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Introduccion al método de los elementos finitos
Introduction to the finite element method

Franck Boyer!, Sébastien Martin?*

Resumen Estas notas presentan los aspectos basicos del método de elemento finito. Se presentan las bases matematicas
del método como las del andlisis funcional, la formulacién variacional de problemas de contorno para ecuaciones en
derivadas parciales, asi como el buen planteamiento de los problemas resultantes. Se introducen las aproximaciones
de Galerkin que proporcionan la idea general del método de elemento finito. Se muestran ejemplos de espacios de
elementos finitos y sus propiedades incluyéndose el andlisis de error. La inclusién de aspectos practicos se realiza a
través del anilisis de problemas con enfoque en los aspectos matematicos presentados. El software libre FreeFem++
se emplea en 2D para ilustrar los principales teoremas mostrados, asi como sus limitaciones, en particular tomando
presupuestos que no estan necesariamente presentes en los teoremas. Se incluyen programas FreeFem++ y ejercicios.

Abstract This notes presents the basic aspects of the finite element method. The mathematical foundations such
as the functional framework, the variational formulation of boundary value partial differential equations and the
well-posedness of the problems are presented. Galerkin approximations are introduced, providing the general idea of
the finite element method. Examples of finite element spaces and their related properties are presented, including
the error analysis. Practical aspects are included through the analysis of problems which focus on the mathematical
issues of the notes: The free finite element solver FreeFem++ is used in 2D to illustrate the main theorems and their
limitations, in particular by tackling assumptions that are not necessarily met in the theorems. FreeFem++ programs
and exercises are included.
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Introduction

In engineering sciences, finite element solvers are
likely to compute an approximate solution of bound-
ary value problems. The goal of designing a numerical
method is to ensure the convergence of the method, i.e.
to guarantee that the approximate solution is close to
the unique solution of the continuous problem (if hope-
fully it exists) defined by the mathematical model. But
understanding the properties of the obtained solution
may strongly rely on mathematical aspects such as

1. the mathematical formulation and the well-posedness
of the continuous problem: existence, uniqueness,
regularity of the solution and stability with respect
to the data are required in order to provide a strong
basis for the discretization process;

2. the choice of the discretization process: the subse-
quent approximate finite-dimensional problem has
to be well-posed in order to be numerically solved;

3. the error analysis: the quantitative analysis of the
approximation should guarantee that the solution
to the approximate problem is “close” to the solu-
tion to the initial problem.

The aim of this course is to provide an introduction to
the mathematical analysis of the finite element method.
Practical issues are also addressed.

In section 1 we present the main results in functional
analysis, which are the basis of the mathematical analysis
at both continuous and discrete levels. In section 2 we

present the mathematical formulation of elliptic prob-
lems with related results and examples. In section 3 we
present the mathematical formulation of saddle-point
problems with related results and examples. In section 4
we introduce the so-called Galerkin approximation which
defines a class of finite-dimensional problems associated
to the continuous problems. In section 5 we introduce
the main approximation spaces and establish the main
approximation properties of these spaces along with sub-
sequent error estimates of the method. In section 6 we
focus on the finite element approximation of saddle-point
problems such as the Stokes system for which additional
difficulties have to be targetted. In section 7 we present
some mathematical problems that are solved with a free fi-
nite element solver FreeFem++ whose formalism respects
the variational formulation of problems. Section 8 is
dedicated to the FreeFem++ programs.

1. Sobolev spaces

1.1 Definitions
For any open subset Q of RY, we define 2(Q) (resp.
2'(2)) to be the set of € functions compactly supported

in Q (resp. the set of distributions on Q). For any func-
1

tion u € L;,(Q), and any multi-index o = (a,...,0y) €
N9, we set
2% 2%
0% = o,
ox, dx,

in the sense of distributions.

Definition 1.1 (Sobolev space) Let Q be an open sub-
set of RY. For all integer k >0, we define the Sobolev
space HX(Q) as

HYNQ) = {ue }(Q), 0% c L*(Q), Ya e N’ |a| <k}.

The space is endowed with the norm

[l [ e = ( ) IIB“uII§z>
|| <k

Remark 1.2 An equivalent definition consists in defin-
ing, by induction, H*(Q) = L*(Q) and

D=

HN(Q) = {u € H(Q), Vue (HYQ))4).

Definition 1.3 (Domains of R?) A non empty open
subset Q of R? is said to be a C* domain (resp. a Lipschitz
domain) if its boundary dQ is a submanifold of R of
class C* (resp. Lipschitz continuous) and if Q is locally
situated only on one side of its boundary.

For such domains, by using local charts, we can define
the outward unit normal field n: dQ — R? as well as
surface integrals [; f and corresponding Lebesgue spaces

L7(d).
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Proposition 1.4 (Density of smooth functions) Let
Q be a Lipschitz bounded domain of R?, then the set

C?(Q) made of smooth functions up to the boundary of
Q is dense in H*(Q) for any k > 0.

The following subspace of H*(Q) will be very important
in the study of boundary-value problems.

Definition 1.5 For any open subset Q in RY we define
HE(Q) as the closure of 2(Q) in HX(Q).

The topological dual of H{(Q) (i.e. the space made of all
continuous linear forms defined on this space) may be
characterized as follows.

Definition 1.6 For all k > 0, we define the following
space of distributions:

Hk(Q):{fe 2Q), f=Y 0%fa, with faeLz(Q)}.

|o| <k

The space is endowed with the norm

1

) ||fa||i2> .

o<k

1Al g = iﬂf(

the infimum being taken among all the possible decompo-
sitions of f.

Proposition 1.7 (Dual of Sobolev spaces) The spa-
ce H¥(Q), k>0, is a Hilbert space which is isomorphic
to the dual space of H(])C(Q). To be more precise, the
duality bracket can be expressed as

ot = L (fl)\a\/gfaaau,

|| <k

for all f € H Q) and for all u € HY(Q). The formula
does not depend on the choice of decomposition for f.

Note that the topological dual of H*(Q) is not a
distribution space and cannot be characterized so easily.

Remark 1.8 The main application of Proposition 1.7
is the following result: any element f € H~'(Q) can be
written as

f=u+div(G), withucL*(Q) and (G € L*(Q))*

in the sense of distributions.

1.2 Basic properties

Theorem 1.9 (Chain rule) Let Q be an open subset
of RY. For any function u € H'(Q) and any function
T € C'(R;R) with a bounded derivative, we have

T(u) € HY(Q), VT (u)=T(u)Vu.

Moreover,

— HY(Q)
u —  T(u)

is a (non-linear) continuous map.

Actually the chain rule is still valid if T is Lipschitz
continuous and piecewise C!, for instance. In this case, T"
may be defined in a non univoque way in some points but
the theorem still applies, which implies that the values
of T' on these particular points are not important.

Example. If T(x) = x* = max(x,0), we define T'(x) = 1
if x>0 and 7'(x) =0 if x <0. Then we obtain
V(u') =1,0Vu.

But if we define 7/(x) =1 if x > 0 and 7’(x) =0 if x <0,
we obtain
V(u") =1,50Vu.

The theorem states that Vu = 0 almost everywhere on
the set {u = 0}. O

Let us recall the main results on Sobolev embeddings:
in this part, we focus on H'(Q) even if similar results
can be proved for spaces H*(Q), k> 1.

Theorem 1.10 (Sobolev embeddings) Let Q be a bounded
Lipschitz domain of RY.
» Ifd=1, the embedding H'(Q) C L*(Q) is continu-
ous.
» If d =2, the embedding H'(Q) C LP(Q), for all
D € [2,+00[, is continuous.

= Ifd >3, the embedding H'(Q) C LP" (Q) is contin-

wous, with p* = dz_dz.

Theorem 1.11 (Rellich-Kondrachov) Let Q be a bounded
Lipschitz domain of RY.
= Ifd=1, the embedding H' (Q) C C°(Q) is compact
(completely continuous).
= If d =2, the embedding H'(Q) C LP(Q), for all
p € [1,4o0|, is compact.
» If d >3, the embedding H'(Q) C LP(Q), for all
p € [L,p*[ with p* = 2% is compact.
In particular, the embedding H*1(Q) c H¥(Q), k>0, is
compact.

Theorem 1.12 (Morrey’s inequality) Let Q be a bounded
Lipschitz domain of RY. If
k—a=d/2
with o € (0,1), then one has the following embedding:
HY(Q) c (D).
As a consequence, H*(Q) c C%(Q) if k > d /2.
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1.3 Trace operator

A Lipschitz continuous function which is defined over
an open subset Q can be naturally extended up to the
boundary of Q. This allows us to define the notion of
trace of such a function on the boundary dQ. In some
way, it is possible to build a similar notion for functions
which lack such a regularity.

Theorem 1.13 (Trace) Let Q be a bounded Lipschitz
domain of RY. The mapping

n o CO(Q) — L2(0Q)
u — ’)/o(u)zu‘ag

has a unique continuous extension to the whole Sobolev
space H'(Q). This operator, still denoted Yy, is called the
trace operator. Besides,

s the trace operator 1 : H'(Q) — L*(9Q) is not sur-
jective onto L*(9Q);

s the image of H'(Q) by the trace operator is a
fractional Sobolev space called H%(c?Q) which is
a Hilbert space if it is endowed with the norm

v = inf |ju .
¥4 gy = 0 Bl
Yo (u)=v

Moreover, there exists a (non unique) continuous linear
operator Ry : H? (0Q) — H'(Q), called lift operator, which
satisfies
Ry=1d .
10080 =0 a)
Proposition 1.14 (Integration by parts) The trace

operator extends the notion of integration by parts: for
alluc H'(Q), for all ® € (H'(Q))¢,

./g.zudiv(‘b) +./£.2Vu.¢‘ - /BQ 10(1) ().

Example. The case of the unit square is quite interesting.
Let us consider Q =]0,1[*> and u € C*(Q). We have, for
all (x,y) €]0,1]%,

(0,0) = () =2 [ uxz) Q) e
Then we get
y
2(2,0) < 12(x,y) +2 [ fux.2)| |, 2)| b

Integrating with respect to x and using the Cauchy-
Schwarz inequality, we get
1
Jo u?(x,0) dx fQ’/‘; + 21|ul[ 2 [|yul| 2
el 2 + 2 |ual| 2 |Vl 2,
2|l 2|l 1

VAIVANZAN

and finally
leell 20,1 x {oy) < V20l g1

The above inequality shows that the mapping 1y : C*(Q) —
L?(9Q) is continuous for the H' —topology. Its natural
continuous extension to H'(Q) is then straightforward
by density (see Proposition 1.4).

Observe finally that we have in fact shown the more
precise inequality

1 1
||“HL2(]0,1[x{o}) = C||“||Lzz||“||;11,

which implies that we can estimate the L? norm of the
trace by using only the square root of the norm of the
gradient of u. This is a formal justification of the notation
H> () that we adopted for the range of the trace operator.

O

Exercise 1 1. Let Q = (0,1)? be the unit cube in R2.
Prove that, there exists a C >0, such that for any
uc€ H'(Q), we have

‘/Ol(yOu)(x,O)dx—/Qu2<C/Q|Vu|2.

2. Let o€ (0,1) and Qq = (0,)%. Prove that for any
uc H'(Q) we have

1 1 2

o) ooy o5 [l <c [ v
and

1 1 2

o) a5 [ <c [ e

3. Let g € L*(9Q) be defined as follows
8(x,0) = g(x
8(0,y) =g(l,y)=1, vye(0,1).

Using the inequalities of question 2, prove that it
does not exist a function u € H'(Q) such that you =
g. We have thus proved that this function g does

not belong to the trace space H%(c?Q).

71) =0, Vxe (Oal)a

In the case of regular domains of RY, the space HJ (Q)
can be characterized by the following properties:

Proposition 1.15 Let Q be a bounded Lipschitz domain
of R? and u € H'(Q). The following are equivalent:

» uc HNQ);

» i€ H'(RY), where i is the extension of u over R?
satisfying @ =0 on RY\ Q.
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It is also possible to consider the trace of functions
in H'(Q) when combined with a nonlinear function:

Proposition 1.16 Let Q be a bounded Lipschitz domain
of R and T € C'(R;R) with a bounded derivative. Then

W(Tu) =T (Ww(u)).

This property still holds if T is Lipschitz continuous
and piecewise C! with a countable number of discontinu-
ity points for 7"

Yue H'(Q),

1.4 Poincaré inequalities
The trace operator allows us to give a clear charac-
terization of HJ (Q).

Proposition 1.17 Let Q be a bounded Lipschitz domain
of RY. We have

Hy (Q) = Ker(1).

The space H}(Q) is thus the set of functions in H'(Q)
which are equal to 0 on the boundary in the sense of
traces.

Let us go back to the previous example, dealing with
the unit square, and assume that u is equal to 0 on the
boundary. A similar computation gives

[ <2l |V,

hence
[ul| 2 < Cl|Vul| 2.

This inequality states that the L>—norm is controlled by
the L2—norm of its derivatives, in the case of functions
that are equal to 0 on the boundary.

Theorem 1.18 (Poincaré-Friedrichs I) Let Q be a
bounded Lipschitz domain of RY. There exists a constant
C >0 such that

Vu € Hy(Q), ullz < C||Vul| 2.

In particular the map u +— ||Vul|,2 is a norm on H} (Q),
which is equivalent to the classical H!'—norm. Other
similar inequalities are available:

Theorem 1.19 (Poincaré-Friedrichs ITI) Let Q be a
connected bounded Lipschitz domain of RY. Consider T

a closed part of d0Q with a non-empty relative interior
and define

HE(Q) ={uc H'(Q), 1(u) =0 on T}.
There exists a constant C > 0 such that

Vu € HH(Q),  ullz < C||Vul| 2.

Theorem 1.20 (Poincaré-Wirtinger) Let Q be a con-
nected bounded Lipschitz domain of RY. We define

A'(Q) = {ueﬂl(g), /Quo}.

There exists a constant C > 0 such that

vue HY(Q), lullz < C|[Vull2.

Actually these theorems follow from the abstract in-
equality:

Theorem 1.21 (Poincaré) Let Q be a bounded open
subset of RY. Let # be a Hilbert space, L: H' (Q) —
be a continuous linear operator. We assume that L is
nonzero over the set of nonzero locally constant functions.
Then there exists a constant C > 0 such that

Vue H'(Q), lullz < C(IVull 2 + 1LG) L)

In particular the map u ||Vul|;2 + ||L(w) | ¢ is a norm
on H'(Q), which is equivalent to the classical H'—norm.

Proof of Theorem 1.21. We proceed by reductio ad
absurdum. Assume that the property is false. This
implies that there exists a sequence of functions u, in
H'(Q) satisfying

[l 2 = n([Vian|[ 2 + 1L () || 7).

By homogeneity we may assume that ||u,|/;2 =1 so that
1
[Vitn| 2 + (| L(un) | .7 < Py (1)

Thus {u,} is bounded in H'(Q) and consequently there
exists some u € H'(Q) such that {u,} weakly converges to
uin H'(Q), up to a subsequence. The embedding H' C L?
is compact (here we use the fact that Q is bounded) so
that the sequence strongly converges in L*(Q), which
implies that ||ul|;2 = 1. Then the sequence {Vu,}

= weakly converges to Vu in L*(Q), as {u,} weakly
converges to u in H'(Q),

= strongly converges to 0 in L?(Q), because of (1),

hence Vu = 0. This implies that u is locally constant.
Besides, we have
= L(uy) strongly converges to 0 in .#, because of (1),

= L(u,) weakly converges to L(u) in .7, seel.

IThe result follows from the proposition:

Proposition 1.22 Let 57 and .F be Hilbert spaces. Assume that
L: 3 — F is a continuous linear operator. If {u,} weakly converges
to u in J, then {L(u,)} weakly converges to L(u) in F.

Proof. Assume that u, — u in 5. We fix T € .%’ and we aim at
proving that T (Lu,) — T (Lu). We have ToL € 5" and as {u, } weakly
converges to u in J, we get (ToL)(u,) — (T oL)u, i.e. T(Luy)—
T(Lu). |
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and thus L(u) = 0. Since u is locally constant, by as-
sumption on L, we obtain that necessarily u = 0 which
is in contradiction with the property |lu||;2 = 1. This
concludes the proof. |

1.5 Vector fields in L? with divergence in L>. Defini-
tion of the normal trace
Definition 1.23 (Space Hgy) The space

Haio (Q) = {u € (L*(Q))?, div(u) € L*(Q)}
endowed with the norm
. 1
1l s, = (el 72 + || div (u) 1 72) 2
is a Hilbert space.

Theorem 1.24 Let Q be a regular bounded open subset
of RY. The set of vector fields of class (C*(Q))? is dense
in Hgiy ().

The proof of Proposition 1.24 is based upon the Hahn-
Banach theorem that we recall:

Theorem 1.25 (Hahn-Banach) Let E be a Banach
space and F a subspace of E. Then F is dense in E if,
and only if, any continuous linear form on E which is
zero over F is the zero form.

Proof of Proposition 1.24. In order to apply the
Hahn-Banach theorem, we consider a continuous linear
form .# on Hgy(Q) which is zero on (C*(Q))?. Let us
prove that it is zero on the whole space Hgiy (Q).

Since Hgiy (Q) is a Hilbert space, the Riesz represen-
tation theorem guarantees that % is represented by an
element f € Hgiy () by

<§,u>Héindiv:/Qf-u—i—/gdiv(f)div(u), Yu € Hygiy (Q).

By assumption, we have

/f-¢+/div(f)div(¢):o, Vo € (C(Q))%.
Q Q

We denote f (resp. div(f)) the extension of f (resp.
div(f)) by 0 over RY we get

[ Fo+ [ dfdive) =0, v e (R,
R R

This shows in particular that div(f) € H'(RY) and

V@) = 7.

Since div(f) € H'(Q) and div(f) € H'(R?), then g :=
div(f) € H}(Q) (see Proposition 1.15) and Vg = f. Then
the linear form .# writes

e = | u-Vg+ [ div(u)g, Yu € Hgiy(Q).
»div Q Q

As 2(Q) is dense in HJ (Q) there exists a sequence {g,} €
2(Q) which converges to g in H}(Q). But for any n, we
have

/Qu -Vgn +/Qdiv(u)gn =0, Yu € Hgiy(Q),

by definition of the divergence in the sense of distribu-
tions. Thus we can pass to the limit and get

/ u-f+/ div(u)div(f) =0, VYu € Hgiy (Q),
o Q

ie. Z =0 as it is expected. |

Let us recall that H? (dQ) is the image of the trace
operator of ¥ : H'(Q) — L?*(dQ) and that the norm of
this space can be defined by

191, gy = 150 Wil
To(u)=¢

We define H’%((?Q) as the dual space of H? (0Q) after
identifying L?(dQ) to its own dual space.

Proposition 1.26 (Stokes formula) Let Q be a Lip-
schitz continuous open subset of RY. The mapping

1

W (CT(Q) - H2(0Q)
u = () = (u-n)50
where n denotes the outward normal unit vector at 0Q,
has an unique continuous extension on the whole space

Hgiv(Q). Moreover we have, for all u € Hgyy(Q) and for
allwe H'(Q),

Remark 1.27 If u € (H'(Q))?, we have in particular
u € Hyiy(Q) and the so-called normal trace ¥, has two
definitions. In fact, they coincide and we have

You -1 = Yyu.
In this case, Yyu belongs to H%(Q)

Proof of Proposition 1.26. Let us recall that, by The-
orem 1.13, there exists a continuous linear lift operator

Ry:H? (0Q) — H'(Q) satisfying

Let us proceed in two steps:

Step 1. For all u € Hg;,(Q) and ¢ € H? (0Q), we define
X, EH_%(QQ) as

X(0) = [ (Ro(0) div(w) +u-VRo(9)), ¥o € H1(99).
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We have

1Xu(9)] < [Ro(9) [l [l 1, < ClIR s

N

using the continuity of Ry. This shows that, u being fixed,
X, is a continuous linear form on H? (dQ) which satisfies

1Xull 3

<C -
H 2(3Q) — el

This inequality shows that the mapping

U € Hyy — X, € H 2(0Q)

is linear and continuous. We denote 7,(u) := X,, and it
remains to prove that the desired property is satisfied.

Step 2. Let u € (C*(Q))?. If w; and w; are functions in
H'(Q) such that yyw; = Y%w2, then we obtain by integra-
tion by parts

/Q((wl —wa) div() +u- V(w1 —w2))
:/ Yo(wi —wo)(u-n).
Q.

=0

This shows that, for u € (C*(Q))? for all w € H'(Q), by
taking wi =w and w, = Ro(W(w)), we get

<u~n,}/0w> =

/ (w div(u) + - V)

Q(RO((YO(W)) div(u) +u-VRo((10(w)))

= Xu(WW)) = (u, ow) 1 1.

H 2H2

This holds for any regular function and the proof is
concluded by density, using the continuity of 7,. |

Theorem 1.28 Let Q be a Lipschitz continuous bounded
open subset of RY and let us denote Hy qiv(Q) the closure
of (2(Q))¢ in Hygy(Q). Then

HO,div (.Q) = Ker(}/n).

Proof of Theorem 1.28. It is clear that Hy giy(Q) C
Ker(y,) as (2(Q))? C Ker(y,) by definition of the trace
operator. Let us prove that Ker(¥%,) C Hp giv(Q).

