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ABSTRACT.
In this paper we extend the scrambled response method of Huang et al (2010) to the case in which Ranked Set Sample is used.
The superiority of this method is derived in terms of the diminution in the variance . The auxiliary variable is used for ranking.
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RESUMEN

En este trabajo extendemos el métodos del enmascaramiento de Huang et al (2010) al caso en que se utiliza el muestreo por
rangos ordenados. La superioridad de este método es derivada en términos de la disminucion de la varianza. La variable auxiliar
es usada para ordenar.

1. INTRODUCTION

The use of random response (RR) was introduced by Warner (1965). It provides the opportunity of reducing
response biases due to dishonest answers to sensitive questioning. Thereof this technique protects the privacy
of the respondent by granting that his belonging to a stigmatized group cannot be detected. Sensitive study
variables are often dealt in survey research such as proportion of adulterated milk packs of a company;,
proportion of illicit drugs usage. The more sensitive a question, the greater is the number of non-response or
dishonest responses.

We consider the case in which we have non-responses. A sample among the non-respondents is to be taken
and to this reduced group a RR technique is applied for obtaining a cooperative attitude of the interviewed
when they are convinced that they will not be identified as a member of an stigmatized group.

Let the finite population under study be U={us,..,un}. A sample S is selected from U and it is divided in
S1+S,. The individual in S; give a response at the first visit while those in S, do not respond. The usual
model fixes that U is divided into two strata

U;={ueU lu responds at the first visit}

U,={ueU | u does not respond at the first visit}

The cause of the non-response can be traced in the intention of not being identified as a member of a
stigmatized group, say belonging to A. Hence we can stratify U accordingly by

Ua={ueU|ueA}

Un={ucU|ueA}

The interest of the inquiry is to estimate the proportion of individuals carrying the stigma, say belonging to A.
If |B| denotes the number of units in B then

0a=|Ua [/|U[=Na/N

Another set of RR procedure is implemented by using scrambling variables.

Ranked set sampling is a sampling procedure, which is a cost effective when compared to the commonly used
simple random sampling in situations where visual ordering of a set of units can be easily done, but exact
measurement of units is difficult and expensive. Mclntyre (1952) proposed the sample mean based on RSS as
an estimator of the population mean. He found that the estimator based on RSS is more efficient than SRS.
Takahasi and Wakimoto (1968) provided the necessary mathematical theory of RSS. Al-Saleh and Al-Kadiri
(2000) suggested double ranked set sampling method (DRSS) for estimating the population mean, and they
showed that the ranking at the second stage is easier than the ranking at the first stage. Al-Saleh and Al-Omari
(2002) suggested multistage ranked set sampling (MSRSS) method to increase the efficiency when estimating
the population mean for specific value of the sample size. Jemain and Al-Omari (2006a, 2006b) considered
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double percentile ranked set sampling (DPRSS) and multistage median ranked set sampling (MMRSS)
methods respectively for estimating the population mean. They found that DPRSS and MMRSS are more
efficient than the commonly used SRS for the same sample size. Jemain et al. (2008) investigated balanced
groups ranked set sampling method for estimating the population mean. Jemain et al. (2007) suggested
multistage extreme ranked set sampling method for estimating the population mean. Al-Hadrami and Al-
Omari (2006) considered the Bayesian inference of the variance of the normal distribution using moving
extreme ranked set sampling. For more details about RSS see Bouza and Al-Omari (2014).

2. RANKED SET METHODOLOGY AND THE BALANCED DESIGN

The balanced RSS, see Chen et al. ( 2004) procedure is described as follows:
Step 1. Draw randomly m sets using SRSWR, each of size m from the population
Step 2. In each set rank the measurements with a cost free method.
Step 3.Then, from the first set the element with the smallest rank is chosen for the actual
measurement. From the second set the element with the second smallest rank is
chosen.
The process is continued by selecting the ith order statistics of the ith random
sample until the element with the largest rank from the mth set is chosen.
The scheme vyields the following data {X i} 1,2,...,where [i:m] is the ith order statistics of the ith random
sample of size m, and it is denoted by the ith judgment order statistics. It can be noted that the selected
elements are independent order statistics but not identically distributed.
Usually, from both practical and theoretical issues m is kept small. A sample of size n is obtained by
repeating the procedure r times up to obtaining n=mr observations. {X imjr} where i m j the ith judgment
order statistics in the jth cycle, which is the ith order statistics of the ith random sample of size m in the jth
cycle. It should be noted that all of order statistics are mutually independent.
When the ranking variable is a scrambling variable the rank may be made using the variables introduced by
the RR procedure. The inquiry may be developed as follows. The respondents generate the scrambling
variable and they communicate the values and then are ranked. Now & is the scrambled variable and the
distribution is completely known by the sampler.

