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Matrix-free computation of linear combinations of
phi-functions times vectors in exponential integrators
Cálculo sin matrix de combinación lineal de función
phi por vector en integradores exponenciales
Frank Sadan Naranjo-Noda1* , Juan Carlos Jiménez Sobrino 2

Abstract Numerical computation of linear combinations of phi-functions times vectors arises as a major
issue in a number of exponential-type integrators for large systems of initial value problems (IVPs). This short
communication deals with such a computation in the case that evaluating and storing the involved Jacobian
matrices is unfeasible. To this end, a matrix-free Krylov-Padé approximation is introduced, and its error
determined. Numerical simulations are provided with Jacobian matrices and vector fields of IVPs resulting from
the spatial discretization of known partial differential equations.
Keywords: phi-functions, iterative numerical method, matrix-free method, exponential integrator, high dimen-
sional initial value problem.
Resumen El cálculo numérico de combinaciones lineales de productos de funciones phi por vectores surge
como un problema importante en la implementación de integradores exponenciales para Problemas de Valor
Inicial (PVI) de grandes dimensiones. Esta comunicación corta trata con dicho cálculo cuando es inviable evaluar
y almacenar las matrices Jacobianas involucradas. Para ello, se introduce una aproximación de Krylov-Padé
apropiada y se determina su error. Se realizan simulaciones numéricas con matrices Jacobianas y campos
vectoriales de PVI resultantes de la discretización espacial de ecuaciones de derivadas parciales conocidas.
Palabras Clave: funciones phi, método numérico iterativo, método sin evaluación de matriz, integrador expo-
nencial, problemas de valor inicial de grandes dimensiones.
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Introduction

In the context of exponential-type integrators for Initial
Value Problems (IVPs):

dx
dt

= f (x), x(t0) = x0 ∈ Rd , t ∈ [t0,T ],

there exists a number of numerical schemes (see, e.g., [14, 4,
5]) that involve the computation of the linear combination of

multiple integrals times vectors of the form:

l

∑
i=1

φi(A,h)ai, with φi(A,h) =
∫ h

0
eA(h−s)si−1ds, (1)

being A an square matrix representing the Jacobian matrix
fx(y) of the vector field f evaluated at y∈Rd , ai d-dimensional
column vectors, h > 0 the integrator step size, and l = 2,3, · · · .
The case l = 1 is excluded in (1) to avoid focusing on the
computation of single products φ1(A,h)a1, which has been
the subject of a number of papers [13, 12, 9, 11]).
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14 Matrix-free computation of linear combinations of phi-functions times vectors in exponential integrators

For small dimensional matrix A, there is a number of meth-
ods for computing the linear combination of phi-functions (1)
(see, [6] for a recent review). Analogously, for large ma-
trix A, various methods have also been considered (see, e.g.,
[13, 12, 10]). In all of them, the evaluation and saving of the
matrix A is required.

This short note focuses on the computation of (1) in the
case that evaluating and storing the matrix A is unfeasible. To
this end, in the next section, (1) is rewritten as the action of
the operator φ1 over a vector to use the matrix-free Krylov-
Padé approximation of [11] to single products φ1(A,h)a1. The
proposed method can be seemed as a matrix-free extension
of the Krylov-Padé method considered in section 3.1 of [10]
for computing (1) and, for this reason, in the last section the
performance of both methods is compared in simulations.

Highlights

This work deals with the numerical computation of lin-
ear combinations of phi-functions times vectors in the case
that evaluating and storing the involved Jacobian matrices
is unfeasible. For this purpose, a matrix-free Krylov-Padé
approximation is introduced, and its error determined. The re-
sult is relevant for efficient implementations of Jacobian-free
exponential-type integrators for large systems of initial value
problems.

1. Main result
By using Theorem 1 in [3], the linear combination (1) can

be straightforward rewritten as [7, 4, 3]:

l

∑
i=1

φi(A,h)ai = LehMr, (2)

with L = [Id×d 0d×l ], r = [01×(d+(l−1)) 1]⊺, and,

M =


A al al−1 · · · a1
0 0 1 · · · 0

0 0 0
. . . 0

...
...

...
. . . 1

0 0 0 · · · 0

 ,

where ai = ai(i−1)!, for all i = 1, · · · , l.
Let us suppose that there exist η +1-th continuously dif-

ferentiable functions g :Rd ×Rd ×R+ →Rd that approximate
the product fx(x)b with order η , such that:

||g(x,b;δ )− fx(x)b|| ≤ c ||b||η+1
δ

η , (3)

where b ∈ Rd is a column vector, and c is a positive constant
depending only on the norm of derivatives of fx. Using this
approximation for the matrix times vector Au1 and taking into
account that the product of the partitioned matrix M times a

partitioned column vector u = [u⊺1 , · · · ,ul+1]
⊺ ∈ Rd+l is given

by, 
A al al−1 · · · a1
0 0 1 · · · 0

0 0 0
. . . 0

...
...