Let u € Hgy(Q) such that %,(u) =0. Since Q is
bounded and Lipschitz continuous, we can prove that
there exists a finite open covering of Q by open subsets
;, i €{1,...,m}, such that @;NQ is a star-shaped subdo-
main of RY. We now introduce a C* partition of unity
(@;); subordinate to this open covering: there exists a
family {f;}i=1,...m such that

w Vic{l,...m}, fi € C(RY),

» Vie {l,...,m}, supp(f;) C w;,

" Xo <YL fisl
Let ¢ € 2(RY) which we restrict to Q and we apply the
Stokes formula, see Proposition 1.26 :

/ ¢div(u)+/ U-Vo = 0.
Q Q
We replace ¢ by o;¢ so that we get

/ o div(u) +

QNaw;

We may rewrite this equality as

[, oo div() + Lgrou- Var)o

+ [ (anouar) Vo = 0.
R4

The above equality holds for any test function ¢, which
means that

u- (¢VOC,’ + (X,‘Vd)) =0.
QNw;

Vi = 1|Qﬂa),v”ai;

which belongs to (L*(R%))¢, has a divergence in the sense
of distributions, which is identified as

Lione @ div(u) +1igneu - Vau

which also belongs to L>(R?). As a consequence, v; €
Hgiy(R?) and its support is in Q N @; which is an open
star-shaped subset by assumption. In order to simplify
the notations we assume that the open subset is a star-
shaped domain with respect to 0. We now introduce
the family of functions defined by the homothetic ratio

0<(0,1) ; (x)
vi(x) =v; a)

The compact support of each function vie is in QN @;.
Moreover it is clear that v? converges to v; in Hgy (RY)
as 0 goes to 1. For a fixed € >0, we may find 6 € (0,1)
such that
[|vi _viGHHdiv(Q) <e.
But since v? has a compact support in QN ®;, we may
use a convolution process that allows us to regularize the
function and prevent the support of the function from
spreading out of QN ®;. Thus there exists 1 > 0 such
that
pn*v? € (2(Qn ),

(] (%]
Vi = pn *vi | gy < €.

As a consequence, we obtain
”Vi —Pn* Vi9||Hdiv <2e.

This process allows us to approximate each v; by functions
of (2(Q))? for the Hg,—norm. Using the properties of

a;, we get
m m
u= ZMOC,' = Zvi.
i=1 i=1

As the sum is finite, the homothetic mapping combined
with the regularization may be used on each v;, which
allows us to conclude. |
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2. Weak formulation of elliptic problems

Solving a PDE leads to different questions:

= the solution or the coefficients of the PDE may be
not regular enough to guarantee a classical sense
to the equation;

= the solution may be regular but the functional
space may not have suitable properties to guarantee
existence and / or uniqueness of the solution in
this space.

Thus we define a weaker notion of solution, even if
we have in mind that it should match the classical notion
when regularity is met. The general method consists in
proceeding this way:

= to find a solution in a functional space which is
weaker than the one that was primarily targetted;

= to determine a mathematical formulation by using
test functions and formal integration by parts;

= to ensure that 1) classical solutions are weak solu-
tions, 2) weak solutions with additional regularity
properties are classical solutions.

The difficulties are the following ones:

= the choice of the functional space is crucial: it is
non trivial and not necessarily unique;

= if the notion of solution is too weakened, the exis-
tence issue is easier but the uniqueness properties
may not hold or be harder to prove;

= if the notion of solution is not weakened enough,
the uniqueness issue is easier but the existence of
the solution may be too hard to prove.

2.1 Lax-Milgram theorem

Many problems in applied mathematics arise out
of a variational formulation. In the case of so-called
elliptic partial differential equations, the basic existence
and uniqueness result is based on an abstract theorem,
the Lax-Milgram theorem, which provides a powerful
guideline in the analysis of these problems.

Theorem 2.1 (Lax-Milgram) Let H be a Hilbert space,
a(-,-) a bilinear form on H, L a linear form on H. We
assume that

1. a(-,-) is continuous:

Vu,v e H, |a(u,v)| < [lalll|ullm|V]a-

2. a(-,-) is coercive:

Ja >0, YueH, a(uu)>olul?.

3. L 1s continuous:

VueH, |L(u)| <|[L|[lu]a-

We consider the abstract problem

®{

Problem (P) admits a unique solution. Moreover,

Find u € H such that
a(u,v)=L(v), VveH.

L]l
If a is symmetric, then u is the unique minimizer on H

of the functional

J(v) = %a(v,v) —L(v).

Proof of Theorem 2.1.

Symmetric case I. Assume that a(-,-) is symmetric.
Let us prove that the variational problem and the mini-
mization problems are equivalent.

= Writing v =u+v—u, we have

Jv) = %(a(u7u)+2a(u,v—u)+a(v—u7v—u))
—L(u) —L(v—u)
= J(u)+ (a(u,y —u) —L(v —u))

+§a(v—u,v—u).
If u is a solution of a(u,-) = L, we have
1
Jw)—J(u) = Ea(v—u,v—u) > oy —ul)?,

hence J(u) = min,ecy J(v) and it is the unique solu-
tion of the minimization problem.

= Conversely if u € V is a solution of

Ju) <JW), Wev,

then for all h € V and for all r € R, we have J(u+
th) > J(u), i. e.

t(a(u,h) — L(h)) + ga(h,h) >0, Vi €R.

Necessarily we get a(u,h) = L(h), for all L€V i. e.
a(u,-)=L.

Symmetric case II. The well-posedness of the varia-
tional problem can be proved with two methods:

= By assumption, a(-,-) is a scalar product on H
which is equivalent to the usual scalar product on
H. Then, (H,a(-,-)) is the same topological space
as (H,(-,-)n) and the linear form L is continuous
on this new Hilbert space. The result follows from
the Riesz representation theorem.
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= We directly study the minimization problem by
considering a minimizing sequence and proving that
it is a Cauchy sequence by using the parallelogram
law.

General case. The well-posedness of the variational
problem can be proved as follows. For all u € H, the
form v € H — a(u,v) is continuous so that there exists a
unique Au € H such that

a(u,v) = (Au,v)y, YvE€H,

as a consequence of the Riesz representation theorem. It
is clear that

= A is linear;

= A is continuous: if one takes v =Au in the continuity
assumption of a we find

|Aul7; = a(u, Au) < ||all||ullm||Aull,
so that

[Aullzr < [lalll|ullzz, VueH,

= A is injective: indeed, by using the coercivity prop-
erty of a, we find that

(Au,u)g = a(u,u) > o||ul|3, YuecH,

and thus

|Aul|g > ofjullp, YueH.

In particular, we have Au=0=u=0.

By the Riesz representation theorem, L can be repre-
sented by an element ¢ € H and we finally have to prove
that there exists u € H such that Au=2/¢. Let p > 0 and

T : H — H
u +— Tu=u—p(Au—1).

Our problem reduces to the proof of existence of a fixed-

point for T. In a Hilbert space, this can be achieved by
showing that T is a contraction.

1 Tu—Tvl|7 e = v[|7 +p?[| A — Av[|F;

=2p(u—v,A(u—v))g

< Hu*VII%JrPZIIaHZHM*VII%

Z—Zga\|u—v||2H

< (I=2pa+p|a|*)|lu—vg-

For p sufficiently small, T is a contraction, which con-
cludes the proof. |

Remark 2.2 The Laz-Milgram theorem provides suffi-
cient conditions to find a unique solution of an abstract
problem. These conditions are not necessary! For in-
stance in finite dimension, i.e. H=R", the continuity
assumptions are obvious and the coercivity assumption is
expressed as a condition over the matrix that represents
the operator. Indeed denoting {e;}i=1,. , the canonical
basis of R", X = (x;)i=1,...n the coordinates of u € R" (i.e.
u=Yyr, xe;), we denote A= (a(ej,e;))ij so that we have
a(u,u) = (AX,X)gn where (-,-)rn is the usual scalar prod-
uct on R". Then, by assumption of coercivity

(AX,X)+ (X, A'X))pn = (AX,X)R»

= a(u,u)
> af|ulf = o XF.

N —

Thus coercivity of a(-,) means that A+A" is s.p.d. The
theorem then becomes: if A+A' is s.p.d. then A is in-
vertible. This is clearly a sufficient condition but not a
necessary one.

In the problems that will be considered, H is the
functional space (L?, H', H}, etc.), u denotes the (weak)
solution of the problem and functions v serve as test
functions. Besides,

= the Lax-Milgram theorem requires some constraints:
in particular, the test functions and the solution
should belong to the same functional space. This
is the reason why the derivation of the weak formu-
lation relies on an equilibrium between the deriva-
tives of the solution and the derivatives of the test
functions.

= The regularity of the functions in H cannot be
completely independent from the bilinear form a.
If the functions in H are too regular, the coerciv-
ity property will not be obtained; conversely if
the functions in H are not sufficiently regular, the
continuity of a will not be obtained.

— Consider a(u,v) = [qu(—Av). Then Av has
to be defined, which leads us to define H =
H?*(Q)NH}(Q). The bilinear form is continu-
ous, since

|a(u,v)| [[ull 2 [|AV]| 2

[l 2 [1v1] 2

lullz vl

INININA

Unfortunately the coercivity is missing: if
u € H we have

a(uu) = [ou(—Au)
Joudiv(—Vu)
Jaqu(=Vu)-n+ [o[Vul®

2
Jo[Vul”.
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Clearly there is no a > 0 such that
2 2
IVullz2 = allulli

since it would imply that H*(Q)NH} (Q) =
H} (Q).

— Consider a(u,v) = [ VuVyv and H = H'(Q).
The continuity of the bilinear form is guar-
anteed but the coercivity is missing because
a(u,u) =0 implies that u is a constant func-
tion. Then u =1 is a counter example for the
existence of a coercivity constant.

2.2 Example 1: Poisson problem

Homogeneous Dirichlet boundary conditions. As-
sume that f € L?(Q). We consider the following PDE
problem:

—Au

®){ ™

Consider a regular test function and let us deal with
formal computations. Multiplying by v, integrating over
Q and integrating by parts, we get

/QVwVv—/an(an):/va.

Now let us discuss this equality:

f in Q,
0 on dQ.

= Integrals over Q only deal with derivatives of order
1 at most. Thus looking for the continuity and
coercivity of the bilinear form leads us to consider
(a subspace of) H'(Q).

= No boundary condition on Vu-n is prescribed. But
we target the definition of a functional space that
contains the solution u and the test functions v. As
the solution should be zero on the boundary, we
may impose this condition on the test functions
as well, hence killing the boundary term. The
resulting functional space is therefore H} (Q).

The weak problem (or variational problem) associated
to the strong problem (Pgl)) is

Find u € H} (Q) such that

(PEVI)) /Vu-Vv:/fv,
Q Q
for all v € H}(Q).

Exercise 2 Prove that the variational problem (P&,l))
admits a unique solution.

Exercise 3 Let f € LP(Q), p € [1,+0|. Which values of
p can be considered in order to apply the same method
as above?

The variational problem admits a unique solution u.
What are the regularity properties of the weak solution?
What is the link with the initial problem?

Note that Vu € (L*(Q))? and 2(Q) C H so that we
can choose v € 2(Q) as a test function:

/QVu~Vq):/Qfd), Yo € 2(Q).

By definition, the divergence of Vu is equal to —f in the
sense of distributions. Then u is a solution of —Au = f
in the sense of distributions. Actually it is possible to
prove the following regularity result:

Theorem 2.3 (Elliptic regularity) Assume that Q is
a C? bounded domain of RY. Let f € L*(Q) and u € H} (Q)
the unique variational solution of the Poisson problem

with homogeneous Dirichlet conditions (Psvl)) We have
» u€ H*(Q),

v |ullg2 <C|fll2, where C is a constant which only
depends on Q.

The proof of this theorem is technical and voluntar-
ily omitted. Interestingly all the second order partial
derivatives of u are functions in L?>. But the theorem
contains an important regularity assumption on the do-
main. This condition can be weakened (for instance, if Q
is convex and polygonal the result is still valid) but some
counter-examples do exist otherwise: typically if Q has
a re-entrant corner, one may find variational solutions
in HH(Q)\ H*(Q).

Example. Consider the domain defined in polar coor-
dinates by Q ={(r,0),r<1,0< 60 < a}, as in Fig. 1.

Figure 1. The domain Q

The function @: (r,0) — ra sin(%’) is harmonic. Thus
ii satisfies
—Aii = 0 inQ,
i = g ondQ.

where g is a continuous function on dQ satisfying:

g(r,a) = g(r,0) =0,
Define ye € C*(R?) such that

0<r<l1.
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= x:(r,0)=1 forOSrS%,

" xe(r,0)=0for 1 +€<r.
and define u := iiye. Thus u satisfies
{ A = fr mQ,
u = 0 ondQ.
with

o fei=—Ad € L*(Q),
= supp(fe) C QN{(r,0),5 <r<

1+el}

Moreover, u =i on QN{(1,0),0<r< %} In particular,
because of the behaviour of u (or i) near the corner, we
can prove that u € H'(Q)\ H*(Q) for a > 7. O

Non-homogeneous Dirichlet boundary conditions.

Assume that f € L*(Q) and g € H%@Q). We consider
the following PDE problem:

2) —Au = f inQ,
(PS){ u = g ondQ.

The choice of the functional space for g relies on the
fact that the functional space for the variational formu-
lation is likely to be H'(Q), according to the previous
example. The trace of the solution should be in H? (0Q).
Dealing with less regular boundary data would lead us
outside the Lax-Milgram framework.

By Theorem 1.13, there exists Ryg € H'(Q) such that

10(Rog) = g. We define il = u — Rpg so that the problem
(Péz) ) is equivalent to the following one
(P<2’)) —Ai = f+A(Rog) inQ,
§ i = 0 on 0Q.

As Rog € H'(Q), we have V(Ryg) € (L*(Q))¢ and A(Rog) =
div(V(Rog)) € H~'(Q) by Proposition 1.7. Thus the vari-
ational formulation of (P§2 )) reduces to

Find i € H} (Q) such that

/Qw-wz /va“+ (A(R0g), V) -1
for all 7 € H}(Q).

(Pi7)

This variational formulation falls into the scope of the
Lax-Milgram theorem, hence i is uniquely defined. Let
us remark that the duality term can be expressed as:

<A(R08) Vig- 1H1 = / V ROg

Remark 2.4 Considering Hg (Q):={uc H (Q), pou =
g}, the function u =i+ Rog is the unique solution of

Find u € Hy(Q) such that
2N / Vu-Vv —/ fv,
for all v € H} (Q).

The Laz-Milgram cannot directly be applied to this formu-
lation: Hé} (Q) is not a vector space, let alone a Hilbert
space! Nevertheless this formulation does mot require
the introduction of the lift of the boundary term, whose
computation would be difficult in practice; moreover this
formulation is used in practical computations.

Exercise 4 Prove that the solution u of the problem

(PEV2 )) 18 also the unique solution of the minimisation
problem

J(u)=inf J(v),

VEH1 (@)

:%/Q\VVF—/va.

Remark 2.5 The elliptic reqularity properties proved in
Theorem 2.3 can be extended to the Poisson problem with
non-homogeneous Dirichlet boundary conditions if we as-
sume furthermore that g € H%(Q) which is, by definition,
the image of H*(Q) by the trace operator.

with

Remark 2.6 We consider the Poisson problem defined
on a unit square Q =)0, 1> with a source term f=0. We
consider Dirichlet boundary conditions: for this purpose,
we denote

=10, 1[x{0}
and consider the problem
—Au = f inQ,
u = 0 onT,
u = 1 ondQ\T.
The boundary term
_J 0 dfxeT,
g(x)_{ 1 ifx€dQ\T.

does not belong to H%(GQ) (see Ezercise 1). As a con-
sequence, we cannot use the lift operator to define a
variational formulation in H'(Q). In fact the solution
of this problem can not belong to H'(Q) (by definition
of H%(QO)). Interestingly, when using the finite ele-
ment method, the discretization of this problem leads to
a well-posed problem. But when considering the solution
up, then ||uyllg explodes as h goes to 0, illustrating the
ill-posedness of the (continuous) variational problem in
H'(Q). See also the Problem given in Section 7.5.

Non-homogeneous Neumann boundary conditions.

Assume that Q is connected, f € L*(Q) and g € H? (0Q).
We consider the following PDE problem:

g Vu-n = g ondQ.
The choice of the functional space for g is quite natural:
the functional space for the variational formulation is
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likely to be (a subspace of) H!(Q), according to the
previous examples, so that Vu € (L*(Q))¢. As we ask for
div(Vu) = Au= —f € L*(Q), if a solution exists, we will
necessarily get Vu € Hg;y, which allows us to give a weak
sense to the normal trace at the boundary of Vu-n in
the space H™2 (0Q).

In this problem, compatibility conditions emerge:

= [f the problem admits a solution, then integrating
over Q we obtain (the data are assumed to be
regular):

/Qf:/g(iAu) - agvu'n: " Jsa®

Existence of a solution requires a necessary condi-
tion. If g € H: (dQ), the compatibility condition

writes
|r==tn,

= The solution cannot be unique: we may add any
constant to a solution, thus defining another solu-
tion. An additional condition is required in order
to select a unique solution. A natural way, since Q
is assumed to be connected, consists in fixing the
constant by imposing

/MZO.
Q

In the general approach we choose a regular test
function v and proceed as before. The boundary value
of the solution is not prescribed so that no condition is
imposed on the test functions v. By contrast we impose
that u has zero mean value so that the same condition

D=
=

H

should be imposed to the test functions. We finally
obtain the variational formulation
Find u € A'(Q) such that
(3) Yy —
(PW ) /QVM VV*‘/QfV+<gav>H7%7H%a

for all ve H'(Q).

Exercise 5 Prove that the variational problem admits
a unique solution.

The variational problem admits a unique solution. It
is possible to get a formulation with test functions in
H'(Q) instead of H'(Q). Indeed, for any v € H'(Q), we
consider ¥ =v—m(v) where m(v) = Q| Jov. Then we

get
Jovurve= e,y
Using Vv = V7,
/.Vu.vv = /fv—m(v)( f)
JQ Q Q
),y m) e,y -

H 2 H2 H 2.H

Using the compatibilty condition we get

/QVM~VV=/QfV—|—<g,V>H7%)H%. (2)

Taking test functions ¢ € Z(Q), the influence of the
boundary terms is dropped and we obtain, as in the case
of Dirichlet boundary conditions, —Au = f in the sense
of distributions. Since Vu € (L*(Q))? and f € L*(Q), the
equation states that Vu € Hg;y, hence the normal trace
Vu-n is defined in H~2 (dQ) and by the Stokes formula,
see Proposition 1.26,

/Vu'Vv—i—/diV(Vu)v:(an,v} _
Q Q H

(3)

1.
H2

[

By comparison between (2) and (3), as f = —Au, we
obtain

Vu-n=g, ondQ

in a weak sense.

Exercise 6 We consider the Poisson problem with non-
homogeneous Fourier (or Robin) boundary conditions:

—Au = f inQ,
Vu-n+au = g

on 0Q,
with o > 0.

= Define the variational formulation.

= [s the problem well-posed?

Let us present and briefly discuss more sophisticated
models.

2.3 Example 2: General linear elliptic operators

Let x+— # (x) € R?*¢ be a bounded measurable map-
ping. We assume that % is symmetric positive definite
and uniformly coercive:

Jo >0, (H(x)E,E) > aléf?, VEERY, for ac. xeQ.
We consider the problem

(P(4)) —div(#Vu) = f inQ,
g u = g onadQ,

with g€ H 2 (dQ). The associated variational problem is

Find u € H; (Q) such that

/ (HVu)-Vv) = / v,
Q Q
for all v € H}(Q).

The adaptation to the non-homogeneous case is straight-
forward. In the Neumann case, the difficulty only relies
on the understanding of the boundary condition which
should be read as

(HZVu)-n=g.
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Figure 2. The nonlinear function T

Let us conclude this subsection with an important
property of elliptic problems: the weak maximum princi-
ple.

Theorem 2.7 (Weak maximum principle) Letx+—
H (x) € R4 be a bounded measurable mapping. We as-
sume that & is symmetric positive definite and uniformly
coercive. Let f € L*(Q) and g € H? (0Q). Letuc H'(Q)
the unique solution of (P&? )

If f and g are non-negative a.e.,
negative a.e.

then u is non-

Proof of Theorem 2.7. Let T € C'(R;R) be a nonde-
creasing function, with bounded derivative, such that
T(s) =0 if and only if s > 0, see Figure 2.

As u € H'(Q), by Theorem 1.9 we deduce that T'(u) €
H'(Q) and T (u) = T(ypu) = T(g) almost every where.
Since g > 0 and by construction of T, we have that
T(g) =0 and thus T (u) € H} (Q). We can therefore take
T(u) as a test function in the variational formulation of

the problem:
D= [t

T'(u)Vu and, then

/ HVu-V(T
We have VT (u) =
/ T(

Then each integral is equal to 0 and the integrands vanish
almost everywhere. By the coercivity assumption on £,
it follows that

%VuVu / fu

>0 <0

T'(u)|Vu[* =0, almost everywhere,
and thus

T'(u)Vu =0, almost everywhere.

