.

v y have a

In conclusion we have:

Theorem 8.4 For a zero-dimensional ideal I, given by a Macaulay representation L, using the
same notation as above, it holds

(A) N := N(I).
B)YGH=G={ty,..., thti<t<...<t.
(C) B(l) = B.

(D) For each T O N there is a unique polynomial
fo=1= > c(f w)w
wON(7)
such that A(f;) = 0, for each A O L( 7).
(E) For each 1 O G there is a unique polynomial

AR ;N c(f;,wyw

such that A(f;) = 0, for each A O L.

(F) For each T [ B there is a polynomial

fo=T- Wuz c(f,wyw

N()
such that A(f;) = 0, for each A O L.
(G) The reduced Grdbner basis of | is
G(l) = {f;: 10 G},
moreover, foreach Tt ON, T(f;) =T.
(H) The border basis of | is
B(l) :={f, : 1 0B}

(I) Foreach v, 1< v<n,

let j, be the value such that | < Koy £ 1 b then { 1[1 e f[‘ } is a minimal Grébner basis
of P(Spank(i,(L))) and of I n k[X4, ... ,X,]; for each & O IN, let j(vd) be the value such that tj.s
<x? <tjws+1; then {Lp( Tll ), ..., Lp( flhj )} is a Grobner basis of 1(Y.s).

17

oreachj,1<j<s,A(!;, )#20sothatLand{A(!, )' I, 1<]j<s}aretriangular.
L)F hij,1<j Af} 0 so that L d)\T‘1f1' tri |
If is a CeMu-ideal:

(M) Foreach 1 := X 1‘“ e X nd” O N, and each m, 1 £ m < n, there are unique polynomials
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Vor +chmp

wOF,,

and

Vow =Xun+ D> 1<o<d,
wWCFns(T)

such that

o Ti(A)(Yms ) = 0, for each A O Yys(1), AL @7'(1);
o T(\)(Yur ) = 0, for each A Ln(t ), A @(1);
® Vit = Mg Ymer -

(N) Foreach 1 := X 1d1 - X nd” 0 G, and each m, 1< m < n, there are unique polynomials
y, = X+ Z ey, »w)w
@)
and
Yoa =Xn+ D (MWW 1=0=d,
wWCE 5(7)
such that

*  TH(A)Yms ) =0, foreach A 0 Yns(T),
*  T(A)(Yme ) = 0, for each AQ Lin(T ),
° ymT = né ym&.

(O)Foreacht:= X' -+ X ' ON, there are

L. OK[X4, . .. X4

and a unique monic polynomial

—y dy
P=X0 + D c(Pyw)w O, X, L][X,]
so that H, := LP; are such that

* T(H.)=1,LpH) =L,

e T1,4(A)L:) =0, for each A O L(1),

e  1(A)(P;) =0, foreach A O L,(1),

o TA)(H:) =0, foreach A OL: AU o'(1).

(P) Foreach i, 1 <1 <rthere are
Li OK[Xq, ... ,Xw1]

and a unique monic polynomial
oy dy
P=Xd+ S o(Pw)w O Xy, X, 4] [X,]
WEEv(ti)
so that H; := LiP; are such that

« TH)=t= X - X} O0GnTH,V] LpH)=Li,
-1
e T.4(A\)L) =0, foreach A O l_J1 Ln(t),

e T(A)(Pi) =0, for each A O L(t),
* T1(A)(H)=0,foreach A OL.
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(Q) L;, P,H;, 1 i <r satisfy

{H4, ... ,H} is a minimal Grébner basis of |,
foreachv,1<v<n,{H, ..., Hy} is @ minimal Grébner basis of
I n K[X4, ... ,X]and I(14(X));

foreachv,1<sv<n,{L,..., Livs)} is @ Grébner basis of 1(Y,s).

(R)Foreachi,2<I<r,Pi0 (Hy, ... ,H): L.

(S)Foreachj, 1<j<s, N(f ; )#0;Land {\(H ; )" |, 1<]<s}are triangular.

(T) foreach 1 := X ldl e X nd” ON and each m, 1 <m < n, there are polynomials
o-— dm
ng - Xm ¥ 2 c(gmr’w)w
Wl M, (T)

such that A(ga: ) = 0, for each A Ln(t ), AL @'(1).

(V) foreach 1 := X 1d1 e X nd" 0 G and each m, 1 <m < n, there are polynomials
- d,
ng = Xm * 2 C(ng ’W)W
wiM,, (1)

such that A(gm:) = 0, for each A Lx(T).

Moreover, if | is radical:
(W)foreacht:= X /*--- X ! ON , there are
L OK[Xq, ..o Xuq]

and a monic polynomial

Po=Xe + D> o(pprwW)W DK X, X, L] X,
wiM (1)
so that h; := ; p; are such that

« T(hy) =1,

* Lph)="h,

*  [(m4(a)) =0, for all a O X(1),

* pda) =0, for each a 00 Dy(1),

e hy(a) =0, for each a O X such that all &(1).

(X) foreach i, 1 <i<rthere are
LOKXy, ..., XvAl

and a monic polynomial

po=Xo+ D> c(pw)w OKX,,.., X S][X,]
wiM, (t)
so that h; := lp; are such that

« Th)=t= X' X! 0Gn T[]
*  Lp(h) =1,
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*  I(m-(@))=0, foreacha O VU Din(t:),
n=l

* pi(@) =0, foreacha OD,(t),
* hia)=0,foreachaX.

(2) I, pi, hi, 1< i < satisfy

{hq, ..., h;} is a minimal Grébner basis of |;
foreachv, 1<v<n,{I,,..., I }isaminimal Grébner basis of
P(Spany(Ty(L))) and I n K[X1, . .. . X;

foreachv,1<sv<n{l ,..., | i,; } is @ Grobner basis of I(Y,s);

foreachi,2<i<r,pO¢hs, ..., 0}:l;
foreachj, 1<j<s, A(N: )20;
L is triangular to {\( - )‘1hrJ ,1<j<s)
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