...
. . . 1

0 0 0 · · · 0




u1
u2
...
...

ul+1



=


Au1 +alu2 + · · ·+a1ul+1

u3
...

ul+1
0

 ∈ Rd+l ,

we can replace the classical Arnoldi algorithm [1] by the
following extension of the classical matrix-free Arnoldi algo-
rithm of [2].

Algorithm 1: Matrix-free Arnoldi algorithm to com-
pose the orthonormal basis {v̂1, v̂2, · · · , v̂m} of the
m-th Krylov subspace K̂m(τM(x),b;δ ), with parti-
tioned matrix M defined as in (2).

Input: function g : Rd ×Rd ×R→ Rd defined as in
(3), b ∈ Rd+l , x, a1,a2, · · · ,al ∈ Rd , τ,δ > 0,
and Krylov dimension m.

Output: V̂m = [v̂1, v̂2, · · · , v̂m] ∈ R(d+l)×m, upper
Hessenberg matrix Ĥ∗

m = (ĥ∗i j) ∈ Rm×m,

v̂m+1 ∈ Rd+l , ĥ∗m+1,m.
1 v̂1 = b/∥b∥2
2 for j = 1,2, · · · ,m do
3 q j =

g(x,τ[v̂[1]j , . . . , v̂[d]j ]⊺;δ )+ τal v̂
[d+1]
j + · · ·+ τa1v̂[d+l]

j

τ v̂[d+2]
j
...

τ v̂[d+l]
j
0


4 ŵ j = q j
5 for i = 1,2, · · · , j do
6 ĥ∗i j = ⟨q j, v̂i⟩
7 ŵ j = ŵ j − ĥ∗i j v̂i

8 end
9 ĥ∗j+1, j = ∥ŵ j∥2

10 v̂ j+1 = ŵ j/ĥ
∗
j+1, j

11 end
12 v̂[k]j denotes the k−th element of the vector v̂ j, and

⟨·, ·⟩ the scalar product of two vectors.

Let the matrices V̂m ∈R(d+l)×m and Ĥ∗
m ∈Rm×m, the vec-

tor v̂m+1 ∈ Rd+l , and the positive number ĥ∗m+1,m be outputs
of the matrix-free Arnoldi Algorithm 1 for the m−th Krylov
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subspace K̂m(hβ M(x),b;δ ), where M(x) is the partitioned
matrix defined in (2) with A = fx(x) the Jacobian matrix of
the vectorial function f (x), x ∈ Rd , b ∈ Rd+l , h,δ > 0 and
β ≥ 0. The matrix-free (m,p,q,k)-Krylov-Padé approxima-
tion of φ1(M,h)b is then defined by [11]:

K̂p,q
m,k (h,M,b;η ,δ ,β ) = ||b||2 V̂m [Ph]11e1 (4)

+ ||b||2 ĥm+1,me⊺m [Ph]12v̂m+1,

where Ph denotes the (p,q)-Padé approximation with scaling
and squaring k for the matrix exponential ehH ,

H =


Ĥm e1 0m×1 0m×1

01×m 0 1 0
01×m 0 0 1
01×m 0 0 0

 ,

Ĥm = Ĥ∗
m/hβ , ĥm+1,m = ĥ∗m+1,m/hβ , k is the smallest natural

number such that
∥∥2−khH

∥∥
∞
≤ 1

2 , and ei the i-th canonical
vector of Rm.

Thus, for evaluating the linear combinations of phi-functions
times vectors (1), we introduce the following main result.

Theorem 1 Let A be an d ×d matrix representing the Jaco-
bian matrix fx(x) of the vector field f evaluated at x ∈ Rd , ai
is d-dimensional vectors, and h > 0. Then,

l

∑
i=1

φi(A,h)ai = Lφ1(M,h)Mr, (5)

where the matrices L, M and the vector r are defined as in (2).
Moreover,∥∥∥∥∥ l

∑
i=1

φi(A,h)ai −LK̂p,q
m,k (h,M,Mr;η ,δ ,β )

∥∥∥∥∥
2

≤ c0hmin{m+2,p+q+1}+ c1hβη+2
δ

η , (6)

where K̂p,q
m,k (h,M,Mr;η ,δ ,β ) is the Matrix-free (m,p,q,k)-

Krylov-Padé approximation of φ1(M,h)Mr defined in (4), c0
and c1 are positive constants, and Mr = [ a⊺1 01×l ]⊺.