0 and since
=0. By

By Theorem 1.9, this proves that V(T (u)) =
T(u) € Hj(Q), we eventually obtain that T'(u)

construction of T, this proves that u is non-negative a.e.
on Q. |

The weak maximum principle may admit equivalent
versions in the discrete framework: in particular the
weak maximum principle holds in the case of a P! finite
element approximation, see Proposition 5.12 whereas it
is not valid in the P? approximation.

2.4 Example 3: Reaction-diffusion.
We consider the problem

—Au+nu = f
Vu-n = g

in Q,
on JdQ,

with n > 0. The condition 1 > 0 is important because
there exists n < 0 and source terms f for which no so-
lution exists (this is related to the existence of positive
eigenvalues of the operator —A). When dealing with
Dirichlet boundary conditions, there is no difficulty and
the variational formulation can be derived in straightfor-
ward way. In the case of Neumann boundary conditions,
it is different: integrating over Q,

Lo L

so that there is no requirement such as the compatibility
condition on the data. Moreover, the mean value of
u is prescribed and cannot be fixed. The variational
formulation is

Find u € H ) such that
/Vu Vv+n/uvf/fv
for all VEH

Exercise 7 Prove that the above variational problem
admits a unique solution.

2.5 Example 4: Convection-diffusion.
Let f € L*(Q) and b € (C'(Q))?. We consider the
problem

in Q,

on 0Q,

—Au+b-Vu = f
u = 0

The order of derivative for the convection term b-Vu
is lower than the one of the diffusion term. Thus the
functional space is Hj (Q) and the variational formulation
writes

Find u € H} (Q) such that
Vu-Vv+/ (b-Vu)v= / v,
Q Q Q
for all v € H} (Q).
The bilinear form considered here is not symmetric and
this is unavoidable due to the advection term. The conti-

nuity of a(-,-) is obvious but its coercivity is questionable
since

a(u,u) = ||Vu||i2 +/Q(b-Vu)u
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has not necessarily the good sign. More precisely, the
second term should be controlled by the first one to
ensure the coercivity. For this there are two possible
ways to proceed:

= Method 1:

/Q(b -Vu)u

IN

1B lleel[Vrl| 2 el 2
Calbl | Vull7,

IN

where Cq denotes the Poincaré-Friedrichs constant.
Thus if Cql|b|le < 1, the bilinear form is coercive.

= Method 2, based upon an integration by parts:

—/Q(b-Vu)u

| S,

/ div(b)
Q
51I(div(b)

IN

~—

l=CalIVulZ.

Thus if ||(div(b))"||z~C3 < 2 the bilinear form is
coercive. Most important cases deal with div(b) <0
in which case the condition is obviously satisfied.

If one of the above smallness assumptions on ||b||z=~ or
| div(b) " ||~ is satisfied, then the variational problem is
well-posed.

2.6 Example 5: Linear elasticity.

We consider the PDE which describes the displace-
ment of an elastic solid when submitted to a force field.
The domain Q C R? represents the solid at rest. The
vector field u : Q — RY represents the displacement of a
material point under the effect of the force field. Thus a
material point at position x at rest is displaced at posi-
tion x+ u(x). We now introduce the Jacobian matrix Vu
and the strain tensor D(u) = $(Vu+ (Vu)'). The Cauchy
stress tensor o in the solid is ruled by a law which takes
the form

6 = ATr(D(u))1d+2u D(u) = A div(u)1d + 2 D(u),

where A and u are the so-called Lamé coefficients which
quantify the elastic behaviour of the solid. The equilib-
rium of the solid under the load imposed by an external
force f reads

—div(o) = f,

i.e.

—2p div(D(w)) — AV(div(u)) = f.

The physical boundary conditions that are classically
used lead us to consider homogeneous Dirichlet conditions
u=0 on a part I'p of the domain models the clamping
of the solid whereas an homogeneous Neuman condition
6-n=0on 'y =dQ\I'p models a no-stress situation on
the other part of the boundary. The natural framework
is
Hp = {uec (H'(Q)), %(u) =0 on I'p}

and the variational problem is defined as

Find u € Hp such that

/Q 2uD(w) : D(v) + /Q A div(u) div(v) = /Q Fov,

for all v € Hp.

This formulation is well-posed: existence and uniqueness
of the solution can be proved by using the Korn inequality
to prove the coercivity:

Proposition 2.8 (Korn inequality) Let Q be a Lips-
chitz connected bounded domain of RY and assume that
|I'p| > 0. The general case, is more intricate.
There exists a constant C >0 such that
Vu € Hp, |[|Vull2 < ClD ()| 2.

Proof of Proposition 2.8. Let us prove the inequality
in the case I'p = 9Q, i.e. Hp = HJ(Q). We have

/Q‘D(M)F:/QD(M):Vu:%/Q|Vu|2+%/Q(Vu)t:Vu.

The result is proved if the last term is non-negative. We

write
Vu t:Vuz/ o0 iu;
Jy s vu= [T oudp
then we integrate by parts using the boundary conditions

—Jo Yij az;zjuj u;
— Jo V(div(u))-u
= foldiv()? > 0.

Jo(Vu)':Vu =

The Korn inequality provides the coercivity of the bi-
linear form in the variational formulation of the elasticity
problem.

3. Weak formulation of saddle-point
problems

We aim at targetting mathematical problems that
do not fall into the scope of the Lax-Milgram theorem.
The main result will provide necessary and sufficient
conditions for the solvability of a class of variational
problems.

Let us recall the Banach theorem:

Theorem 3.1 (Banach) Let E and F be Banach spaces
and T : E — F a continuous linear operator. If T is bi-
jective, then T~ is continuous.

The proof of the theorem is a consequence of the
theorem of the open mapping, which follows from Baire’s
lemma. It admits a corollary:
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Corollary 3.2 (Banach closed range theorem) Let
E and F be Banach spaces and T : E — F a continuous
linear operator. The following are equivalent:

1. There exists a > 0 such that

Ve E, |xz < al T

2. T is injective and its image is closed.

Proof of Corollary 3.2. Assume that T is injective and
its image is closed. By assumption, T (E) is closed, so that
T(E) is a Banach space and T is a bijective continuous
linear operator from E onto T(E): it is an isomorphism.
Thus there exists o > 0 such that [|T7'(y)||g < a|y|F,
for all y e T(E), i. e. ||x||lg < a||T(x)||F, for all x € E.
Conversely, assume that there exists a > 0 such that

Vxek, |ixlle < afT)|F (4)
From this inequality T is obviously injective. Let us
prove that T'(E) is closed. Let (T(x,)), be a sequence in
T (E) which converges to some y € F; (T (xy)), is a Cauchy
sequencein F . Inequality (4) and the linearity of T imply
that (x,), is a Cauchy sequence in E which is complete.
Hence (x,), converges to some x € E. By continuity of T,
we have y = T'(x) and in particular y € T(E). Thus T(E)
is closed. |

3.1 Banach-Netas-Babuska theorem

In some situations that we will illustrate later, it is
necessary to deal with variational formulations for which
the unknown u and the test function v do not belong to
the same space. In this case, the Lax-Milgram theorem
is inoperant. Moreover, even if u and v belong to the
same space, the Lax-Milgram theorem only deals with
coercive bilinear forms and do not say anything on the
non-coercive case.

The following result is a generalisation of the Lax-
Milgram theorem that gives necessary and suffisant well-
posedness conditions in such cases.

Theorem 3.3 (Banach-Necas-Babuska) Let V and
W be Hilbert spaces and a(-,-) a bilinear continuous form
on VxW. Then the following properties are equivalent:

= For any continuous linear form L on W, there exists
a unique u €'V such that

a(u,w)=L(w), YweW.

» The following conditions are satisfied:

inf (sup a(v.w)

Ja > 0, ) =
veV \wew [IVlIvIIwllw

—~

5)

(%wﬂdd@m0:o> = w=0. (6)

If one of the properties is satisfied, the unique solution u

satisfies
[[Z][w
< .
flully < p

Proof of Theorem 3.3. Since d(-,-) is linear and con-
tinuous with respect to the variable w, the Riesz rep-
resentation theorem gives the existence of an operator
A:V — W’ such that

<Av,w>w,’w =d(vww), YweWw.

As d(-,-) is a continuous bilinear form, A is itself linear
and continuous and its norm is controlled by ||@||. Let
us prove the equivalence.

= Assume that for any continuous linear form L on
W, there exists a unique u € V such that

a(u,w)=L(w), YweWw.

i.e. with the notation above

VLeW', FuecV, Au=L.

Then A is bijective. By Banach’s theorem (see
Theorem 3.1), A~! is a continuous operator. Thus
there exists o~! > 0 such that for all L € W' the

unique u € V such that d(u,-) = L satisfies
leelly < e HIL .

Let us consider v € V. We note L(w) = d(v,w) so
that v is the unique solution of d(v,-) = L. Hence

! sap G0

Ivly <o .
v Twlhw

This inequality holds for any v € V and therefore
Eq. (5) holds.

Assume now that, for some w € W, we have a(v,w) =
0 for all v € V. We introduce the continuous linear
form L on W defined as L(w') = (w,w)w. Applying
the assumption to v=A"'L, we get

0=a(A'L,w) = (AA""L,w)y, = L(w) = [,

hence w = 0. This proves Eq. (6).

= Conversely, assume that Eqgs. (5) and (6) hold.

Let us show that Eq. (6) implies that Im(A) is
dense in W'. This is a consequence of the Hahn-
Banach theorem, see Theorem 1.25, which provides
a characterization of the density of a subspace of a
Banach space: let us consider a continuous linear
form ¢ € (W')" which is zero on Im(A). As W is a
Hilbert space, it is reflexive and ¢ is represented
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by an element w € W as ¢(L) = (L,w)yy. The
assumption implies that, for all v € V, we have

0= 9 (Av) = (Av,w)y, = alv,w) =0.
By Eq. (6), we obtain w =0 and thus ¢ = 0 which
shows that Im(A) is dense in W’. Now let us deal

with Eq. (5), which can be written as

1Av]lw: > al|vlly, W¥veV,

which implies in particular, see Corollary 3.2, that

A is injective and that Im(A) is closed. So far the
following properties have been proved: 1) Im(A) is
dense in W’ and 2) Im(A) is closed. Thus Im(A) =
W': A is surjective. As a consequence, since A is
also injective, the variational problem is well-posed.

Remark 3.4 Assume that V=W and that a(-,-) is -
coercive. We first note that, for anyvevV,

aw,w) _ c(v,v)
vilv

> alvlly,

so that (5) holds. Similarly we have

alv,w)

sup
vev HV”V

so that (6) holds.
Therefore, the previous theorem is indeed a general-
ization of the Lax-Milgram theorem.

Remark 3.5 In the case of the finite dimensional frame-
work, i.e. V=R", W=RP and d(v,w) = (Av,w) with
A € Myun(R), Theorem 3.3 can be read as follows. Eq. (5)
should be read as

WeR",  [Av]| > alvl,

which means that A is injective. Eq. (6) states that A' is
injective, i.e. A is surjective. Clearly the two conditions
are equivalent to the solvability of the linear system.

3.2 Saddle-point problems

Let X and M be Hilbert spaces, a(-,-) a continuous
bilinear form on X x X, b a continuous linear form on
X xM. For all L€ X', for all G € M’, we aim at solving
the variational problem

Find (u,p) € X x M such that
a(u,v)+b(v,p) = L(v),
b(u,q) = G(g),
for all (v,q) € X x M.

Q)

The second equation is often referred as the constraint
and the unknown scalar field p is the Lagrange multiplier
associated to the constraint. This comes from the fact
that in the symmetric case the variational problem is
equivalent to the Euler-Lagrange problem which consists
in minimizing the functional

1

= —L
2a(v, v)—L(v)
on the constrained space

Z={veX, bviq)=G(q), Vg € M}.

We can also see the solution of this problem as a
saddle-point (u, p) of the functional L defined by

1
L(v.q) = 5a(v) +b(v,p) ~ L(v) - G(g),
which is called the Lagrangian of the problem.

Remark 3.6 The variational formulation can be written
in terms of operators. Defining A:X — X' as

(Au,v)yr y =a(u,v), WweXx
and B: X — M’ as
<Bv7p>M’,M:b(V7p)a VPGM

the formulation is equivalent to

Find (u,p) € X x M such that
Au+B'p = L,
Bu = G,

where B' : M — X' is the adjoint operator of B, the bidual
of M being identified to M itself.

Remark 3.7 The variational problem can take the gen-
eral form:

Find (u,p) € X xM such that

a(u,v) +b(v, p) =b(u,q) = L(v) = G(q),
for all (v,q) € X xM.

DefiningV =X xM and a((u,p), (v,q)) =a(u,v)+b(v,p)—
b(u,q), the well-posedness of the variational problem de-
pends on conditions satisfied by d, see Banach-Necas-
Babuska theorem (i.e. Theorem 3.3). Note also that
a((u,p),(u,p)) =a(u,u) so that a has no chance to be co-
ercive on X X M as this term does not include any control
on the Lagrange multiplier p.

Theorem 3.8 (Saddle-point problem) Ifaf(-,-) is co-
ercive on X, the problem (Q) is well-posed if and only if
the so-called inf-sup condition is satisfied:

b
3B >0, inf <sup(v’p)> >
peM \vex [VIlxlplla

(7)
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Proof of Theorem 3.8. Assume that the problem is
well-posed. By the Banach-Nec¢as-Babuska theorem, see
Theorem 3.3, this implies that the solution (u, p) contin-
uously depends on the data L and G. Thus there exists
a constant a~! > 0 such that

lullx + llpllar < @™ (L] + 1 Gllar)-

Let p € M and let us consider L =0 and G defined by

G(q) = (P,q)m (note that ||Gllyr = ||Pllm)- In particular
we obtain that there exists u € X such that
b(u,q) = (p,q)m, Yq€M,
and
l[ullx < Cl|p]a-
Then
_1b(u, p)
153 = (B.P)m =b(u,p) < o’ Tullx 15w
which yields
_ b(v,p
|l < sup 22
veX HV”X

The last inequality is exactly the inf-sup condition given
by Eq. (7).

Conversely, assume that the inf-sup condition is sat-
isfied and let us prove that the bilinear form @ satisfies
the conditions given by Egs. (5) and (6) in order to apply
Banach-Necas-Babuska Theorem (see Theorem 3.3).

= Let us prove that Eq. (6) is satisfied. Assume that
(v,q) € X x M is such that

d((u’p)’ (Vﬂ)) =0,

We aim at proving that (v,q) =
(u,p) = (v,q) in the above equality which gives:
a(v,v) =0 hence v =0 because a is coercive on X.
Thus the previous equality is reduced to b(u,q) =0
for all u € X. The inf-sup condition given by Eq. (7)
implies that ¢ =0.

V(u,p) e X xM.

(0,0). We take

= Let us prove that Eq. (5) is satisfied. Let (u,p) €
X x M. By the inf-sup condition , we have

b(v,p)

vllx

Bllpllm < sup

There exists it € X such that

b(i, p)

Il x

> Bliplim-
We can choose the norm of i and take for instance

lallx = Iplla-

We now define (v,q) = (u+ 7ii, p) and compute the

term a((u, p), (v,))
a((u,p),(v,q))
= a(u,u) + ya(u, @) + yb(, p)
> . — 7]l x|l + ¥
> % w3 — L1l a3 4 yB a3,

where we have used the Young’ s inequality for the

last step?. Then choosing y < ” |

‘2 we obtain

a(u,p),(ng) = Elul}+ %nﬁni
2 %||u||)2(+2y7||p||12w
> O|l(u,p)llxsem
where 6 only depends on v, B, o and ||a||. Moreover
we have
[ llxxm = |Ivl[x + llqllm
< Jullx +ylldlx + [ pllm
< lullx + @+ nllplm
and thus

1V, @) bxear < (L4 7)1 (e, p) x -
We finally obtain

a((u,p), (»q9))

[ a)llxxm — 1+7
which proves that Eq. (5) is satisfied.

[ (u; p) [ %0

Remark 3.10 An alternate proof of Theorem 3.3 is
based on a so-called artificial compressibility method. As-
sume that a(-,-) is coercive and that the inf-sup condition
is satisfied. We introduce the approzimate problem:

Find (ug,pe) € X x M such that

a(ug,v)x +b(v, pe) — blue,q) + €(pe,q)m = L(v) —
for all (v,q) € X X M.

G(q),

The bilinear form d. which defines this problem is obvi-
ously continuous and satisfies:

ag((v,p),(v»,p)) =a(v,v) +€(p,p)u, Vv eX,Vp M,

2The Young’s inequality reads:

Proposition 3.9 (Young’s inequality) For alla>0,b>0,

ab < a—z + ﬁ
- 2e 2
for any € >0.
As a consequence:
< Pl
Vllal llullxllllx lall + 5 H 1%

by identifying a := ¥l|al|||d||x, b := HuHx and € =
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so that it is coercive. By the Lax-Milgram theorem the
approzimate problem admits a unique solution (ue,pe).
Note that the problem can be defined by means of opera-
tors as

Find ug € X and pe € M such that
Aug+B'pe = L,
Bue —€&pe = G7

We use first the inf-sup condition (7), then the first equa-
tion of the system, and finally the continuity of a and L,
to get

b
Ipellu < f sup,ex et
1 —a(ug,v)+L
= BSUPvex a(rv)x =
L
< Bljuely + B

This gives us an estimate of pe in terms of ug. We now
take v=ug and g = pg¢ in the approzimate problem:

a(ug,u) +€||pelliy = L(ue) — G(pe)-

Using the coercivity of a(-,-), we have

alluelz < ILlIxlluellx + 1Gllarllpella
Gl ”LH /
< (Il S g+
With the Young inequality, we conclude that
1 o NallllGllar 2 LI
L .
(e I

Thus {ug} and {pe} are bounded in X and M respec-
tively. Up to a subsequence, they weakly converge to a
some u € X and p € M respectively. Obviously we may
pass to the limit in the approximate problem so that (u,p)
is a solution of (Q). Uniqueness of the solution follows
by taking (u,p) as a test function in the homogeneous
abstract problem (i.e. the one with L=0 and G=0).
This shows that u=0. Then the inf-sup condition implies
that p=0.

In fact we can prove that the whole sequence {(ue, pe)}
strongly converges to (u,p). More precisely, we can prove
that there exists C > 0 which only depends on the data
such that
Ve > 0.

lu—uellx + [ pe — pllm < Ce,

The difference (ug —u,pe —p) € X x M satisfies

a(u&' - M,V) er(V,Pe *P) 7b(“8 - M,Q) +8(p87q)M = Oa
for allveX and for allge M. Taking g =0 and using
the inf-sup condition,

ﬁ”pa

b(7 Pe— I’)
SUPvex ~Thlly

alug—u,v
SUPvex ~ Ty

[all[| e —ue]|x-

—pllm

INIAIA

Then we take v=us —u and q = pe — p in the above
formulation and we use the coercivity of a(-,-) to get

o\ e —ul|% +€(pe — p, pe — P)mu = —€(p, pe — P)u»

hence

la
[l —uellx <& ﬁIIPIIM, Ipe —plln < &5 ﬁz IIPIIM,

for all € > 0.

Corollary 3.11 (Right inversibility of B) Assume that

b satisfies the inf-sup condition (7). Then, there exists
a continuous linear operator ® : M’ — X with ||| < B~
such that

Bo® =1Idy.

In particular for any G € M’ there exists ug = ®(G) € X
such that
Glq), VqeM,
1Gllarr
Jugllx < ——-
B

Such an element ug is not necessarily unique.

b(uG,q) =

Remark 3.12 Actually the existence of such an opera-
tor is equivalent to the inf-sup condition.

Proof of Corollary 3.11.
the abstract problem

We apply Theorem 3.8 to

Find (u, p) € X x M such that

(u7V)X +b(vap) = 07
b(u,q) = G(q),
for all (v,q) € X x M.

As (+,-)x is obviously coercive on X, the theorem applies
and we have a unique solution (ug, pg) € X x M satisfying
the above problem. Then if we take v = ug in the first
equation, we obtain

lug|% = —G(po).

Besides the inf-sup condition gives

b(v,pc UG, v)x
ﬁ|pc||MSsup( ( )) =sup(( )
v veX

vex \ [IVllx vllx

) — lugllx.

luc|x

Thus we get

G|l
% < Gl ol < 153

which provides the estimate on |lug|lx. Moreover by
construction, ug depends linearly on G which gives the
existence of the operator &. |

It is now possible to determine a priori bounds for
the solution of the abstract problem:
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Theorem 3.13 (A priori estimates) Assume that a(-,

is coercive on X (with o the constant of coercivity). As-
sume that b satisfies the inf-sup condition (7). Then
the unique solution (u,p) of the abstract problem (Q)
satisfies:

< Itk
1 JLRRELE
Julx w1+

l[plla < (1+”Z”> (é”L”X,JFHgZH

Proof of Theorem 3.13. Let us use the properties
of the right inverse of B that was considered in Corol-
lary 3.11. Let (u,p) € X x M be the solution of the saddle-
point problem (Q). We take v =u—®(G) as a test func-
tion in the first equation:

(8)

|G||M/) ©)

a(u,u—D(G))+b(u—P(G),p) = L(u—D(G)).

Note that, thanks to the second equation of the system

b(u—®(G),p) = b(u,p) — b(®(G),p) = G(p) — G(p) = 0.
Thus we have

a(u—®(G),u—B(G)) = L(u—(G)) — a(®(G),u— B(G)).