3. THE RANDOMIZED RESPONSE PROCEDURE OF HUANG

Let Y be a sensitive variable evaluated in a finite population U={us,...,un }. The individual u; , with a value
of Y that carries a stigma , will tend to give incorrect information or to refuse to answer. It is well known that
when dealing with sensitive questions we should face the need to reduce the refusals to respond and the
response bias.
The use of randomized responses (RR) models is still placing challenges both for the theory of survey
sampling as well as for its application. Different extensions of RR have been introduced, see Chaudhuri-
Mukerjee R (1988) for the earlier proposals. The interest in RR methods to estimate the mean of a sensitive
quantitative variable is increasing. RR methods for scrambling the responses have been proposed by different
authors. See for example Eichhorn-Hayre (1983), Gupta et al. (2002), Ryu et al. (2005).
Let us consider a sensitive quantitative variable Y and a known probability distribution P is determined for
selecting a value ZeZ*={Z*1,..., Z*c } independent of Y . As Z* is determined by the statistician both the
mean and variance of Z, uz and 0%z, are known a priori. Each selected person ie s, i=1,...,n responds with a
coded value.
The RR proposed by Huang et al (2010) is to use a pair of randomization mechanisms for collecting responses
in each of the independent samples of size n; (i=1,2), drawn from using SRSWR . The respondent jes;selects
randomly between reporting the true response Y or the scrambled response
Zij = Sij¥; + Dy
For reporting the interviewee performs the experiments Bernoulli A, B y C, such that E(S)=T, E(C)=W and
the report is modeled by
Ziy = 1= )Y, + G(S;Y; + Dyj)
The expected value and variance of the report are
E(Z;)=Q—-W)uy + W(uy +Dy)
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VE=V(Z; Y=o+ Wi +02)% + W —W)D? + W&
An unbiased estimator of the mean of Y is easily derived . It is
. D,Z;-D,Z; .. XiLZj
Uy = 51 _ 52 'Zi - ni ’

i=1,2
Its variance is given by
. DtV D3V
V(:“H ) = N D \2 n n \2’
ny(D; —D3)?  ny(D; — Dy)
The estimation of the sensitive is derived from the same experiment by computing

oY = Z; — 177
W=
_ _ D, - D,
Its variance is
2 2
VHZ VHl

VaY) = —22— —
G =, -0, (D, - D)2
Let us consider the RR procedure developed by Huang et al (2010). The proposal is to use a pair of
randomization mechanisms for collecting responses in each of the independent samples of size n; (i=1,2),
drawn from using SRSWR . The respondent jes; selects randomly between reporting the true response Y or
the scrambled response
Zij =S¥ + Dy
For reporting the interviewee performs the experiments Bernoulli A, B y C, such that E(S)=T, E(C)=W and
the report is modeled by
Zi = (1= )Y, + Gi(SyY; + Dyj)
The expected value and variance of the report are 3
E(Z;) = A =W)uy + W(uy + Dy)
VE=V(Z; Y=0f + W +02)F + W1 — W)D? + W5?
An unbiased estimator of the mean of Y is easily derived . It is
_ 512_5 - 522_1* % z:7]'1;1 Zi*j .

f = A , =12
H’H D1 _D2 i nl l

Its variance is given by B 3
v, = DV D3V
fiy )=—=—= =— =7
" n,(Dy — D;)? * ny(D; — D,)?
The estimation of the sensitive is derived from the same experiment by computing

Its variance is
Vi, Vi
n2(l_)1 - ]-_)2)2 n1(51 - 52)2

4. RSS FOR THE RR OF HUANG

Let us develop the RSS model for the RR procedure proposed by Huang et al (2010). The sampler ranks the
units selected. As in the SRSWR case we assume that the respondent jesi; selects randomly between reporting
the true response Y or the scrambled response
Zithe = SijeYigpe + Dije
The report is modeled by:
Ziye = (1= Cy)Yigye + Cijt(sijtyi(j)t + Dyjt)
The expected value and variance of the report are B
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Vi =VZigye ) =0b, + W (ub,, +0p,) & +W(L—W)D? +Ws?
=0} — Ay + W (4, + 0% — Ay) & + WA — W)D? + We?
=t (1+ W)+ Wug , + W(L = W)Df + W67 = Ay (L+ W), A,
2
= (“YU‘) — Uy ) J=1..,.m;i=1,2
Take
T m; * T m; Ti e
ﬁ o Zt=1 Z}':1 Zl(])t _ Zf=1 2121(1 - Cl]t)Yl(])f N Zt=1 Zj=1 Cl]t(Sl]tY;.(])t + Dijt) i
HRSSi m; mr; mr, ,
=12

Its expectation is
_ mj mj
HRSSI m; m;

Then, we have the unbiasedness of

+W51 = Uy +Wﬁl,l = 1,2

a _ Difiyrssa — Daflyrss:
HRSS = B _ D
D, - D,

Due to the independence

~ _ Elzv(:aHRSSZ) + EZZV(ﬁHRSSl)
V(/"HRSS) - (El _ 52)2

where
sf(1+wg) A+WHIE A s WEEE b, W —W)D? + W5

*

()]

V(i ) =
(Anrssi) ™ p— . -
2
= (”Y(f) ~Hy ) J=1..,myi=12
Comparing this variances with the corresponding to the SRSWR model we have
f - Zie Ky ww S Ay I A
V(HHRSSL)_Vlzzwlng(u—'u‘2,>— Jj=1 D _ _Zj=1 Jj

nimi
Hence

,1=1,2

m; n m; n;
: p? XN Ay
Gy (SRSWR,RSS) =V (Aupss) — V(g ) = Z ——— = .
= (D; — Dy)? m; n;

Is the gain in accuracy due to using RSS. As it is positive RSS should be preferred

In the RSS case the sensitive is estimated unbiasedly by

AW _ .aHRSSZ - ﬁHRSSl
Hugrss = 51 — 52
Its variance is
V( AWY — V (fygss2) V(Ayrss1)
i (1-_)1 - ]-_)2)2 (1-_)1 - 52)2
From the above given results we have that the gain in accuracy of the proposed estimator is
Ay
w =1t 2 L=t TO)
G}V (SRSWR,RSS) = Bip,) Zi=1 —
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