Proof Taking into account that Lr = 0, the first statement
results from the fact that eMtr and r+φ1(M, t)Mr represent
the unique solution x of the linear initial value problem:

dx/dt = Mx, x(0) = r, for t ≥ 0.

Since K̂p,q
m,k (h,M,Mr;η ,δ ,β ) approximates φ1(M,h)Mr, the

inequality (6) straightforward arises from the statement (5)
and Theorem 4.2 in [11] for the error of such approximation.
■

When the matrix-free Krylov-Padé approximation in (6)
is used to compute the linear combination (2) in an exponen-
tial integrator, the above results is essential to determine the
convergence rate of the resulting numerical scheme as the step
size h goes to zero (see, e.g., Theorems 4.2 and 5.1 in [11] for

integrators computing (2) with l = 1). Furthermore, at each in-
tegration step of the numerical scheme, the Krylov dimension
m, the order (p,q) and scaling k of the Padé approximation in
(6) can be suitable estimated as in section 4.1 of [11].

As mentioned in the introduction, the new approxima-
tion (4) can be considered as a matrix-free extension of the
Krylov-Padé approximation Kp,q

m,k (h,M,Mr) defined in [9]
for φ1(M,h)Mr in the case that the matrix M can be evalu-
ated and stored in memory. In such a case, when computing
φ1(M,h)Mr in (5), Theorem 3.1 in [9] yields:∥∥∥∥∥ l

∑
i=1

φi(A,h)ai −LKp,q
m,k (h,M,Mr)

∥∥∥∥∥
2

≤ c0hmin{m+2,p+q+1},

(7)
bound that coincides with the first term of the bound (6).
In the above inequality, the approximation Kp,q

m,k (h,M,Mr) –
used in [10] to compute (5) – has the two terms of (4) but,
with matrices V̂m and Ĥ∗

m, vector v̂m+1, and positive number
ĥ∗m+1,m outputs of the classical Arnoldi algorithm [1].

2. Numerical simulations
In this section, we consider the computation of the linear

combination (2) with Jacobian matrix fx and vector field f
of the IVPs resulting from the spatial discretization of two
known partial differential equations. The following Jacobian
matrices and discretized equations are taken from [14].

Example 1 2N ×2N Jacobian matrix:

fx(x)=
[

diag(2u · v−4) diag(u ·u)
diag(3−2u · v) −diag(u ·u)

]
+

α

(∆z)2

[
K 0
0 K

]
,

with

x=
[

u
v

]
∈R2N , K =


−2 1
1 −2 1

. . .
. . .

. . .
1 −2 1

1 −2


N×N

,

corresponding to the vector field f of the 2N-dimensional
discretized Brusselator equation:

dui

dt
= 1+u2

i vi −4ui +
α

(∆z)2 (ui−1 −2ui +ui+1)

dvi

dt
= 3ui −u2

i vi +
α

(∆z)2 (vi−1 −2vi + vi+1)

with α = 1/50, ui(0) = 1+ sin(2πzi), vi(0) = 3, zi = i/(N +
1), ∆z = 1/(N + 1), i = 1,2, · · · ,N, and N = 800. In the
expression for fx(x), diag(·) is the operation of constructing
a diagonal matrix from a vector, and

u · v = [u1v1, · · · ,uNvN ]
⊺ .
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Example 2 Tridiagonal N ×N Jacobian matrix:

fx(x) =
1

2∆z



0 −x2
x1 0 −x3

x2 0 −x4
. . .

. . .
. . .

xN−2 0 −xN
xN−1 0


+

νK
(∆z)2 ,

corresponding to the vector field f of the N-dimensional dis-
cretized Burgers equation

dxi

dt
=−

x2
i+1 − x2

i−1

4∆z
+

ν

(∆z)2 (xi−1 −2xi + xi+1),

with K as in Example 1, ν = 0.0003, xi(0) = sin2(3πzi)(1−
zi)

3/2, zi = i/(N + 1), ∆z = 1/(N + 1), i = 1,2, · · · ,N, and
N = 2000.