Using the coercivity of a(-,-) and the estimates on @,

al

() x < |Lflv + ”[3

of|u Gl

This yields

lullx < ||||ZtH ®(G)|lx + [P(G)|Ix
< S [5(1+”0H)||G||M/-

The estimate on p is obtained with the inf-sup condition:

Bllpllm

b(v.p)
SUPvex Tullx

a(u,y)—L(v)
SUPvex ~Thly

<
<
< lallllullx +[[L]x-

Inserting the estimate on u into the above inequality
allows us to conclude the proof. |

Let us discuss the consequences of the previous results.
In particular, we present some extension of Theorem 3.8
by weakening some assumption and we consider the finite
dimensional problem.

A stronger result
Definition 3.14 (Kernel) The kernel of a bilinear form
b is the closed subspace Z C X defined as

Z:=XKer(B) =

{veX, b(viq) =0, Vg M}.

Corollary 3.15 Assume that b satisfies the inf-sup con-
dition (7). Let L be a continuous linear form on X such

-) that L(v) =0 for all ve Z. Then there exists a unique
p €M such that
and
< Il

[plla
B

Proof of Corollary 3.15. By Theorem 3.8 and as-
sumptions on L, there is a unique (u,p) € X x M such
that

L(v),
0,

YweX,

{ (u,V)x +b(v,p) =
Vge M.

b(u,q)

The second equation states that u € Z. Thus if we take v=
u in the first equation we obtain by using the assumption
Liz =0 that ||u/[} =0 hence u=0. Thus we have

Vv eX.

b(v,p) = L(v),

Moreover by the inf-sup inequality, we have:

b(vp) _ L)
p
IVllx — vex lIvilx

Bllpllm < sup = [ILllx-

veX

[

Now it is possible to prove a result which is stronger

than Theorem 3.8: the existence and uniqueness result
still holds if a(-,-) is coercive on the kernel of b.

Theorem 3.16 Theorem 3.8 still holds if we only as-
sume that a(-,-) is coercive on Z.

Proof of Theorem 3.16. We use the operator & de-
fined in Corollary 3.11 so as to find (u, p) the solution
of the saddle-point problem as u = i+ ®(G) where i be-
longs to Z, by definition of ®(G). Thus we aim at finding
il € Z which satisfies

L) —a(®(G),v), VweZ

Since Z is a closed subspace of X, it is a Hilbert space
and the coercivity assumption on Z leads to the existence
and uniqueness of i by the Lax-Milgram theorem. Now
we define
L(v)=—a(®(G)+id,v)+L(v), WWweX.

By definition of i, L is zero on Z and, by Corollary 3.15
there exists a unique p € M such that

L(v)=b(v,p), WeX.
This exactly expresses the fact that (u =i+ ®(G),p) is
the solution of our problem. The estimate on u and p

readily adapts from the proof of Theorem 3.8. |
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The finite dimensional case
Assume that X =R" and M = R”. Consider a basis
(@)i=1,...n (resp. (Wi)i=1,...p) of X (resp. M). Any element

u e X and p € M can be decomposed on these bases as
follows

u=

™=

1

Denoting by U the vector (Uy,...,U,)' € R" and by P the
vector (Pi,...,P,)' € R?, we will use this type of notation
when it is necessary. Although the norms are equivalent
in a finite dimensional space, it is useful to introduce the
following specific ones. For any V € R”,

P
Uiq)ia pP= ZPIVII
=

Il
-

1

n 2 n
|V [rn == <2Viz> v VI = 1Y Vil
i=1 i=1

A similar notation can be introduced for M. Note that
the basis (¢;)i—1,..» may differ from the canonical one
(in particular it is not necessarily orthonormal) so that
the norms || ||x and ||- ||g» may differ (although they are
equivalent).

Define F = ((L,91)y: x s (L, @n)xr x)' € R" and the
following matrices

A=1[a(9;,0)ij=1,..n.  B=1[b(9j,¥i)li=1,.p, j=1,.mn

and assuming, for the sake of simplicity, that G =0, the
problem consists in studying the linear system

(5 5)(%)=(5)

i.e.
VO R, |B'Qllr: > BQllrr-

As a consequence, since all the previous steps are equiva-
lent, we have proved that the following are equivalent:

1. b satisfies the inf-sup condition;

1B'Qlln > B Q|-

Let us conclude the proof in two steps:

2. 3B>0, VQeR?,

= The inf-sup condition leads to the inequality that
obviously implies that B! is injective.

= Conversely, assume that B' is injective. This im-
plies that Q € R? s ||B'Q||gn is a norm on R?. Since
all the norms on a finite dimension space are equiv-
alent, we deduce that there exists o > 0 such that

10llr < orl| B'Ql|per-

Thus we have proved that item 2. is satisfied with
B =1/a, hence item 1. is satisfied. This concludes
the proof.

VO € RP,

Moreover we can prove the following result:

Theorem 3.18 The following are equivalent:
1. A is coercive on Z = Ker(B),
2. 3e>0, A+A'+ 1B'B is s.p.d.

Proof of Theorem 3.18.

Assume that property 1. holds. We proceed by

Proposition 3.17 (Inf-sup condition in finite dimension).1iy ad absurdum. Assume that property 2. is false.

The inf-sup condition (7) is equivalent to the injectivity
of B* (hence to the surjectivity of B).

Proof of Proposition 3.17. The inf-sup condition
states that there exists B > 0 such that

b
Vg e M, sup (.9)

> Bllgllm,
veX ||VHX

which after introducing the vectors V € R" and Q € R?
representing v and ¢ gives

(BV,Q)

YO eR?, sup = > B1Qllm,
IVIx

VeRn?

Using the equivalence of the norms, we have

BV, i
voerr, sup EVDR S g0,
verr |[V||Rs
with ﬁ > 0. Then we obtain
B'O V) =
voerr, sip B2V 5101,
verr  ||V|rn

Thus for any € > 0 there exists ue such that |jug| =1 and

1
zm%wg+gw%Wgo. (10)

The sequence {u¢} converges, up to an extraction, to an
element u with ||u]| = 1. Moreover,
2
[1Bue ||~ < 2&|[All[|ue || = 2¢[|A[| — 0.
e—=0

Thus Bug — 0, hence Bu=0 and u € Ker(B). As a(-,-)
is coercive on Ker(B) and ||u|| = 1, we have (Au,u) > a.
Thus for € sufficiently small, we have (Aug,ue) > 0 which
is in contradiction with Eq. (10).

Conversely, assume that property 2. holds so that
there exists o > 0 satisfying

1
Yu, 2(Au,u)+ g||BuH2 > Oc||uH2.
As a consequence, for u € Ker(B),
(Au,u) > allul,

and property 2. is proved. |
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3.3 Example 1: A very simple linear constraint
Consider a domain Q and a non empty subdomain
BC Q. Let >0 and f € L?(Q). Define the functional

1 ~ 2 a 2 g
==/ |Vv +—/V—/ v,
) 2/9‘ | 2 Jo .Qf

and the space

V:{veH'(m /Bv:O}.

We consider the minimization problem which consists in
finding a (unique) minimizer of J over V, i.e.

Find u € V such that
J(u) = minJ(v).
veV

As V is a closed subspace of H'(Q) and J is a strictly
convex and coercive functional, then the minimization
problem admits a unique solution. But what kind of
variational formulation is associated to this minimization
problem?

Remark 3.19 If the space was H'(Q) only, i.e. with-
out the constraint on the mean value over B, then the
variational formulation would write:

Find u € H'(Q) such that

/Vu Vv—i-a/ uv-/fv

for allve H'(Q)

This is a classical elliptic problem but it does not take
into account the constraint [gu=0! And the solution of
the above (unconstrained) problem does not satisfy the
constraint [u =0 in general.

Remark 3.20 By the Lax-Milgram theorem, a possi-
ble variational formulation consists in dealing with the
constraint in the functional space:

Find u €V such that

/Vu-Vv+Ot/ uv:/fv7
Q Q Q

forallveV.

This is also a classical elliptic problem for which the con-
straint on [gu is taken into account through the definition
of the functional space. But the functional space is not so
classical and, if we aim at solving this problem with the
finite element method, we need to define a finite dimen-
sional subspace of V, denoted Vy, thus building a basis of
Vi it means in particular that each element should satisfy
the constraint! In order to avoid such a difficulty, we aim
at preserving the natural space H'(Q) (for which finite
dimensional subspaces are well known and easy to build)
but there is some price to pay: relaring the constraint in
the functional space requires the introduction of a new
unknown: a so-called Lagrange multiplier (associated to
the constraint).

The variational framework is
Find (u,1) € H'(Q) x R such that

Vu-Vv—Hx/ uv—|—k/v = /fv,
(Q(l)) Q Q Q
wlu = o
B
for all (v,u) € H'(Q) x R.

The above system clearly falls into the scope of the saddle-
point problems. Besides, the second equation ensures
that the solution (if it exists) satisfies the constraint
whereas the Lagrange multiplier A in the first equation
quantifies an external force (with support in B) that is
necessary to impose this constraint: indeed we have

l/v:/llgv
B Q

so that the first equation can be read as

/ngu-Vv—i—a/qu:/Q(f—llB)v

From the mathematical point of view, we may prove
that this saddle-point problem is well-posed. The main
required properties are obviously satisfied and we only
focus to the inf-sup condition: we aim at identifying
some f3 > 0 such that

AJpv

VA eR
) [Vl

> BIA],

sup
VEH'

or, after an obvious simplification (this is not possible in
general!),
sup Jzv

ver (@) IVIlan
Consider i = 1. As an obvious fact, i € H'(Q) and

i _ B
lalm o

Thus we obtain
i B
sup JsY > {Bu = | |1>0.
veH! (Q HV”HI l[a]| 1 Q|2
The inf-sup condition is satisfied. As a conclusion, the
saddle-point problem (Q)) is well-posed.

Exercise 8 Consider a domain Q and a nonempty sub-
domain B C Q. Let a >0 and f € L*(Q). Define

1 2,0 [ 5 /
= — V — —
) 2/9| i *2/QV A

and V is a subspace of H'(Q) to be precised. We consider
the minimization problem which consists in finding the
minimizer of J overV, i.e. find u such that

u = argmin, ., J(v).

Define saddle-point formulations associated to the follow-
ing constraints:
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1. V:{VEHI(Q)7 v=[pv onB};

2. V={veH (Q), v= [;5v on B};
3. V:{VGH](Q), Jarpv = Jpv on B}.

3.4 Example 2: Porous medium

We consider the same example as in section 2.3,
namely the general elliptic equation —div(J¢ Vu) = f,
also refered to as the Darcy equation, and we propose an
alternative formulation of this problem. This formulation
is called mized formulation and reads

—div(e) = f,
Vu—#"'6 = 0.

One possible weak formulation is the following

Find ( € (L2(Q))? x H} (Q) such that

/uzO,

2
(Q[a]) /QG Vv fv

o Q
for all (1,v) € (L*(Q))? x H} (Q).
In this formulation, X = (L*(Q))¢ and M = H}(Q). Thus
o plays the role of the main unknown whereas u is
the Lagrange multiplier associated with the constraint
—divo = f. Consequently, we introduce

7/0'~Vu.
Q

As ¢ is uniformly bounded and coercive, the bilinear
form a is continuous and coercive on X and the bilin-
ear form b is continuous on X x M. the well-posedness
depends on the inf-sup condition which writes

Sup Joo-Vu
se2@) 110 ||L2

a(o,r):/gﬂf_lo'r, b(o,u) =

> Bllullyy, Vue Hy(Q).

This inequality holds with B =1 by taking 0 = Vu: in-
deed this leads to
[Vull7,

lullg

= HMHH(%
Thus the problem admits a unique solution.
Exercise 9 Build explicitely a right inverse ® : M’ — X

for the operator

B : X=(L*(Q))?

o —

- M =H'(Q)
div(o).

If we formally integrate by parts the term b(o,u)
in the previous equations, we can write another weak

formulation as follows

Find (o,u) € Hgiy(Q) x L?(Q) such that
/%*IG-H—/ udiv(7) 0,
Q
|
Q

In this formulation, X = Hg, (Q) and M = L*(Q). Here
also o plays the role of the main unknown and u is
the Lagrange multiplier but the regularity assumed on
those unknowns are not the same (o is more regular
and u is less regular than in the previous formulation).
Consequently, we introduce:
_ / u div(o).
Q

The bilinear form a is not coercive on X because the
L?>—norm of div(c) is not controlled. But it is coercive
on the kernel of b, denoted Z. Indeed Z is Hy giv(Q) =
{0 € Hyiy(Q), div(c) =0} and the L2 —norm is equivalent
to the Hgjy—norm on Z. Let us prove that the inf-sup
condition is satisfied:

Jou div(c)
H GllHdiv

(2)
Q
(@) — [ vdiv(e) =
Q
for all (7,v) € Haiy(Q) x L2(Q).

a(o,r):/glf_lor, b(o,u)=

sup Vu € L*(Q).

OCEHyi, (Q)

> Bllull 2,

For this, for a given u € L*>(Q), let us consider the solution
¢ € H} (Q) of —A¢ = u and we define 6 = —V¢ € Hyy (Q).
We have

0|17, = IVOIIZ2 + llullZ-
We test the equation for ¢ against u and, by the Poincaré
inequality, we find

[ 1voP = [ uo < ullzl19llz < Clal 21199

so that |||, < V1+C?|lul/;2 and we get

Joudiv(o) 1
S
”GHHdiv V1+C

which proves the inf-sup condition.

3.5 Example 3: Stokes problem
The strong formulation of the Stokes system in a
bounded connected domain of R? writes

div(iu) = 0,

with homogeneous boundary conditions for the velocity
field u: — R? and an additional conditon: the pressure
p: — R has zero mean value. Actually, this strong formu-
lation comes from the following minimization problem:
define the functional

1 2
==/ |Vv —/ v,
2./9| | Qf
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and the space
V={ve (Hy(Q))", div(v) =0},

and find the unique minimizer of J over V, i.e. find u
such that
u = argmin, .y J(v).

As V is a closed subspace of (H}(Q))? and J is a strictly
convex and coercive functional, then the minimization
problem admits a unique solution. But what kind of
variational formulation is associated to this minimization
problem?

Remark 3.21 If the space were (H}(Q))4 only, i.e. with-
out the constraint on the divergence, then the variational
formulation would write:

Find u € (H}(Q))? such that

Vu:Vv = /fov,
2 )
for all v e (H} (Q))".

Here we used the notation A:B=Y, ja; jb;j for the inner
product in the set of matrices.
The above equation is a classical elliptic problem but it

does not take into account the constraint on the divergence
!

Remark 3.22 By the Lax-Milgram theorem, a possi-
ble variational formulation consists in dealing with the
constraint in the functional space:

Find u € V such that

/QVu:Vv:/Qf-v,

forallveV.

This is also a classical elliptic problem which does take
into account the constraint on the divergence. But the
functional space is not so classical and, if we aim at
solving this problem with the finite element method, we
need to define a finite dimensional subspace of V, denoted
Vi, thus building a basis of Vj,; it means in particular that
each element should satisfy the constraint! In order to
avoid such a difficulty, we aim at preserving the natural
space (H}(Q))? (for which finite dimensional subspaces
are well known) but there is some price to pay: relax-
ing the constraint in the functional space requires the
introduction of a new unknown: a so-called Lagrange
multiplier (associated to the constraint).

The variational framework is
Find (u,p) € (H} (Q))? x L3(Q) such that
/Vu:Vv—/pdiV(v) /f-v,
Q Q
gdiv(u) = 0,
Q
for all (v,q) € (H} (Q))? x L3(Q).

(Q¥)

The bilinear forms are continuous and a is coercive on
X = (H}(©))?. The inf-sup condition writes:

Jopdiv(v)

Vp € L3(Q).
V[l

sup > Blipllz2,

ve(Hy (@)

In this problem, the pressure p is the Lagrange multi-
plier associated to the incompressibility equation div(u) =
0. Assuming that the solution is regular and proceeding
with integrations by parts, we can see easily that the
strong formulation is recovered.

This inf-sup inequality is a consequence of the fol-
lowing result (which is rather difficult to prove in the
general case) which is an adaptation of Corollary 3.11:

Lemma 3.23 For any function p € L3(Q) there exists
v e (HH(Q)) such that div(v) = p. Besides we can choose
v such that

Iy < Cliplee,

where C > 0 only depends on Q.

A proof of this lemma can found in [10, 3, 14].

4. Basic principles of the Galerkin
approximation

4.1 Elliptic problems: Galerkin approximation
Let V be a Hilbert space, a(-,-) a coercive continuous
bilinear form and L a continuous linear form. Thus the
problem
Find u € V such that
(P){ aluy) =L(v),
forall ve V.

admits a unique solution thanks to the Lax-Milgram
theorem (Theorem 2.1). We aim at studying strategies
that allow us to describe the solution by approximation,
by means of computations. This pragmatic constraint
leads us to target approximation procedures in a finite-
dimesional framework. Different methods can be de-
scribed: we will focus on the Galerkin approximation
and the Petrov-Galerkin approximation.

We introduce a finite-dimensional subspace V,, CV
and looking for an approximate solution in this subspace.
Thus we define the approximate problem

Find u;, € V;, such that

a(up,vy) = L(vp),
forall v, € Vj,.

(Pn)

Exercise 10 1. Prove that the approximate problem
(Pp) is equivalent to a finite-dimensional linear sys-
tem to be determined.

2. Prove that (Py) is well-posed.
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We may notice that:

= Subscript & refers to a mesh size or more generally
to the quality of the approximation of V.

= Other approximations may be defined: it is possi-
ble to replace a(-,-) by a bilinear form ay(-,-) (for
instance using interpolation formula for the approx-
imation of the integrals formula); it is also possible
to consider spaces Vj, which are not included in V
(the approximation is said to be non-conforming) in
which case an extension of the continuous bilinear
form a(-,-) is required in order to be defined on
Vi, x V. The well-posedness becomes questionable
in these cases.

= [t is possible to consider two finite-dimensional
spaces Vj, and W, and look for a solution u; €V,
with test functions in W;,. This is called a Petrov-
Galerkin approximation (which will be studied in
the next subsection). The well-posedness of the
approximate problem becomes questionable as well.

The interest of such an approximation only makes
sense if we may guarantee that the solution of the ap-
proximate problem uy, is indeed an approximation of the
solution u. Thus the error has to be estimated in order
to ensure that the process is valid. Note that by linearity
we have

Y € Vi,  a(u—up,vy) =0.

The error ey, := u — uy, is a—orthogonal to Vj,. This is the
basis which will alow us to perform the analysis of the
convergence of the method.

Lemma 4.1 (Error estimate) Under the approxima-
bility property of Vi, i.e.

YveV, limd(vV,)=0.
h—0
then {u,} converges to u in V. Moreover,
lall . [all
— < — inf |ju— = —d(u,Vy).
e = unlly < =7 inf flu=vally = = ~d(u, Vi)

Proof of Lemma 4.1. Let us proceed in three steps.

= Step 1. Weak convergence of u;, to u. Ap-
plying the Lax-Milgram theorem for (P;) not only
provides the existence and uniqueness result for
its solution but also provides an estimate on uy,
namely

[al

[ |lv < 7|\L||v’~

Thus the sequence {u;} is bounded in V and, as a
consequence3, there exists i € V such that, up to a
subsequence still denoted h, {u;} weakly converges

3We have:

to i. Let us prove that # = u. For this, let us fix
some v € V. By assumption, there exists a sequence
{v} of elements in V such that

e v, €V, for all A,

[ ] limh_>() Hv—vh||v =0.

Let us select vy, as a test function in the approxi-
mate problem:

a(up, vy = L(vp).

Using the “strong-weak convergence” argument?,
we pass to the limit in the left-hand side. Passing to
the limit in the right-hand side as well, we obtain:

This result holds for any v € V and, as the solution
of the initial problem is unique, i = u. It shows also
that the sequence {u;} admits a unique adherent
value (or closure point) in V for the weak topol-
ogy. Therefore the whole sequence {u;} weakly
converges to u (by Theorem 4.2).

= Step 2. Strong convergence of u; to u. Let
us prove that {u;} strongly converges to u. Let
us choose u;, as a test function in the approximate
problem. We have

alup,up) = L(up) — L(u) = a(u,u).

Theorem 4.2 Let H be a Hilbert space and {u,} a bounded se-
quence in H. Then

e there exists a least one subsequence uy, which weakly con-
verges;

e if, furthermore, the set of weak limits reduces to a single
element, then the whole sequence {u,}n, weakly converges to
this element .

4The “strong-weak convergence” argument relies on the following
proposition:

Proposition 4.3 Let E be a normed vector space. We consider
a sequence {x,}, of elements in E, and x € E. Assume that {x,},
weakly converges to x. Then,

(i) (xn) is bounded;
(i) if | fa—=fller =0, then fu(xn) = f(x);

In particular, the proof of item (ii) (combined with item (i)) allows
us to prove the “strong-weak convergence” argument in our specific
case:

la(un,vi) —a(i, )| |a(un,vi) = alup,v) +a(up,v) —a(i, v)|
|a(un,vir) — alup,v)| + la(up, v) — a(d, )|
|(@(up, i —v)| + la(uy —@,v)|

llall lunllv [[vi =vilv + |au, — @, v)[

INIANIA

() () (%)

By item (i), (*) is bounded. Besides () goes to 0 as {v;} (strongly)
converges to v and (x*x*) goes to 0 as {u,} weakly converges to i
in V. Thus a(up,v;) converges to a(ii,v).
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Then we get

alup,up) — a(up,u)
—a(u,up) +alu,u),

alup—u,up—u) =

which goes to 0 as h — 0. By coercivity of a, the last
convergence results implies that ||uy — ully — 0.
—

= Step 3. Estimate (Céa’s lemma). Let us prove
the estimate. Taking v, —u;, in the orthogonality
equation of ey := u — uy, we have

0=alep, vy —up) = alep, vy —u) +alep, ep).
Then we get
2
allenlly < llallllenllv[[ve —ullv.

This inequality holds for any v, € V;, so that the
proof is concluded.

|

This lemma shows that the approximation error ex-

pressed in the V—norm ey, is directly related to the dis-

tance between V and Vj,. Thus it is necessary to build

suitable approximation spaces Vj, that allow us to esti-
mate the distance between the solution u and Vj,.

4.2 Elliptic problems: Petrov-Galerkin approximation

Let us consider a generalized version of the Galerkin
approximation: we consider two finite-dimensional sub-
spaces of V, namely Vj, and W),. We assume that those
spaces have the same dimension, which is a mandatory
condition to expect the underlying linear problem to be
well-posed. The approximate problem reads

Find uy, € V;, such that

a(uhvwh) = L(Wh)v
for all wy, € W,

(Pn)

The coercivity of a(-,-) on V xV is not sufficient to en-
sure existence and uniqueness of a solution for this ap-
proximate problem. The well-posedness of the problem
is ensured by the two conditions of the Banach-Necas-
Babuska theorem (see Theorem 3.3, page 15). Actually,
in finite dimension, the two conditions are equivalent®

5In the case of the finite dimensional framework, consider a
basis (¢;)i=1,..n (resp. (¥;)i=1,..n) of Vj, (resp. W,). Any element
up € Vi and wy, € W), can be decomposed on these bases as follows:
up =Y Ui, wy = Y- Wiyi;. We denote U the vector (Uy,...,Up)' €
R" and W the vector (Wi,...,W,)' € R" and we define the vector F =
((L,y1),....,(L,y))" and the following matrix A = [a(¢;, ¥i)]i,j=1,...-
The problem consists in studying the linear system AU = F.

= Eq. (5) should be read as (see also Proposition 3.17, page
20, for a similar proof)

WER', [AVe > &[V][ze,

which means that A is injective;

36 >0,

= Eq. (6) states that A' is injective, i.e. A is surjective.

Clearly for a nxn linear system the two conditions are equivalent
and any of them provides the well-posedness.

and the approximate problem is well-posed if, and only
if, there exists oy, > 0 such that

inf | sup M > Q.
V€V \ wy,eW, vallv llwnllv
In this case, the approximate problem admits a unique

solution u;, which satisfies

HLHV’
< :
llunlly < .

Note that u;, admits an a priori bound only if oy does
not tend to 0 when /4 tends to O.

Lemma 4.4 (Error estimate) Assume that

» dim(V;) = dim(W,),

« VA0, 30,0, inf [ sup —“Um ) oo
V€V \ wyeWw, [vallvllwallv

Then we have
lall' .
- <(14+-—) inf ||lu— .
||u Mh||v_< + @ v,,evh”u vnllv

Assume furthermore that

= g uniform inf-sup condition holds:

da>0, Vh>0, o,>aq,

= the approximability property of Vi, holds:

YweV, limd(v,V,)=0.
h—0

Then {up} converges tou inV:

li — =0
Jim [y =0,

Proof of Lemma 4.4. The well-posedness of the ap-
proximate problem is ensured by the two conditions of
the Banach-Necas-Babuska theorem (see Theorem 3.3,
page 15) and, in finite dimension with dim(V}) = dim(W,,),
the two conditions are equivalent. Thus uy, is uniquely
determined.

Besides the error ey, := u — uy, satisfies the orthogonal-
ity equation

Ywy, € W, (1].)

alep,wp) =0,
Let v, € V,,. We have

en=u—uy,=(u—vy)+ (v —up).
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Using first the inf-sup condition, then (11) and finally
the continuity of a, we get

1 a(vy, —up, wy
Ivn—uplly < — sup w
ah wpeW), HWhHV
1 a(vy, —u,wy)
= — sup ————~
G wpew,  Nwallv
< M||u—vhHV.
s

Thus we obtain
a
e < (14220 ) sy
h

This inequality holds for any v, € V,. Finally the uniform
control on oy and the approximability property of Vj,
allow us to conclude the proof. |

In the Petrov-Galerkin approximation, different prop-
erties are required:

= control of the approximation error associated to
th

= control of the constant in the inf-sup condition: sub-
spaces Vj, and W, should not be too a—orthogonal
as h goes to 0.

Example. Let us consider the standard example of the
problem —u” = f with Dirichlet boundary conditions in
1D: V = H}(10,1]), a(u,v) = [y u'V.

= We take a one-dimensional subspace V;, CV gener-
ated by p(x) =1 —|2x— 1| (its gradient is equal to
2 on [0,1/2] and —2 on [1/2,1]).

= We take a one-dimensional subspace W, CV gen-
erated by g(x) = sin(4nx) (its gradient is equal to
4mcos(4mx)).

Observe that the inf-sup condition is not satisfied for

this problem since a(vy,wy,) = 0 for any v, € Vj,,w;, € W,
Indeed, we have

! !/
INZ
0
i 1
2
8 (/ cos(47tx)dx—ﬁ cos(47tx)dx>
0 2

= 0.

a(p,q) =

Remark 4.5 Fven if a(-,-) is symmetric the resulting
Petrov-Galerkin approzimate problem is not necessarily
symmetric.

4.3 Saddle-point problems and Galerkin approxima-
tion
Let X and M be two Hilbert spaces. We consider, as
in section 3.2, the following problem:

Find (4, p) € X x M such that
a(u,v)+b(v,p) = L(v),
b(u,q) = G(q),
for any (v,q) € X x M.

Here L and G are continuous linear forms over X and
M respectively. We have seen that this problem is well
posed if a(-,-) is coercive on X (or on the kernel of b) and
b satisfies the inf-sup condition

b
- (Sup _blvp)
peM \ yex |vIlxlpllm

>2ﬁ>0

If we now consider X, and M), two finite-dimensional
subspaces of X and M respectively, we may define an
approximate problem:

Find (up, pn) € Xi X My, such that
a(up,vp) +b(v,pp) = L(vp),
b(”h»‘]h) G(Qh),
for any (vi,qn) € Xp X Mj,.

Remark 4.6 Note that a Petrov-Galerkin approach is
possible by using test functions v, and gy in other spaces
than X, and My,. The subsequent analysis is more intricate
so that we do not want to enter the details here.

Let us discuss the existence and convergence issue.
What can we say about this approximate problem?

= If a(-,) is coercive on X, then a is coercive on X
with the same constant of coercivity. In order to
guarantee that the approximate problem is well-
posed, it suffices for the inf-sup condition to be
satisfied:

sup b(vh’ph)> > B, >0. (12)

inf
pueMy \ vex, [Ivallx | onllm

Because of the finite dimensional framework, a
compactness argument allows us to show that this
condition is satisfied if, and only if,

1) phEMh o
2) Yy €Xp, b(vy,pr) =0 = =0

If we consider the restriction B) of operator B :
M — X' as an operator from M), onto X;, then the
above condition states that B), should be injective
(see also Proposition 3.17, page 20). In partic-
ular, the dimension of M), should be lower than
the dimension of Xj,. Thus, the inf-sup condition
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is not satisfied if My, is too big with respect to X,.  with ||B|| = ||b||. Moreover, we have

If the discrete inf-sup condition is satisfied, there

exists a unique solution (up, py) € Xj X My, of the b(¥wv,qn) = b(CDh((BV)Wh) qn)

approximate problem and we have the following = (By®u(Bv)m, qn) ) M,

bounds: - < (Bv) \Mh’qh>M/ ",

[P IIaH = (Bvanum
||Llh||x = ﬁh I+— HG||M’7 = b(vth).
The claim is proved. |

mes(u-MU(ﬂnuu+”ﬂmmM)

= If a(-,-) is coercive only on the kernel of b, then
nothing guarantees that it is coercive on Z; the
kernel of the restriction b : Xj x M, — R. Indeed, we
do not have in general the inclusion Z; C Z beacuse
an element v, € Z;, is such that b(vy, py) =0 for
all p, € Mj, but there is no reason why b(vj,p) =
0 for any p € M\ M;. Thus, it is necessary to
impose to a(-,-) a coercivity constraint on Z, as
a supplementary condition in order the discrete
problem to be well-posed.

Then we have the convergence result (the proof read-
ily adapts from the proof of Lemma 4.1):

Lemma 4.7 (Convergence) If there exists B >0 such
that B, > B for allh >0 and if d(v,X;,) — 0 and d(q,Mj) —
0 for all v € X and for all g € M, then (uy,p;) — (u,p)
in X X M when h goes to 0.

Let us focus on error estimates. We establish the

following result:

Proposition 4.8 Assume that b satisfies the discrete
inf-sup condition (12) for the spaces X, and My,. For all
h >0, there exists a continuous linear operator ¥y :=
X — X;, such that |¥,] < % and

YweX, Vq,€M,,

b(‘Pth Qh) = b(V, th)-

Proof of Proposition 4.8. Using the inf-sup condition
(12) and Corollary 3.11, there exists a continuous right
inverse ®;, : M; — Xj, to the operator

B, : X, — MI/1
v = b(v,)

with a norm which is bounded by 1/8;,. We define, for
allve X,

Wyy = D((BV)|p,)-
By construction,

18]

1
Yvlx < —=|(Bv r < —||v||x,
[¥nv| BhH( )i Lz B vl

Remark 4.9 We will see that the existence of such an
operator with a norm which does not depend on h is
a necessary and sufficient condition for the spaces X
and My, to satisfy a uniform inf-sup condition for b (see
Lemma 6.1 (Fortin’s lemma), page 45).

Let us now focus on the error estimate.

Lemma 4.10 (Error estimate) Assume that a is co-
ercive on 'V and that the discrete inf-sup condition (12)
is satisfied, then we have

b

ot < (1140 (1 120
B

LB

o

d(M,Xh)

(paMh)»

lp—palln < gh”(lJrM”) <1+”ﬁb|)d(u,Xh)

el Nlall il
+(1+ ﬁh + ﬁh a )d(p,Mh).

Proof of Proposition 4.10. We introduce

€p = U— Up, tp =P — Ph-
We may observe that:
a(ep,vp) +b(vi,m) = 0, Vvy €Xp,
b(en,qn) = 0, Vg, € M.

Let us proceed in two steps:

1. The first equation is rewritten, for any g, € My, as

a(en,vn) +b(vi,p —qn) = b(vi,pn—qn), vi € Xp.

By using forst the discrete inf-sup condition, then
the equation above, and finally the continuity of a
and b, we have

b(vi, pr — qn
lan—pillse < o sup 20mPE—4n)
ﬁh VhEXh th”X
_ 1 a(en,vy) +b(vi, p — qn)
B v,ex, llvallx
1
< E(||a||||€h\lx+||b|\||P—61h||M)-
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By the triangle inequality, we have, for all g, € M},

| 7hlle < |lp—anlla + llan — pallu,

hence

b a
17l < <1+H ||)d(P7Mh)+|| H||€h||x-
B B

We have thus obtained an estimate on the error 7,
in function of the error e,.

. Let v, € Xj,. We define r, = ¥),(u—vy,), where ¥, is

the operator defined in (the proof of) Proposition
4.8. By definition, we have that

b(u—vy—ru,qn) =0, Vqn € My.
As b(ep,qn) =0 for all g, € M), we get
b(up, — (vh+r1),qn) =0, Vgn € M. (13)

Thus we choose (v, +r,) —uy, as a test function in
the first equation and we get

a(eh, (Vh + rh) — uh) +b((vh + rh) — up, 717}1) =0.

Since, by (13), (vy+rp) — uy is b—orthogonal to My,
we may replace 7, in the second term by p — g,
with an arbitrary g, € My:

a(en, (vip+rn) —up) +b((vin + 1) — un, p— qn) = 0.

Then we deal with the quantity & :=a((vy+rp,) —

up, (v +rp) —up). On the one hand, by coercivity,
all(vn+r) —wllx < |47 (14)

On the other hand, as u, =u—ey,

o = a((vp+rp) —u+en, (vi+ra) —up)
= a((vn+rn) —u,(va+rn) —up)
+a(ep, (v +rn) —up)
= a((vp+rn)—u,(vp+ry) —up)
—b((Vh+"h)—uh,P—‘1h),
We obtain

7| < lall|lu— (v +rn) x| (vi + rn) — unl|x
+bl[|vr+rn —wnllxlp — qnllma- - (15)

Combining Egs. (14) and (15), we get

a
1 e

(v +rm) —wnllx <
+Lb” P —anllm
a b)

where gj, € M), is arbitrary. Hence,

a
Nt —ule < 3D )

2]l
—d(p,M,
+ o (pa 11)7

and then

IN

(|t — (i 1) lx + (| (Ve + 1) — unllx

(5

Besides, the definition of r, and the properties of
operator W, imply

oo = unlx

IN

llu— (vi+7n)lx

16l
—d(p,My).
+ o (p,My)

IN

[l = (vn+ 1) lIx lloe = vallx +I7allx

IN

14— | |lu—vul||x-
1Y v

This holds for all v, € X, and we thus obtain

lu—upllx < (1+”;”> <1+W)d(u,xh)

The pressure estimate is obtained by using the
above estimate.

The estimate depends not only on the approxima-
tion error for every space X; and M but also on the
dependency of the constant f, in the inf-sup condition
with respect to the discretization parameter. Let us now
study how approximation spaces (V}, on the one hand,
X;, and M), on the other hand) can be built.

4.4 Approximation spaces

Some principles rule the choice of approximation
spaces V, and a basis (¢;); of such spaces. Let us note
that finding a solution u, =Y ;ju;¢; of a variational prob-
lem consists in solving a linear system with matrix A
defined by a;j = a(¢;, ;). In practive, it is thus necessary
to:

= compute the coefficients,

= build the most simple matrix, i.e. the related sys-
tem should be “easily” solved.

The definition of the space and the choice of a basis is
crucial. Let us discuss some examples:

= If we define Vj, as the set of polynomial functions of
degree less than N, with its canonical basis defined
by the monomials, then the related matrix is likely
to be dense. Of course, if we choose a basis of
polynomials which are orthogonal for the scalar
product defined by a (when a is symmetric, positive
definite), then the matrix is diagonal and solving
the related linear system is easy. This can possibly
done by using a Gram orthonormalisation process.
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= An efficient method consists in defining the ap-
proximation space as the subspace generated by
the eigenfunctions of the operator that defines the
PDE. If the solution is regular, we can prove under
suitable assumptions that the method is quite effi-
cient: this is the very basis of the so-called spectral
methods.

Example. We denote Vy the space generated by
the first N eigenfunctions of the Dirichlet-Laplace
operator in 1D (i.e. x — sin(kzmx) on ]0,1[, then we
have (Parseval’s identity):

G
Vu e H"(0.10),  d(u,Vy) < ol

O

This method has a major drawback, as we only
know the eigenfunctions of the operator in a limited
number of cases. In the other cases, we use the
eigenfunctions of another operator with the secret
hope that it will work fine. Besides, the matrix
is dense, which may lead to heavy computational
costs.

= In the next section, we will focus on the finite ele-
ment method. The main idea consists in cutting the
domain into small pieces or elements and defining
the approximation space as a set of piecewise reg-
ular functions with a particular structure on each
element. Piecewise polynomials are classically used
in this prospect.

5. Examples of finite element spaces

5.1 Finite elements in 1D: P! finite element
Approximation space P! in 1D. We consider Q =0, 1|
et we target the definition of a suitable approximation
space for V = H'(Q). For this we mesh the domain Q.
In the 1D framework: the domain is divided in segments
[xi,xi+1], i € {0,...,N} so that x; < x;1; and xo =0 and
xnv+1 = 1. We define the mesh size h := sup; |x;+1 —x;| and
we denote by K; := [x;,x;+1] the cells of the mesh.

Let us consider the set of piecewise affine functions:

Vi = {M ev, Uk, € IPI},

where P! is the set of polynomials of degree 1. Notice
that we consider a conforming approximation space since,
by construction, V, C V.

Lemma 5.1 The space V), writes
Vi ={ueCQ), ug, P'},
and, moreover, the mapping

D :u (u(xo),...,u(xyy1))

RN+2

is an isomorphism from V, onto In particular

dim(V,) = N+2.

Proof of Lemma 5.1. In 1D, H'(Q) c C°(Q). Con-
versely, continuous functions that are affine on each ele-
ment belong to H'(Q). The properties of the mapping,
i.e. @ is linear and bijective, follow from the fact that a
piecewise affine function is uniquely defined by its values
at the nodes of the mesh. |

Remark 5.2 The choice of a conforming approzimation
space may have important consequences: assume that we
are interested in V = H*>(Q). Then we can show that {u €
V, u, € ]P’l} is an approrimation space with dimension 2
(it is the set of affine functions over the whole domain)!
Thus it is clear that this approximation has a very limited
interest for the numerical approximation of a variational
formulation dealing with H*(Q).

As @ is bijective, any element u € Vj, can be identified
to ®(u) € R¥*2. The elements of ®(u) are refered to as
degrees of freedom in the approximation space V.

When the degrees of freedom take the form u +—
u(a) with a € Q, we refer the method to Lagrange finite
elements. The points a; are the nodes associated to the
approximation space. In the case of P! finite elements,
the nodes a; coincide with the points x; which define the
mesh. However, this is not always the case as we will see
below for instance for the P? elements.

Definition 5.3 We denote ¢; fori=0,...,N+1 the vec-
tors of the canonical basis of RNT2. We denote ¢; the
shape function associated to the node x; such that ®(¢;) =
ei. Thus the functions ¢; € Vy, are defined by the property

‘Pi(xj) =5ij7

see Figure 3.

Vi, j€{0,...,N+1},

Let us estimate the approximation error associated to
Vj,. For this let us introduce the notion of interpolation
operator. We denote by v ||« the seminorm on H*(Q),
defined by

1

2
i = ( y naavniz) |

|o|=k

with the consistent convention:
0 2
H(Q)=L(Q),  |v[go=[Wl2-

Definition 5.4 (Interpolation operator .#!) The in-
terpolation operator Jh] from V onto V, is defined as

Yuev, ﬂhlu = ! (u(xo), ...,u(xNH))
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...

Xi—1

Xi+1

Figure 3. P! finite element in 1D: global shape functions ¢;_;, ¢; and ¢, 1.

i.e.

N+1
VueV, YxeQ, Flux)=Y ulx)x).
=0

Let us notice that if u € H}(Q), then .#lu € H}(Q)
and thus
Vio == Vi NHy (Q)

is a conforming approximation space for H(} (Q). Let us
now derive the estimates on ﬂhl.

We illustrate the shape of the P! interpolation for a
given function in Figure 5 (solid black line).

Theorem 5.5 (Properties of fhl) The following prop-
erties hold:

1. There exists C >0 such that
Yuev,

”jhlu_””Lz SChMHla (16)

Yuev, ‘,ﬂhlu—u‘m < Clulg - (17)
2. There exists C > 0 such that

Yu e VAH*(Q), || F u—ul2 <Ch* |uly2, (18)
VueVNH*(Q), |Fu—ul, <Chluly. (19)
3. We have

VueV, lim |7 u—ul/; =0.
h—0
In particular, for allu eV, }llin(l)d(u,Vh) =0.
—

Remark 5.6 The estimate (19) cannot be improved even
if u is more regular. Besides Eq. (16)—(19) can be gath-
ered in the following estimate: for all m € {0,1}, for all
uc H™(Q),

= w2+ | =]y < CH gy (20)

Proof of Proposition 5.5. The basic idea relies on the
analysis of fhlu —u on each element of the mesh. Let
i€{0,...,N} and let x € K;.

Step 1. Derivation of estimates (16) and (17). For
X € [x;,xi+1] we have
(x) = ui(Xiy1 *X);Mm(x*xi)
1
with u; = u(x;) and h; = x;11 —x;. Thus

(i — u(x)) (i1 — x) + (ig1 — u(x)) (x —xi)
h; ’
so that we obtain by the Cauchy-Schwarz inequality,

I (21)

Iy (x) —ulx) =

) a0 < o)+ s — (o)
e
<2#(AWWVWM)%

and then

[t -l avant (| [ o P )

and, by summation,
|5 u—ull 2 < 20| 2 = 20 ul (22)

which is the estimate described in Eq. (16).
Besides, a consequence of the above estimate is that

|17 ull 2 < Cllullg-
Back to Eq. (21), we have

Ui+l — Uj

h;
Xit1 ,
/ u (t)dr
Xi

(/:“ 1 (1) e

(A ) (x)]

1
h;
1

2
hi

IN

1
2
’
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by the Cauchy-Schwarz inequality, hence

‘fMthﬂmfwg/mﬂﬂmﬂm

Thus we have [|(Z) ) |2 < W2, ie. [ Fu]y < lulgp.