Matlab codes JF1-Phi and JF2-Phi implement the matrix-
Free Kylov-Padé approximation of (6) with β = 0 and, respec-
tively, with the finite differences of first and second order:

g(x,b;δ ) =
f (x+δb)− f (x)

δ
, and

g(x,b;δ ) =
f (x+δb)− f (x−δb)

2δ
,

inside of Algorithm 1, where δ =

√
(1+ ||x||2)εmach

εmach + ||b||2
as sug-

gested in [8], being εmach the spacing of the floating point
number 1. Matlab code Phi implements the Kylov-Padé ap-
proximation Kp,q

m,k (h,M,Mr) of [9] for φ1(M,h)Mr (the same
code used in section 3.1 of [10] for computing (2) with evalu-
ation of the matrix A).

For the two examples, the matrix and vectors defining M
in (2) are set as A = fx(x(0)), a1 = a2 = f (x(0)), a3 = 2a1
and a4 = 6a1 in concordance with the number of terms l of
the linear combination (2) used in each example.

With the aim of comparison, the ’exact’ matrix ehM in (2)
for each example and the matrices eτH in the codes JF1-Phi,
Phi and JF2-Phi are computed with the same Matlab function
expm. In the three codes, the value of the Krylov dimension
m is determined automatically depending on the specified
relative rtol and absolute atol tolerances, as indicated in [10]
and [9] for these two approximations. Euclidean norm quan-
tifies the difference between the ’exact’ vector LehMr and its
approximations.

Top row of Figures 1-2 presents, for each example, the log-
log plots of the error (error) versus relative tolerance (rtol) in
the computation of (2) via the approximations JF1-Phi, JF2-
Phi and Phi with relative and absolute tolerances rtol = 10− j

and atol = 0.1 rtol, with j = 1,2, · · · ,6. Bottom row of these
figures presents the plots of the estimated Krylov dimension

m versus the log(rtol) corresponding to the approximations
in the top row of the figures.

Observe that, a major difference among these matrix-free
and the matrix-exact approximations is the threshold for the
errors of the first ones as the tolerance decreases. As expected,
when the tolerance rtol decreases, the Krylov dimension m for
the three approximations increases and, consequently, their
errors also decreases. However, for increasing values of m, the
fixed value of the second right hand term in (6) dominates the
decreasing values of first term, which explains the thresholds
for the errors of the matrix-free approximations JF1-Phi and
JF2-Phi in Figures 1-2. Contrary, as predicted by (7), the
error of the matrix-exact approximation Phi in these figures
always decreases when m increases.

In general, for the same tolerance rtol, the matrix-free ap-
proximations JF1-Phi and JF2-Phi work with lower value of
m, which explains their higher errors. Note also that, in corre-
spondence with the second term of the bound (6), the accuracy
of the approximation with second order finite difference JF2-
Phi is slightly higher than that of the approximation with first
order finite difference JF1-Phi only for the greater values of h
(top left plot in the figures). Finally, from left to right, the top
plots of Figures 1-2 shows an increasing of the accuracy of
the three approximations as h decreases, which corresponds to
error estimates (6) and (7) for these approximations. Naturally,
the accuracy of the two matrix-free approximations is lower
than that of the approximation evaluating the exact Jacobian
matrix.

Conclusions
A matrix-free Krylov-Padé approximation was introduced

for computing linear combinations of phi-functions times
vectors in the case that evaluating and storing the involved
matrix is unfeasible. The numerical simulations corroborated
the main implications of the error analysis for such matrix-
free approximation, that is, threshold for the errors when the
Krylov-subspace dimension increases, lower error of the ap-
proximation with second order finite difference, and lower
accuracy than the Krylov-Padé approximation with exact ma-
trix.
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Figure 2. Top: Log-log plots of error (error) versus relative tolerance (rtol) in the computation of φ1( fx,h)a1 +φ2( fx,h)a3+
φ3( fx,h)a3 for the equation of Example 2 via the approximations JF1-Phi, JF2-Phi and Phi with rtol = 10− j and
j = 1,2, · · · ,6. From left to right, with h = 0.01, 0.001, 0.0001. Bottom: plots of Krylov dimension m versus log(rtol)
corresponding to the approximations in the top of the figure [Arriba: Gráficas logarítmicas del error (error) versus tolerancia
relativa (rtol) en el cálculo de φ1( fx,h)a1 +φ2( fx,h)a3+ φ3( fx,h)a3 para la ecuación del Ejemplo 2 mediante las
aproximaciones JF1-Phi, JF2-Phi y Phi con rtol = 10− j y j = 1,2, · · · ,6. De izquierda a derecha, con
h = 0,01, 0,001, 0,0001. Abajo: gráficas de la dimensión de Krylov m versus el log(rtol) correspondientes a las
aproximaciones de la parte superior de la figura].
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