Thus we obtain
| T u =l < | Tyul g+ lulg <2uly

which is the estimate described in Eq. (17).

Remark 5.7 The estimate proves that if u € V, then
Slu weakly converges to u in H'(Q) when h— 0. As
{FLu} is bounded in H'(Q), there is a subsequence {h,}
such that h, — 0 and {fh]nu} weakly converges to some u*
in H'(Q). By Eq. (22) the strong limit of Jhlnu in L* is u.
By uniqueness of the limit in the sense of distributions,
we conclude that the weak limit in H' of this sequence
s also u, hence u* = u. By uniqueness of the adherent
value (or closure point), the whole sequence fhlu weakly
converges to u in H', see Theorem 4.2. In fact we will
prove below that fhlu strongly converges to u in H'.

Step 2. Derivation of estimates (18) and (19). By
Eq. (21),

Uir1 — Ui

P ' (x).

(Fu) (x) —u'(x) =
Using Taylor’s formula, we have

u = u(x) + (x; —x)u' (x) + Ri(x),
iy = u(x)+ (xip —x)u' (x) + Rig (x),

with

Ri(x) := %/01(1 — ) (x+1(x; — x)) (x; —x)* dr.
We obtain the following estimates:
= We write (x) = Zlu(x) —u(x) as:
G ) (i1 )+ (s — () (e )
(¥ -
(31— 0 (3) i1 — ) (g — 0 (1) (r— )
h;

=0
Ri(x) (xig1 — X) + Rig1 (x) (x —x;)
h;
hence, by Jensen’s inequality®,
2
|7 (x) —u(x)]
_ R0 =) + R, () (x—x)

< 7
<R} (x) +Ri2+l (x).

+

6By convexity of x — x2, we have, for 7 € [0, 1],
(a(1=7)+b7)> < (1 —7)d® + Tb°.

We deduce

[ [ [

Let us now estimate [ Yit1 R2. First we have

1
|R12(x)| S%/O |u”(x+t(xifx))|2(x,-fx)4dt

<h?/x|u//’2
Xi

h3 Xit+1 712
<

which yields

Xit] h4
L+M§2 TP

(23)

ans the same estimate for R;1;. Putting this in-

equality into Eq. (23), we get

/;Hl |ﬂh1u—u|2 < h?/;iJrl |u//|2'
1

1

which provides Eq. (18) by summation over i.

» We write (xx) := (Flu)'(x) —/(x) as:

i+l — U R; —R;
(+x) = “Jrlhiu — i (x) = M7

and then, by (24),

(A ) (x )—u<x>\2
(R + R (1))

S“N

gh/ WP aren [0 ar

Thus

3

/x,'+1 |(fhlu)/—u/|2 < hlz /‘Xi+l ‘u//(l)‘z dt,
Xi Xi

which provides Eq. (19) by summation over i.

Step3. Convergence in H'. By density of H?(
H'(Q), the proof may be concluded. For every u € H
and any n > 1, there exists u,) € C*(Q) such that

1
[l fu wllz2 < Vn>1.

Q) in
Q)

Since ]hl is a linear mapping, and using the uniform

estimate (17), we have for any n > 1 and any A >0

C
1) = (Fl ) 2 < Cllw’ = w2 <



32

Introduccion al método de los elementos finitos

where C does not depend on 4. By the triangle inequality,
and (19), it comes

' = (Fu)llp < =yl + [y, —(fhl um))'ll 2
. Jrll(f1 ) = (Fu) 2
;+Ch|u(n)|H2.

IN

It follows that, for any n > 1,

C
limsup ||’ — (fhlu)'HLz < -—.
h—0 n

Letting n — oo, we conclude that

limsup [lu’ — (5 u)'[|2 <0,
h—0

which proves the claim. |

From the reference element K to element K;.

The previous analysis is done on each cell K; sepa-
rately and then global estimates are obtained by summa-
tion over all the cells. In view of the generalisation of the
analysis to higher dimensions and more general approxi-
mation spaces, it is interesting to rewrite the previous
analysis by means of changes of variable that transform
each element K; into a single reference element K. In
this strategy, we only need to analyse the interpolation
properties on the reference element, and to analyse the
properties of the change of variables.

The advantages are twofold: 1) computations are
easier and 2) the method applies for higher order finite
elements in higher dimension!

Let us give the main idea of the process in the case
of the P! finite element in 1D that we just analysed
before. We consider the unit interval K = [0,1] as a
reference element and we denote by ﬂol the Lagrange
interpolation operator of degree 1 on this interval with
the nodes {0,1}. If we assume that there exists C >0
such that

weH' (K), 75y =@ < CWVmw (25)
W e H'(R), B3t v|H. SCPlggy (26)
weH (K), |70y —ll2z) < ClVlpag) (27)
weH*(K), |y V) < CVaky (28)

then we can deduce immediately the results stated in
Theorem 5.5. Indeed, for i € {0,...,N} we recall the no-
tation K; = [x;,x;+1] and we introduce the affine mapping
that transforms any cell K; to the unit cell K = [0,1]:

Definition 5.8 (Affine mapping 7;) We introduce the
affine change of variables

K;

T, : K —
r (1—t)x,-—|—tx,~+].

Straightforward computations lead to the following
properties:

Proposition 5.9 (Properties of T;) For any function
¢ € H'(K)),

19Tl 24y = |60 il 2) = Vhi 91 i

— 0z
Moreover we have
(Fyu)oTi=Fy (uoT).
Now let us derive the estimates:
= We apply Eq. (25) to ¢ =uoT; and use (29):
(A u) o Tr—uo Tl 2(z) < Cluo Tl 1 gy

(29)

then with the change of variables
1
[ I u— uHLZ(K,-) < Ch; |M‘H1(K)

By summation over i, we get the estimate (16).

= The other proofs can be adapted in a similar way
to derive estimates (17), (19) and (18).

As a conclusion, the estimate of the interpolation error
over a fixed interval K allows us to derive the local
estimate over the elements of the mesh.

Example of P! approximation of an elliptic prob-
lem in 1D. Consider Q =|0, 1] and

—(F W) + o f, inQ,
u = 0, on{0,1},

with o >0, f € L*(Q), # € L*(Q) and inf(.#") > 0. The
corresponding variational formulation writes

Find u € V such that
(P){ a(u,v) =L(v),
forallveV,

with V = H}(Q) and

a(u,v) /%qurOt/ uv,
z/fv.
0

Problem (P) admits a unique solution by the Lax-Milgram
theorem. The Galerkin approximation of the elliptic ab-
stract problem consists in solving the following problem

Find u;, € Vj 0 such that

alup,vy) = L(vp),
for all v, € Vio-

(Pp)

Problem (P;) admits a unique solution u; by the Lax-
Milgram theorem. By Theorem 5.5 we have d(u,V;0) <
|u— Flully — 0 as h — 0. Combined with Céa’s lemma,
see Lemma 4.1, we deduce the convergence of u;, towards
u without any additional assumption. Moreover, we can
estimate the error as follows.
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Theorem 5.10 (P! error estimate) Assume that the
solution of (P) is regular, i.e. u€ H*(Q), then

=il < bl

In some cases the elliptic problem has some regularity
properties which imply that, if the source term is L? then
the solution is H%. In the current case this property holds
if A is sufficiently regular (Lipschitz continuity is enough)
and we get the elliptic regularity property: there exists
C > 0 such that the unique solution of the variational
problem belongs to H?(Q) and satisfies

) <ClSf Nl

The error estimate becomes:

ull 2o

[lu—unllv <Chl|fll12(q)

Let us discuss the derivation of estimates in a weaker
norm (e.g. in L?(Q)). In order to derive a new estimate,
we need to assume furthermore that the adjoint problem”
satisfies a so called elliptic reqularity property: there
exists C > 0 such that for all v € L?(Q) the unique function
¢, € V such that

a(w,¢,) YwevV

= (Vv W)L2 )
satisfies

0 €HX(Q),  [I9vllr20) < ClVII2g)

In our example this property is clearly satisfied be-
cause the adjoint problem is identical to the initial one
by symmetry of the bilinear form a.

Theorem 5.11 (Aubin-Nitsche) Assume that the ad-
joint problem of (P) satisfies the elliptic reqularity prop-
erty. Then the solution u of (P) and its P! finite element
approzrimation uy satisfy

lJu—unl| 2 < Chllu—up|| g1
In particular, if u € H*(Q), Theorem 5.10 leads to
[l —upll 2 < CH* |l g2 -

Proof of Theorem 5.11. Denote e, =u—u, € V. Tak-
ing v=w = ¢y, in the adjoint problem, we get

2
||e/’lHL2(Q) = a(eha(Peh)‘
As the error ej, := u — uy, is a—orthogonal to Vj,, we have
”ehHiZ(Q) = a(eh»¢eh - jhld’eh)

< allllenllv[I9e, = 7 @e, I
< Chllenllv||9e; |2
<

Chllenllvlenllz2(q)»

7This means that the unknown is now the second variable of
the bilinear form a and the test function is the first variable of a.

hence the result. [ |

Actually the above result is somehow general and not
particular to P! approximation.

Practical aspects related to the computation of
the approximate solution.

Exercise 11 Let {¢;}i—1_.n be a basis for Vi,o. Prove
that (Py) is equivalent to a linear system (to be deter-
mined): find U € RN such that A-U = b, where A €
%NXN(R) and b € RV,

A function uy, € Vj o takes the form uy, = Zﬁvzl u;;, since
the degrees of freedom corresponding to boundary nodes
are 0. Hence, this solution is completely determined by
U := (4j)i=1,..n. The variational formulation then takes
the form A-U = b with

A= (a(9,9)h<ijen, b= (L(¢:)<izn-

In our example, matrix A splits into A" 4 oA(™)
1 1
A= [ Hoigj+a [ oo,
N—— ~——

A) A"
where A is the so-called rigidity matrix whereas A(™)
is the so-called mass matrix. In the case of the P! finite
element, integrals are zero as soon as |i — j| > 1 because
the supports of ¢; and ¢; are disjoint in that case. Thus
the remaining computations are the following ones:

n  _ 1 §
AL = e - X,
A(r) _ / %/+ /x1+1
i 1 l i
(r) Xit1
Ai.,ri+1 - h2 / A,
A,(r,"zl = ) (Pl 1 ¢l -
(m) Yitl 2 hi— 1+hl
Alrzn = /x 1 ¢i = 3 )
'lx7i+1 h
A,(r,nl] = /x ¢t ¢t+1 -

with suitable adaptations for i=1 and i = N.

Proposition 5.12 The matriz A is tridiagonal, sym-
metric and positive-definite. Moreover it satisfies the
discrete maximum principle

A >0.

Proof of Proposition 5.12. The first part follows from
the fact that A is a Gram matrix® of (¢i)i=1,..n in V for

8A Gram matrix G of a set of vectors (vi,...,v,) in an inner
product space is the self-adjoint matrix of inner products, whose
entries are given by Gjj = (vi,v;). A Gram matrix is positive semi-
definite.
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some scalar product. The discrete maximum principle
consists in showing that A is a M-matrix”. [ |

In practical computations, integrals are numerically
computed with quadrature formula. This may induce
additional work in order to guarantee that this process
does not induce a loss of precision.

5.2 Finite elements in 1D: P? finite element
Approximation space P? in 1D. Assume that the
solution of a problem is much more regular (e.g of class
C*) than it is expected from the variational formulation
of the problem. The P! finite element method does not
allow us to get a better precision: indeed the precision
of the interpolation operator which is associated to the
approximation space does not increase when increasing
the regularity of the interpolated function. In order
to take advantage from the regularity of the solution
(without modifying the mesh) it is necessary to adapt the
approximation space. Instead of considering piecewise
affine functions, we now consider piecewise quadratic
functions.

Using the same notations as before, we introduce the
center of the elements Xyl = xﬁ#’ for i=0,...,N. Let

us now consider the set of piecewise quadratic functions:
Vi ={ueV, ug €P?},
where P? is the set of polynomials of degree 2.
Lemma 5.15 The space V;, writes
Vi ={ueC(Q), ug, € P},
and, moreover, the mapping
D:u—s (u(xo),u(x%),u(xl),u(x%),...,u(xN+%),u(xN+1))

is an isomorphism from Vi, onto R*N*+3.

dim(V},) = 2N + 3.

In particular

Proof of Lemma 5.15. The injectivity of ® comes from
the fact that a polynomial of degree 2 with three distinct
roots is necessary zero. Surjectivity of ® emerges from

9We recall the definition:

Definition 5.13 A so-called M-matriz which satisfies the follow-
ing conditions:

= it is a Z-matriz, i.e. off-diagonal entries are less than or
equal to zero;

= the real part of the eigenvalues are positive.
Besides we recall the following property

Proposition 5.14 The following are equivalent:
= A is a non-singular M-matriz;

» A is inverse-positive. That is, A~ exists and A=' > 0.

the existence of a Lagrange interpolation polynomial on
each K;. [ |

@Although the degree of the polynomials has been
increased, we do not build a conforming approximation
space for H? since the continuity of the derivatives at the
interfaces would be required.

Each of the coordinates functions of @ is a linear
form on Vj, which is called degree of freedom. They all
consist in evaluating the function at some point, which
leads to the Lagrange terminology. The definition of the
shape functions for the P? finite element follows the same
rule as for the P! finite element, up to the dimension
modifications.

The shape functions (¢;); and (¢,, 1); are defined by

1
2

0i(x;) = &, Vje{0,..N+1},
o) = 0 Vie{0,...N},
911 (%)) 0, Vje{0,.,N+1},
¢i+%(xj+%) 51']’ Vje {Oa"'7N}v

see Figure 4. Thus
= the support of ¢; is K;—j UK;

= the support of ¢i+% is K.

Definition 5.16 (Interpolation operator .#?) The in-
terpolation operator th from V onto V), is defined as

N+1 N

Su(x) = ZO u(x) 0i(x) + Y ulxiy 1) 61 (%),

i=0
for allueV, for all x € Q.

Let us notice that if u € H}(Q), then .F?u € H}(Q)
and thus V, OH(% (Q) is a conforming approximation space
for H}(Q). As before, .#? is a continuous projection
of H'(Q) into itself and we can derive the following
interpolation properties:

Theorem 5.17 (Properties of .#?) There exists C >
0 such that, for all m € {0,1,2}, for all u € H"'(Q),

| —ull 2+ | T —ul < CH"™ ud] i

Remark 5.18 Notice that if u € H*(Q) the interpolation
result does not provide a better estimate than P! finite
elements. The use of such element should be motivated by

the construction of an approzimate solution for a solution
which belongs to H3(Q).

Proof of Theorem 5.17. The proof is similar to the
proof of Theorem 5.5. We can also use the technique of
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Figure 4. P? finite element in 1D: shape functions ¢i7%, ¢; and ¢i+%‘

--- The original function

—— P? interpolant on 6 elements
— P! interpolant on 6 elements
—— P? interpolant on 3 elements

Figure 5. A smooth function (dashed line) and different kind of interpolations.
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the change of variables by reducing the study to the in-
terpolation properties of the operator on the unit domain
[0, 1]. |

Example of P? approximation of an elliptic prob-
lem in 1D. Considering the P? approximation space as
Vi and V0 =V, OH(% (Q). We obtain the convergence in
the general case because d(u,Vj) — 0 as h — 0 for all
uecV.

Theorem 5.19 (P? error estimate) Assume that the
solution u € V of the problem belongs to H>(Q). Then we
have

||’4—“hHH1(Q) < CW? |’4|H3(Q)’

e —unll o)y < CHlulps -

Proof of Theorem 5.19. The first property follows
from the above analysis whereas the second property
follows from the Aubin-Nitsche trick, see the proof of
Theorem 5.11. |

We illustrate the differences between various interpo-
lations of a same function in Figure 5.
Practical aspects related to the computation of
the approximate solution. In practice the numbering
of the unknowns is done continuously between 1 and
2N +1 (we recall that xp and xy4+; are not taken into
account because of the boundary conditions). More
precisely, any k € {1,...,2N + 1} can be written as k =
2i+ p, with p € {0,...,N} and p € {0,1}. We will denote
k =[i,p]. The numbering of the basic functions writes:

¢,  ifp=0,
Vi = Yiip) = { 91, fp=1.

In the same way the numbering of the unknowns Uy
related to the coordinates of the solution u; in the basis
{yi} follows the same rule.

Let us consider the matrix A = (ax ;) with

ak,l:a(‘l’la‘l’k):/gl//l/cll’l/'
» If k= [i,0] the support of y; is Ki_j UK;. As a

consequence the only coeflicients ! for which ay,
may be non-zero are:

o for I =k=1[i,0],
Xit1 2
ak,kZ/ A
Xi—1
o forl=k+1=1[i1],
Yl
Al 41 Z/. ¢i¢i+%7
o for I=k+2=1[i+1,0],

Xit1 i
Ak k+2 = / o; ¢i+17
Xi

o forl=k—-1=[i—1,1],

o for I=k—2=1[i—1,0],
RV
ak,k72/ 0; ;-
Xi-1

= If k=i, 1] the support of y; is K;. As a consequence
the only coefficients [ for which a;; may be non-zero
are:

o for [=k=1[i1],

Xit+1
A ke = /
Xj

o forI=k+1=1[i+1,0],

2
5

!/
9 3

Xit1 , ,
Ak k+1 —/x’_ ¢i+%¢i+lv
o for I=k—1=1[i,0],
/xi+1 ¢/ ¢/
Apf—1 = . -
k,k 1 v I+% i

Thus the matrix A is pentadiagonal. The linear sys-
tem to solve is more complicated than with the P! ap-
proximation. The matrix is symmetric positive-definite
but it is not an M-matrix and the discrete maximum
principle is not satisfied anymore.

5.3 P* finite element in dimension d > 1
Meshes. We assume that Q is a bounded, connected,
polygonal in 2D or polyhedral in 3D.

Proposition 5.20 Let . be a polygonal mesh, i.e. a
set of polygonal/polyhedral cells (K)ges such that

Q = Uge 7K, KNL=0, if K#L.

Let m € N\ {0} and u a function defined on Q. The
following properties are equivalent:

» ue H"(Q);

» ForallK€ 7, ug € H"(K) and, for all K #L such
that the codimension of KNL is 1, then the trace of
d%ux and the trace of d%u);, coincide on JKNJL,
for any |a] <m—1.

If the properties hold, then for all || < m,

10%ull 2y = Y 19%ukl 2 (x)-
KeT
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Figure 6. Admissible mesh and non-admissible mesh.
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This result explains how it is possible to design fi-
nite element spaces that are H”—conforming when the
dimension is greater than 1. We take piecewise regular
functions with additional constraint: the jumps of u and
its derivatives at the interfaces of the mesh have to be
zero. Then the geometrical conformity of the mesh is
essential: indeed in Figure 6 the atypical node in the
non-admissible mesh cannot be associated to a degree
of freedom of the approximation space: if we consider
a P! approximation, then the value of the approximate
solution in this particular node is related to the values
at the vertices of triangle Tyg.

We will now consider a mesh of Q made of simplices,
i.e. the convex hulls of d 4+ 1 points that do not belong
to an hyperplane. Roughly speaking they are triangles
in 2D, tetrahedra in 3D etc.

Simplicial finite element. The P simplicial La-
grange element. As it has been previously outlined,
the finite element may be defined on a reference ele-
ment. All the geometrical quantities of the mesh and the
approximation space are based upon this object.

Let us denote K the unit simplex:

k:{xeRd, (Vi, x; > 0), Zx,-gl}.
i

Proposition 5.21 (Affine mapping Tx) Any simplez
K = conv(ag, ...,ag) of the mesh is the image of K by an
affine mapping Tx : K — K of the form

TK()CA) =ap+ BgX

where the ith column of Bk is defined as the coordinates
of a; —ag in the canonical basis of RY. We have the
following properties:

o |det(Bx)| = d! |K],
hk

- BK |2 S .

Bk D2

_ hp
- 1B [ < X
K

Here hx and hy denote the diameters of K and K respec-
tively whereas px and pg denote the diameters of the
incircles of K and K respectively.

Proof of Proposition 5.21. Let us prove the estimates
on Bg. Using a change of variables,

K| :/ ldv = / 1 [det(Bx)| df = |det(Bx)| ||,
K R

where the volume of the reference simplex is given by

|K| = 1/d!. By definition of || - ||> we have

By - X
Ixla= sup 125
I%l=pg PR

This supremum is attained (by a finite dimension argu-
ment): thus there exists d,b € K such that ||a—b|| = pg
and

1Bk (a—Db)|| = [Tk (4) = Tk (D) < hx,
hence the result. The last inequality is obtained by
exchanging the roles of K and K. |

Theorem 5.22 Letv:K — R. Then ve H"(K) if, and
only if, P =voTx € H"(K). Moreover for any 0 <k <m
we have

2
|V|Hk(K)SCT|ﬁ|H"(13)7
Pk

k
9l pt iy < C—55 [V ) -
K|2

Remark 5.23 Let us recall that for k=0, H* = L? and
g0 = I+ 2

Proof of Theorem 5.22. Let us prove the theorem for
m =1 (the general case readily adapts).

= Case k=0. By using the change of variables
= [ MR ar

[D(%)[* |det(Bk)| d#

K a2
K912, 0,

2
W1

» Case k=1. We have

Vo = BY(Vv)o Ty = BY Vv,

hence
A 2~ h2
IVVI722) < SNV 00 = o VY12 k-
L2(K) p122 L2(K) p12<|K| L2(K)

The other inequality is obtained by exchanging the roles
of K and K. [ |

Proposition 5.24 (Local simplicial Lagrange f.e.)
We consider £ C K the set of points defined as

L 1
(k,..., k) . Y(I,....Iy) € Nd, L+..+1; <k
Then 2| = CF,, = &H.

We denote (d;)<j<|z| the elements of this set. Then
the mapping p € P* — (p(aj))h<j<iz € R is an isomor-
phism (in particular P* and £ have the same cardinality).

= the triplet (K,PKX) is the so-called P* simplicial
Lagrange finite element.
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= the set (d;); is the set of nodes of this finite element
and the linear form v € C°(K) — v(d;) is denoted
the degree of freedom associated to a;.

» For all 1 <i< |X| there exists a unique function
0; € P* such that
0.(a,) =8, V1<j<[.

These functions are the so-called local shape func-
tions.

Example. In 1D, the nodes of the P* finite elements are
described in Figure 8:

» PO finite element: the node is the center of mass of
K (this element will be discussed later).

» P! finite element: the nodes are the vertices of K.
Figure 7 a) presents the degrees of freedom along
with the local shape functions in this case.

= P? finite element: the nodes are the vertices and
the center of K. Figure 7 b) presents the degrees
of freedom along with the local shape functions in
this case.

O

Example. In 2D, the nodes of the P¥ finite elements are
described in Figure 8:

= PO finite element: the node is the center of mass of
K (this element will be discussed later).

= P! finite element: the nodes are the vertices of K.

= P2 finite element: the nodes are the vertices and
the center of the edges of K.

» P3 finite element: the nodes are the vertices, the
center of mass and the points located at 1/3 and
2/3 in each edge of K.

O

Example. In 3D, the nodes of the P¥ finite elements are
described in Figure 9:

» P! finite element: the nodes are the vertices of K.

» P2 finite element: the nodes are the vertices and
the center of the edges of K.

Definition 5.25 (Simplicial conforming mesh) Let
T be a mesh made of simplicial elements K. We say
that J is geometrically conforming if, and only if, for
any distinct elements K and L, & = KN L satisifes one
of the following properties:

» either dim(F) <d —2 (note that F may be empty);
» or F is face for K and a face for L.

Proposition 5.26 (Global simplicial Lagrange f.e.)
Let T be a simplicial conforming mesh of Q.

= The set of discretization nodes is denoted X, =
UgXlg = UKTK(E),

= We call P* approzimation space on the mesh T
the space

Vii={vec®Q), VK € 7, vk € Pk

= For any a € ¥, there exists a unique function in Vj,
denoted @,, such that

0,(b) =0, VbeX,\{a}.

These functions are the so-called global shape func-
tions of the approximation space. They form a
basis for Vj,.

= For any a € ¥, the mapping v € CO(Q) +— v(a) is a
continuous linear form which is called a degree of
freedom associated to node a.

The space V), satisfies
Vi={veH'(Q), VK € 7, vx € P*}.

Moreover the link between the local and global shape
functions is given by:

Proposition-Definition 5.27 (Shape functions) Let
a€ LetacX, and let K € F such that a € K.

» There exists a unique J(a,K) € {1,...,|E|} such that
a=Tk(djx)) (we say that J(a,K) is the local index
of node a in the element K ).

» We have
(¢ll)\K oTx = 9](a,K)7

Remark 5.28 The function 6y, ts the local shape
function associated to the node J(a,K) in K.

Local interpolation operator. Global interpola-

tion operator.
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P! element P? element

PO reference element P! reference element

P2 reference element

T L
a as

Figure 8. Nodes of the P* finite elements in 2D

[
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N



Introduccion al método de los elementos finitos

41

P! reference element

Figure 9. Nodes of the P* finite elements in 3D

Definition 5.29 (Local interpolation operator) We
define the local interpolation operator

=

with

ﬂé‘ﬁ is the unique polynomial in P* which coincides with
v on the nodes of the reference element.

= The restriction of f}f‘v to a face F of the mesh only
depends on the degrees of freedom associated to
the nodes of face F. If the values of these degrees
of freedom are zero, then (#fv)r =0. Thus the
proof is concluded by taking F C dQ.

|

The interpolation operators have a major drawback:
they apply to continuous functions only. But functions in
H! (Q) are not necessarily continuous in dimension d > 2.
Nevertheless for d =2 or d =3, H*(Q) is embedded in

Definition 5.30 (Global interpolation operator) We the space of continuous functions so that these operators

define the global interpolation operator
f}f{ CO(Q) - W
v — f}f‘v
with

Tiv() =) v(a)9a(x).

acyy

fhkv is the unique function in Vj, which coincides with v
on the nodes of the discretization.

The operators are linked by the following formula:

Lemma 5.31
= forany K € 7,
(Iv) ko Tx = F5 (voTx).
» I[fveC(Q), v=0 on dQ, then Zlv=10 on IQ.
In particular ,ﬂhl_ is an interpolation operator that
maps H()NCY(Q) into Vio =V, NHL(Q).
Proof of Lemma 5.31.

= Notice that (ﬂ}f‘v)‘KoTK and S¥(voTk) are two
elements of P¥ which coincide on the nodes of the
reference element. By uniqueness of the Lagrange
interpolation polynomial, the property is proved.

may be used.

Analysis of the interpolation error. Let us start
with two general tools.

Lemma 5.32 (Deny-Lions) LetU a bounded Lipschitz
domain of RY and k € N. We denote P* the set of poly-
nomials of degree k on U. There exists a constant C >0
such that

VMGH](-H(Q), inf ||I/t*7t||Hk+l<U) §C|M‘Hk+l(u).
nePk

Proof of Lemma 5.32. For any multi-index o € N¢
such that |a| <k, we denote fy the linear form defined
on H**1(U) as

fa(v):/U8“v.

The dimension of the set of such multi-indices is exactly
the dimension of P*.

= We first prove that the linear mapping

F:meP e (fo(m)jger € RIMED (30)
is bijective. Using the dimension argument, we
just have to prove that it is injective. Assume
that a non-zero polynomial 7w € PX is such that



42

Introduccion al método de los elementos finitos

(fa(7))|a|<k = 0. We can find a non-zero monomial
with maximal index in @. But then d%x is a non-
zero constant and [; d*m cannot be zero...

= Let us prove that there exists C > 0 such that, for
all u € H*1(Q),

[l gy <€ <|"‘Hk+1(U) + ) fa(”)|> - (31)

o<k

Assume that the property is false. Then there
exists a sequence {u,} of elements in H**!(U) such
that

||”n||Hk+'(U) =1, (32)

. (33)

S| =

e oy + Y |falun)| <

o<k

By Eq. (32) we can extract a sequence (ig())n

which weakly converges in H**!(U) to a function
u. Moreover by compactness, (u¢(n))n strongly con-
verges to u in H*(U) (see the Rellich-Kondrachov
theorem). By Eq. (33) all the derivatives of order
k+1 of (ug(y))n tend to 0. This proves that the par-
tial derivatives of u of order k+ 1 are zero, so that
u € P*. Moreover passing to the limit in fy (u¢(n)),
we get: fu(u) =0 for all |a| < k. From the first
item, we deduce that u=0.

Since Eq. (32) leads to |[uy )|l gy — 1, by strong
convergence we have [|u([ ;) = 1 which contradicts
the property u = 0.

= Let u € H*'(U). As the map F defined in (30) is
surjective there exists # € PX such that

V|| <k, folu—7)=0.

Then we obtain

;gkﬂu—ﬂﬂmﬂ(u)
< lu— 7| e )
<C| =Ry + Y [falu—7)|
|| <k

= C|Lt— ﬁ-|Hk+1(U) = C|M‘Hk+1(U) .

Lemma 5.33 (Bramble-Hilbert) Let U be a bounded
Lipschitz domain of RY, k € N and ® a continuous linear
operator from Hk‘H(U) onto some normed vector space
E. If®=0 on PX then there exists C >0 such that

vue HYU), |[@ul < Clulyien )

Proof of Lemma 5.33. For all u € H*!(U) and for all
7 € PK we have

[Pullz = [|P(u— )| < [[®[|u— 7| s ) -

Taking the infimum over 7w and using the Deny-Lions
Lemma (see Lemma 5.32) we get

|Pule < Clulgior o).

Definition 5.34 (Regular mesh)
= Let T be a mesh of Q. We define

hg - hx
=—, 7 = sup —.
Pk Ke7 PK

(0):¢

w A family of meshes (), of Q is regular if there
exists a constant C > 0 such that

Vh >0, o, <C.
Remark 5.35 The regularity property is equivalent to
the following constraints:

s The volume of each cell is of order h?(:

3C>0, Vh>0, VK€, |K|>Ch.

» The diameter of the incircle is uniformly bounded
from below by hg:

iC>0, Vh>0, VKe.J,, px>Chg.

We deduce from the last two lemmas the following
interpolation theorem:

Theorem 5.36 (Interpolation operator) LetQ be a
bounded Lipschitz domain ofRd, keN. Let0<m<k and
we assume that m+1>d/2 so that H™(Q) c C°(Q).

= Local interpolation estimate. Forl <m+1, there
exists C >0 such that, for all K € 7, ¥v € H""(K),

v— Ik (34)

[ pm+1-—1
HI(K) SCGKI’!K |V|Hm+l(K>.

= Global interpolation estimate. For [ € {0,1}, there
exists C >0 such that, for all ve H"(Q),
‘v - ﬂhkv‘

< Coph™ M lpmiq) - (35)

H(Q)

Let us recall that for k=0, H* = L% and ||y0 = | - || 2-
Proof of Theorem 5.36.
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= The global estimate, see Eq. (35), is deduced from
local estimates (34) combined with Proposition
5.20, see page 36. The restriction / € {0,1} is essen-
tial here because functions in Vj, are not in H'(Q)
for [ > 2. But the local estimate holds for I <m+1.

= Let us prove the local estimate for [ <m+1. By the
Bramble-Hilbert lemma, as the local interpolation
operator Jok is the identity on P¥, then the mapping

®: v H" N (R) v — v € H'(R)

is zero on P¥. Moreover it is a continuous linear
operator (because the embedding H" ! (K) c C°(K)
is continuous). By the Bramble-Hilbert lemma,
there exists C > 0 such that

V\,}\EHm+1(Ie)7 Hf)—‘](ff)HHl(k) Sc|ﬁ|Hm+l(12)~

Now we use Theorem 5.22, see page 38. Let v €
H™1(K). We define § =voTx and we get

1
K| k
v— Iky C—|voTx — % voTK’ .
| h |H[(K) p;(l h H(R)
LN
LT
P, H(K)
LER®
< CIE IV‘H’"“(K)
1
< C//h%+
< i |V|Hm+l(K>
K
< Cllo-igfh%+l_l‘v‘Hm+l(K)-

|

The definition of a regular mesh ensures that the

global interpolation estimate leads to an optimal ap-

proximation error estimate, see Eq. (35), i.e. as it is

expected for the approximation space V,, built upon a

regular triangulation. Thus we get the following error
estimate.

Theorem 5.37 (P* error estimate) Leta(-,-) be a bi-
linear form on H} (Q) which is continuous and coercive; L
a continuous linear form on H} (Q). Let (J3)n be a regular
family of simplicial meshes of Q. Let Vj, be the P* La-
grange approximation space built upon these meshes and
Vio =VuNH} (Q). We assume that the unique u € H} (Q)
satisfying

a(u,v) =L(v), YveH} Q)
belongs to H™ 1 (Q) for some m < k. Denote uy, the solu-
tion of the approximate problem built upon Vyo. There
exists C > 0 which only depends on Q, a(-,-), sup,(c7,)
such that

l[u—unl|gr < CH™ [ul i1 ) -
If furthermore the adjoint problem admits an elliptic
regularity property, then

||M—M]1HL2 S Cherl ‘M|Hm+l(g) .

Proof of Theorem 5.37. In the case m+1>d/2,
the theorem is a consequence of the properties of the
Lagrange interpolation operator, see Theorem 5.36 with
I'=1. Note that the norms [-[y1q) and |-[/y1q) are

equivalent since u —uy, € H}(Q).

In the case m+1 < d/2 it is necessary to build other
interpolation operators which overcome the difficulties re-
lated to the continuity argument. Among operators that
have stability and interpolation properties, let us mention
the Clément operator [7] (which fails at preserving the
Dirichlet boundary conditions) and the Scott-Zhang in-
terpolation operator [16] (which preserves homogeneous
boundary conditions). The construction is more intricate
and is not given here and we refer the reader to [9] for
an overview on this issue. |

5.4 Other classical finite elements

The Q' Lagrange finite element. Considering a
mesh of Q which is made of quadrilaterals in 2D, par-
allelepipeds in 3D. What kind of finite elements is it
possible to build?

We cannot hope for a degree of freedom on each
vertex of the mesh with piecewise P! functions. Thus
it is necessary to enlarge the space of polynomials that
should be considered:

QYRY) = u= ) agx]! . X

aeN?, sup a; <k

= PR)®...0PR),

which are the polynomials with all partial degrees less
than k. Note that, in 1D, Q% = P* for any k.

The Q' element is defined by 4 coefficients in 2D, 8
coefficients in 3D. This corresponds to the number of
vertices for a quadrilateral in 2D, parallelepiped in 3D.
More precisely,

Q' (R?) = span(1,x1,x2,x1x2),
Q'(R?) = span(1,x1,x2,X3,X1X2,X1 X3, X2X3, X1 X2X3 ).

We consider the reference element K = [0,1]¢ as the unit
cube in RY.

Remark 5.38 Notice that the restriction of a function
in Q to an hyperplane parallel to the azes is a function
in X,

Proposition 5.39 (Q* Lagrange finite element) We
consider £ C K the set of points defined as

I 1
(;Z) V(.. l) eNY, Vje{l,...d}, I; <k
Then |Z| = (k+1).

We denote (4;)<j<|5| the elements of this set. Then
the mapping p € Q* (p(a@j)h<j<iz € R* is an isomor-
phism (in particular Q% and X have the same cardinality).
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= the triplet (K,QF,X) is the so-called QX Lagrange
finite element.

= the set (d;); is the set of nodes of this finite element
and the linear form v € C°(K) — v(d;) is denoted
the degree of freedom associated to d;.

= For all 1 <i< |X| there exists a unique function
6; € Q% such that

0:(a;) = 6;j, V1I<j<[x].
These functions are the so-called local shape func-
tions.

Example. In 2D or 3D, the nodes of the Q! finite ele-
ments are described in Figure 10.

O

The notion of regularity of the mesh is slightly mod-
ified: in particular for a quadrilateral, the diameter of
the incircle for a triangle is replaced by

Pk = min(pTl P12, P13, PT4)

where T; denote the four triangles obtained from the four
vertices of the quadrilateral.
Let us consider a mapping Tk : K — K such that

IZ[}-

The mapping Tx cannot be affine, except if K is a paral-
lelogram. In the general case, the mapping is quadratic:
Tx € (Q")4. In particular the Jacobian matrix is not
constant anymore.

Thus the approximation space is defined as

TK(&j):aj, VjE{l,...

Vi={vel’Q), VK€ 7, voTx € Q},

which is not equivalent to the condition “vx € Q*, for all
K?, except if the cells are parallelograms (in which case
Tk is affine). The interpolation operator is defined as
previously. Moreover under regularity assumptions on
the mesh we obtain the following interpolation result:

Proposition 5.40 For a family of reqular quadrilateral
meshes, there exists a constant C > 0 such that, for all
0<m<k and for all0 < p <m,

VVGHm+1(Q), Hv—fthHp <C hm ptl |V‘Hm+l(g)
A conforming L’ element: the discontinuous ele-
ment PY = Q0. We note P = QP the set of constant
functions. Then, from a quadrilateral or simplicial mesh,
we can easily build the set of piecewise constant functions:

Vi ={uel*(Q), ux, €P°}.

This space is conforming in L?(Q) (but not in H'(Q)).
In the case of regular functions, the degree of freedom
in a cell is the value of the function at the center of mass of
the cell. It is possible to define the Lagrange interpolation
operator fho as done previously'® and then get suitable
estimates. However, for this particular approximation
space, there exists an interpolation operator which is
much simpler and which applies to any function in L?().

Definition 5.41 For any function v € V, we define a
piecewise constant function j}?v whose value on each
cell K is |K| ™" [ v:

I v =,

V|—>/h0 Z

KeX

fKV
\Kl

Proposition 5.42 The operator /ho is the L*-orthogonal
projection on Vj,. Moreover (without regularity assump-
tion on the mesh, provided that the cells are convex), for
all 0 <m < 1, there exists C > 1 such that

b= Zvl2@

This finite element is often used in the discretization
of the pressure in the Stokes problem.

Vv e H"(Q), ) SCH" [V gm(q)

6. Finite elements for saddle-point
problems

In the previous section, finite element spaces were con-
sidered for coercive problems. However when considering
non-coercive problems such as saddle-point problems, it
is necessary to ensure the compatibility of the approx-
imation spaces X; and My, in the sense that a uniform
inf-sup inequality has to be satisfied.

As already pointed out, in the finite dimensional
framework, positivity of the inf-sup constant is equivalent
to the injectivity of the operator Bj : M, — X; (which, in
the case of the Stokes problem, is nothing but the discrete
pressure gradient), and thus to the well-posedness of the
discrete problem. In that case, we can define

Bh — inf (sup b( haqh)

— | > 0.
qanEMp, vREX), ||Vh||X||lIh||M

10For instance, in 1D, the space Vj, writes

Vi ={ue}Q), Uk, € Po3,
and the mapping

Dy (u(x%),u(x%),...,u(xN+%)))

is an isomorphism from V,, onto RV*!, In particular dim(V,) =N+1.
Then the interpolation operator ,ﬂho from V onto V), is defined as

N
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Figure 10. Nodes of the Q' finite elements: in 2D and 3D.

Thus we need to be able to prove that B) is injective
on the one hand and that 8, does not go to 0 as h goes
to 0 on the other hand. This last property is called the
inf-sup stability of the numerical method.

6.1 Fortin’s lemma

We often consider conforming approximation spaces
for X and M which satisfy the inf-sup condition. In that
case the validity of a uniform discrete inf-sup condition
is given by the following result:

Lemma 6.1 (Fortin) Let b:X xM — R be a continu-
ous bilinear form and X, C X, My, C M two finite dimen-
stonal subspaces. We assume that b satisfies the inf-sup
condition on X X M :

b
IB>0, inf (sup(v’q)> >p.
&M \yex [|vllx[lqlla

Then b satisfies a uniform inf-sup condition on X, X M,
if, and only if, there exists a continuous linear operator
I, : X — X;, and a C > 0, independent of h, such that

WweX, |[Mylx <C|vlx

and

vqh € Mha b(V7 qh) = b(Hhvv qh)

In the literature, the operator Iy is usually called the
Fortin operator.

Proof of Lemma 6.1. Let us proceed in two steps.

n Assume that there exists such a continuous linear
operator Iy, : X — Xj;,. Then, for all g, € M, we

have
b Vs qh b Hhv,qh
Bl < sup2d) _ g Olivan)
sex vl e vl
< Csup Wi an)
veX QH},VHX
< C sup M

mex, vallx

which states the uniform inf-sup condition for b on
X, X M, with a constant g

= Assume that the uniform inf-sup condition is satis-
fied with a constant B. Then there exists a unique
(un,qn) € Xp x My, such that

{(uhvVh)+b(VhaPh) = 0,
b(un,qn) = Glqn),

and (up,qp,) continuously depends on G with the
estimate (see Theorem 3.13)

Vv, € X,
vqh S Mha

2
lun]lx < ﬁfHGlle-

Let v € X. We choose the linear form G as
VgeM, G(q)=b(v,q),

whose norm is bounded by ||b]|||v]|x. Then we find
an element u;, € X;, which linearly depends on v,

such that
il < 220,
;

and

b(un,qn) =b(v;qn), Yqn € My.
Thus the operator ITj, : v+ uy;, satisfies the desired
properties.
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6.2 Stokes problem

For the sake of simplicity, we consider only here the
2D case. We review the most classical conforming finite
element for the Stokes problem.

We shall consider the unit square Q =0, 1[*> equipped
with either a uniform rectangular mesh or a uniform
triangular (simplicial) mesh obtained by dividing all the
rectangles into two isometric parts.

The geometry of all the finite elements that we pro-
pose to analyse here is summarized in Figure 11.

6.2.1 The P! —P0 element
Consider now the uniform triangle mesh of Q. We
consider the following approximation spaces

X, ={ve (H}(Q))? VK e T, voTk € (P1)?},

My ={vel3(Q), VK € .7, voTx € Py}.

Observe that the degrees of freedom for the velocity field
are exactly the same as for the Q! element. However,
the approximation space Xj is not the same as before,
since the fields in X} are linear on each triangle whereas
the in the previous section the fields in X}, were bilinear
on each rectangle.

We also observe that, for a same number of vertices
in the mesh, the number of degrees of freedom for the
pressure is twice the one of the previous section.

Proposition 6.2 (P! —P° is unstable) TheP' —P0 fi-
nite elements are not inf-sup stable for the Stokes prob-
lem.

Proof of Proposition 6.2. Let us remark that
= there are 2NM elements and thus d(p) = 2NM — 1;

= there are (N+ 1)(M + 1) nodes, including (N —
1)(M —1) interior nodes, hence d(v) =2(N—1)(M —

Then
dp)—d(v) = (@NM—-1)—Q2(N-1)(M-1))
= 2(N+M)-3
> 0

As d(p) > d(v) the kernel of Bj, is not reduced to 0. In
fact, it means that the kernel of B) is very large! This
choice of approximation spaces is thus far from being
inf-sup stable.

We may prove that the kernel of B;, (which contains
the functions with discrete free divergence) is {0}, i.e.
the only velocity field v, € Xj, which is likely to be a
solution of the system is the null function.

By definition, vy, € Ker(By) if

/Qdiv(vh)qh =0, Vq,€M,. (36)

Since v, is 0 at the boundary, we have by the Stokes
formula (see Proposition 1.26, page 6),

/ div(vy)g=0, ¥geR.
Q

Thus Eq. (36) also holds for piecewise constant test func-
tions with non-zero mean values. In practice we thus
have a condition which writes

/ div(v)) =0, VKe 7.
K

Since vy, € (P')? on each cell K, v, takes the form vy, (x,y) =
(a{( —&—bfx—f— c{(y, a§ +b§x+c§y> on K, hence div(v;) =
b{(—l—cé( is a constant. As a consequence v, € Ker(B},)
if, and only if, div(v;) = 0 in a distribution sense (this
property does not hold for any discretization of the pres-
sure!).

Let us now investigate the consequences on vy. Let
K be a triangle with nodes that are numbered 1, 2 and
3, and let v € (P')? on K, see Figure 12. By the Stokes
formula, the divergence free condition on K writes

;/G(v-n) =0.

As v is affine, the integral along the edge is equal to the
value of the function at the middle of the edge (weighted
by the length of the edge), which is equal to the half-sum
of the degrees of freedom of the corresponding nodes.
Denoting m; and n; the measure and the outward normal
unit vector of the edge at the opposite of node i, it yields

%) vi+v3 V2 +Vv3
m3 3 'n3+M2T~nz+m1

that is to say

~n1:0

vy - (many +man3) + vy - (myny +m3n3)
+v3-(miny +many) =0.

Applying the Stokes formula to constant vector fields
in the triangle, we find that the following equality is
satisfied

miny +mpny +manz =0,
which leads us back to the free divergence equation which
becomes

mivy-ny+movy -np +mszvz-n3 = 0.

It means in particular that if vi = v, =0 then v3 and
n3 are orthogonal. Thus if K is a triangle with an edge
at the boundary, then only one degree of freedom is
at the interior of the domain: the orientation of the
velocity field at this node is parallel to the boundary; if
the same degree of freedom is the interior node of another
triangle with an edge at the boundary, we obtain another
orthogonality condition which proves that the velocity is
zZero.

This reasoning applies to structured triangular meshes
and proves the so-called locking effect. |
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Figure 12. Notations in a triangle element. Three
degrees of freedom for the velocity field.

6.2.2 The Q! —PY element

Here we consider the uniform cartesian mesh. The
cells are thus denoted by K;; with i € {1,...,N} and j €
{1,...,M}.

To simplify some computations, we assume that N
and M are even and we set N =2n, M = 2m. The mesh
size in the x direction is denoted by A= 1/N and the one
in the y direction is denoted by k = 1/M. We introduce
the functional spaces

Xp = {V € (H(;(Q»za VK € ya voTg € (Ql)z}»

My ={veLj(Q), VK € 7, vg €P°},

The set of degrees of freedom for such discretization
spaces is represented in Figure 11.

This element is the most simple that one can think
of on a Cartesian grid. However, we will show that the
discrete inf-sup condition is not satisfied by this finite
element.

Proposition 6.3 (Q' —P° is unstable) TheQ'—P° fi-
nite elements are not inf-sup stable for the Stokes prob-
lem.

Remark 6.4 As it was already pointed out, we consider
the restriction B), of operator B: M — X' as an operator
from My onto X;. Then the inf-sup condition states
that this operator should be injective. In particular, the
dimension of M should be lower than the dimension of
X;,. Thus, the inf-sup condition is not satisfied if M}, is
too big with respect to Xj,.

Let us denote d(p) (resp. d(v)) the number of degrees
of freedom for the pressure (resp. for the velocity). Let
us remark that

= there are NM elements and thus d(p) = NM — 1 (as
the mean value of the pressure is zero);

= there are (N+ 1)(M+ 1) nodes, including (N —
1)(M — 1) interior nodes (that are the only ones to
be considered as velocity degrees of freedom because
of the homogeneous Dirichlet conditions). Hence,

since the velocity is a two-dimensional vector field,
we have d(v) =2(N—=1)(M —1) in 2D.

Then by the rank theorem, the dimension of the kernel
of B}, is at least

(NM—1)—(2(N—=1)(M —1))
—NM +2(N+M)

d(p) —d(v)

which is negative (except for coarse meshes). Thus d(p) <
d(v) and considerations on the size of the approzimation
spaces are not sufficient to conclude: the kernel of B),
has to be investigated in details in order to show that the
inf-sup condition is not satisfied.

Proof of Proposition 6.3. We recall that the operator
Bj, is defined by

B, : M, — X!
pn = Bpn=>0b(-,pp)

iell

Vi € Xp, <BZPh»Vh>X/ﬁXh = /Q div(vs) pn

and we aim at proving that B) is not injective. More
precisely, we shall prove that

dim(Ker(B),)) = 1.
The velocity field v is described by its two components

vi=(v(D v?)), We denote pij the discrete pressure in

0 _, for j€{1,2}, the components
2

each element and v}*/,
i—5]

of the discrete velocity at node (i—3,j—3). We can
compute

/QdiV(Vh)Ph = Zglﬂu (

i=1

div(vh)) .

Kij

Each cell has four vertices that we locally number coun-
terclockwise starting from the lower left corner (from 1
to 4). The edges are also numbered:

. &Ki(jl) denotes the edge 1 — 2,
- 8Ki(j2) denotes the edge 2 — 3,
. 8I{i(]-3) denotes the edge 3 — 4,

. 81(1»(;1) denotes the edge 4 — 1.

1By definition, we have, for all v, € X;,

<B/I7hvvh>x’1x
(BVi, Ph) s
b(th ph)

Ja div(va) pp-

(Bj.pn» Vh>X‘; X,
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We have

K, div(vy) = /K” Vpn= Z/

Let us compute the first term:

/ak.(.” Vit

ij -1 Vh

I
ﬁ
- ¥
: o—
- <
)
= =
~ <
T

The function va(-,y; ! ) is linear on 8Ki(j1) (see Remark
5.38) so that the (exact) trapezoidal rule yields

In the same way the other terms can be computed as

well:
L a0 (1)
/¢9K(?)Vh'n_+§ <vi+§j—%+vi+5j+§ ’

We finally obtain:

/K” div(vy)
(

1

v -V, -V .
_ @ zf%j+% 17%17% l+%j+% l+%j*%
2 k k
(1) () () (1)
Vielsgdl ™V Vo 10TV
+ 3ity  imgity + H3J73 7373
h h

As v, =0 on the boundary, by a discrete integration by
parts, we have

= *thv 101 (8yp); 1

—thuh%jJ xp) i-Lj-4

b(vl’th

N
I\)
N\

_ L (pij—pi-1j | Pij-1—Pi-1j-1
(axp) 7 22< h + h )

—Pi-1j-1
X .

1 (pij—pij-1 | Pi-1j
_2< k +

Thus, b(vy, p)
o,p=0,ie.

=0 for all v, € X;, if, and only if, §,p =

Vi, j
Vi, j.

Pij =
pPi-1j =

Pi—-1j-1,
Pij—1,

As pj € My, the mean value of pj, is zero, hence

Dij = —Di—1,Vi, ]

We thus obtain a spurious mode which is highly oscillat-
ing. This so-called checkerboard mode exactly generates
the kernel of B, = span(yj,) with

Y = ZZIKik(*l)H_j-
i

One may hope to recover the stability by replacing
M, by the space M, obtained from M, by “removing”
span(y},), but we will see that it is not the case. More
precisely, if we define M, as the orthogonal complement
of span(y;,) in My, then we can prove that X, and M,
satisfy the discrete inf-sup condition but unfortunately
not in a uniform way with respect to A.

Proposition 6.5 Define

My, == ;" = {pn € My, (pn,¥i);2 =0},

where v, denotes the spurious mode of the Q' —P° finite

element. For all h >0, we have

b
By := inf sup (i Pi) > 0.

PhEMy v EX), th”Hl ||Ph||L2
Moreover there exists C; >0 and C, > 0 such that
Cih < B < Goh.

Proof of Proposition 6.5. The positivity of 8, follows
from the construction of M,,: the operator

B, : M, — X;
P —  Bypn=">(-,pn)

is injective by means of construction which, in the finite
dimensional framework, guarantees that f > 0.

Let us prove the most interesting inequality. For
this we construct a function g, which satisfies suitable

properties:
; — 1 n—1
Niti(& (! _
()"

2n 2m

=L L k(-

i=1j=
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where & denotes the floor function. By means of con-
struction the mean value of g is zero. Moreover,

frw = (2(551) ")
= hkM%(éa(i_zl)—ngl)

n—1

= 2hkM Z (p— 2)

= 0

As a consequence, g;, € Mj,.

= Computation of ||qnl;2(q)

||Qh||i2(g) = thl]( (%)_ )
= 2mkMY'h(p— )2
~ Chn?
~ Ch2

Thus |gxll;2(q) is of order h'ash—0.

= Computation of b(vy,qn). Let us consider an ar-
bitrary v, € Xj,. Using the previous notations we
compute &cg, and 8yg,. On the one hand, 8., =0
On the other hand,

0, ifi=2p,
(an);-y )y _{ 2V i —opl,
Then we get
n—1 2m
b(viqn) = 2, Zh v2p+21
p= 0/
= ZZOZ’]h(Ver 23 v2p+%2r7%).

Hence, by the Cauchy-Schwarz inequality, we get
1b(vasqn)|
n—1 ,1
§2h2/0 |Ovi((2p+ 1)h,y)| dy
p=0

1
2

1 [/n—1 2
<2h /O<Z}8yw,((2p+1)h,y)|> dy

p=0
1

1n—1 5 2
gzm/ﬁ(/o X 9ma((@p-+ D) dy)
p=

As v, € Q') x— dyvy(x,y) is piecewise affine and
moreover it is continuous for a.e. y € Q (precisely
for all the y’s that do not belong to the boundary
of the cells). We can then use the following basic
inequality

1
@ +b* < 6/ lax+b(1 —x)|* dx,
0

which readily adapts on an interval of width & as

6 M x x0\ |2
2 2

< = - _ - .
a - +b /0 ’a +b<1 h))‘ dx

Thus we get

Z’&vh 2p+1 hy

/ ‘8vhxy

and finally integrating with respect to y,

bOwan)l < 20/ (§J3 Jo 19, Pxdy)

2V h/n|| V| 2.

IAIA

Thus we obtain, for any v, € X,

|b(vh7qh)‘

<C.
HVhHHl

The inf-sup condition implies

|b(Vh7th)\

<C.
[[Vall g

Bullanll,> < sup
VhGXh

As || gnllz2(q) is of order ™!, we have B, < Ch.

[

Previous examples shed a light on possible fails when

considering finite element approximations for the Stokes

problem. Let us give an outline of classical stable finite
elements.

6.2.3 The ]P’llj —P! element

As we have seen before, the main reason for the
instability of the Q' —QP or P! —P? approximation is the
fact that the pressure approximation space is too large
in some sense compared to the velocity approximation
space.

That is the reason why the construction of uniformly
stable approximation spaces for the Stokes problem are
often built starting from an unstable discretisation by
using one the two following strategies:

= Either one can add functions (that is degrees of
freedom) in the velocity approximation space. This
induces a higher computational cost.

= Or one can remove functions (that is degrees of
freedom) in the pressure approximation space. This
induces a lower accuracy of the approximation.

The choice of a suitable pair of approximation spaces is
thus a sort of tradeof between stability /accuracy/com-
putational effort.

A very popular element that is based on the first
strategy is the so-called mini-element, also denoted by
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P!'— bubble / P! or Pl —P!, see [1]. It consists in adding
to the P! —P! element one degree of freedom for each
component of the velocity on the barycenters of the cells.
Let b € H'(K) denote a function which takes the value 1
at the barycenter of the reference cell K, vanishes on its
boundary dR and satisfies 0 < b < 1. Such a function is
known as a bubble function. Define the space

Bl = {v € (C°())2, voTk € (B' @span{b})?, VK € 7).

Taking X, = ]P’Il3 and Mj, = P!, the inf-sup constant does
not depend on A which ensures an optimal convergence
rate:

Theorem 6.6 (P} —P! estimates) Let (7,), be a reg-
ular family of meshes which satisfy the geometrical as-
sumption: each element K € 9, has at most one edge
on the boundary of Q. Let X, x My, be the approzima-
tion spaces related to the ]P’llj —P! approzimation. Assume
that the solution (u,p) of the Stokes problem belongs to
(H?*(Q))?> x H'(Q). Then we have the following estimate:

[ —upnll g1 @)+ 1P —Pull2@) < Ch <||”||H2(gz) + ”pHHl(Q)) :

If furthermore the adjoint problem (which is still the
Stokes problem) has the elliptic reqularity property in Q
then

=il < B2 (Jlley + Pl ) -

The P! —bubble / P! were defined by Arnold, Brezzi
and Fortin (1984), see [1], and its analysis relies on the
Clement interpolation operator which satisfies Fortin’s
lemma, hence the finite element satisfies a uniform inf-
sup condition. The mini-element is the simplest stable
element for the Stokes system.

6.2.4 The P2 —P! (Taylor-Hood) element
We consider a simplicial mesh and the P> — P! ele-
ments:

X, ={ve (C°Q))? VK € .7, volx € (P2)*} N(H} (Q))?,

M, ={veC’(Q), VK € 7, voTx € P;} NL§(Q).

We can prove for a quite general simplicial mesh of
that the inf-sup constant f;, does not depend on & which
ensures an optimal convergence rate.

Proposition 6.7 (P> — P! finite elements) Let us as-
sume that each element K €  has at most one edge on
the boundary of Q. The spaces X, and My, satisfy a uni-
form inf-sup condition: the constant Bj, only depends on
the reqularity of the mesh.

The geometrical assumption on the mesh is not re-
strictive.

Proof of Proposition 6.7. Let g, € M, \ {0}. We aim
at proving that there exists C > 0 (which does not depend
on h) and some v, € X;, (which may depend on ¢;,) such
that b

DUan) 5 g2,
Vil )
Step 1. Definition of v;,. For each edge ¢ of the mesh,
we denote T¢ a unit vector of this edge and |o| its length.
The element v, € X}, is uniquely determined by defining
its values at the nodes as follows:

= vy(a) =0 if a is a vertex of the mesh;

= vi(a) = —|6|*16(Vqy - 7o) if a is the middle of an
interior edge O;

= v;(a) =0 if a is the middle of a boundary edge.
Let us note that
=y, is zero on the boundary;

= the definition of v;(a) is consistent if a is the middle
of an interior edge. Indeed the gradient of ¢, is a
priori constant on each element and thus it has no
trace defined on the edges. But since ¢, is continu-
ous through the edge, the tangential gradient of g,
is uniqueley defined on the edge.

We now use the following quadrature formula, which
is valid for the elements in P?: for all = € P?, for all
KeZ,

1
m/Kn(x)dx=

where .# (K) denotes the set of the all the middles of the
edges of K and .(K) denotes the set of the vertices of K
(this formula can be proved on the reference element and
then extended to any element with a change of variables).

‘We thus obtain
- / viVan
Q

- e

- ;;m( )3

cedK\0Q

n(a)
20

Z 717(5(1) B Z

ae M (K) ac.?(K)

b(vi,qn) =

|ol? (Vai- Tc)2> (37)

Step 2. Estimate of [Vg;|. Let K be a triangle. We
consider an affine function on K and denote u; the value
of the function at the vertices M; of K. We aim at
controlling the gradient of u with respect to the terms
u; —uj. For this we can see that the norm of vector pK‘g—z‘
is px (see the definition of pg in Proposition 5.21). Thus
there exists X,Y € K such that
Vu
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We denote {x;}i=123 and {yi}i=123 the (nonnegative!)
barycentric coordinates'? of X and Y in the triangle and
we observe that, since u is affine, we have on the one
hand

uX)—u(Y)=Vu-(X-Y)=px|Vy|

and, on the other hand,

w(X) —u(Y) = Y xiy;(u(M;) —u(M;)) = Y xiy;(ui —uj).
ij ij
By the Jensen inequality,

2 2
PrVul® < X jxy, |2Mi*u.i1 ) )
< uy — | uy — w3 | uz —ug |7
Besides, since we have

(|1 — u3| 4 |uz — ua)?
2\u3—u1|2+2|u2—u3|2,

luy —up|* <
<

the estimate still holds with two terms, up to a constant:
2 2 2
P2 |Vul* < 3|uy —un|* + 3 |ug —us|*.

Step 3. Bound from below for b(vy,qy). Let us go
back to the estimate of b(vy,qy), see Eq. (37). In the last
term,

2 2
o] (V‘Ih'fc)z = |gn(ac) —qn(bs)|
where aq,bs denote the nodes associated to o. Thus

each term |6|* (Vgy - T5)? can be expressed as some

|Qh(a6) - ‘Ih(bc)|2~

Consequently, ag,bg,cx denoting the vertices of K and
assuming that the triangles could have at most one edge

in dQ,
()= )

GeIK\IQ

|G|2 (V‘Ih : 70'>2
can be calculated:
» fKNIQ =0

(*) = lgn(ax) — qn(bx) > + lan(bx) — qn(cx)|*
+gn(ck) — qnlax)®

w if [bK,CK] C &Q,

(x) = lgn(ak) — qu(bx)|* + |gn(ax) — qn(cx)|*

12i e. (x1,x2,x3) is the unique triplet satisfying
= x; >0, for alli=1,2,3,
= X1 +x+x3=1,

n X =x1 M) +x2M +x3M3.

By Step 2, each term Ygeox\ 00 |6> (Vg 75)? can be

bounded from below by Cp,2(|th|2 so that we get the
estimate:

b(vi,gn) = CY IK|pZ|Vanl
K
> CY pxlanlin )
K
> CY hilanlin ) (38)
K

as the mesh is regular.

Step 4. Estimate of ||v;||;1. We choose K € .7 and ¢;
a shape function such that

supp(¢:;) NK # 0.
By Theorem 5.22, page 38,
K2
Pk

Using the definition of v;, we have

Vh = — Z <|G|2TG(V‘I/L : Tcr))) O1(a)

acH (K), aco

19l 1) < C

where I(a) denotes the global numbering of the shape
function associated to a. Combined with Eq. (39) we
obtain

AN

K|, 4 2
Y Cc o'Vl
ac.#(K), aco Pk

"2 2
C|K| p—’;h%( |Vagn|”-
K

2
|vh‘H1(K)

IN

Thus with the regularity property of the mesh,

|Vh|1211(1<) < Ch%( |Qh|1211(1<)
and then

|Vh|12ql(g) < CZh%( \Qh@l(m ‘ (40)
K

Conclusion. Combining Egs. (38) and (40), we have

1
2
>C (Zh%( |Qh|?11(1<>> :
K

Now since g, € M, C H'(Q), its mean value is zero, so
that ¢, € H'(Q) and we have

b(vi,qn)
1Vall 1 ()

2
<Zh%< |‘Ih?-[1(l()> = |gnl 1 (@) = IVanll12(q) = Cllanll 2 )
K

by the Poincaré-Wirthinger inequality (see Theorem
1.20). We finally obtain

b(VhaCIh)

Tl = 112000

Thus the uniform inf-sup condition is proved. |
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Theorem 6.8 (P> —P' estimates) Let (.7,), a regu-
lar family of meshes which satisfy the geometrical as-
sumption: each element K € 9}, has at most one edge
on the boundary of Q. Let X, X M), the approximation
spaces related to the P> —P' approzimation. Assume
that the solution (u,p) of the Stokes problem belongs to
(H3(Q))?> x H*(Q). Then we have the following estimate:

o=ty + 112 = Pl 2y < €2 (g + 1Py -

If furthermore the adjoint problem (which is still the
Stokes problem) has the elliptic regularity property in Q
then

o~ anl2(@ < € (Il @ + Pl )

Proof of Theorem 6.8. The interpolation results for
X, and M, are known: we apply Theorem 5.36, page 42,
with k=2 and m=2 and [ = 1 for the velocity, k=1 and
m=1 and [ =0 for the pressure):

WeH(Q), |v—If

< Ch2 |V|H3(Q) )

H'(Q)

Vpe HX(Q), llp—Iiplizg) < CF plug) -

From Lemma 4.7 combined with Lemma 6.7 (uniform
inf-sup condition), we deduce the convergence of the
method.

From Lemma 4.10 (abstract error estimate) we get

lu—up]lx < (1+”Z|> <1+gh”)d(u,Xh)

16|
+7d(paMh)a
llall llall LRy
o=l < U (1+|£|‘|>§1||+||b’f")d( )
+<1+ﬁh+ﬁha)d(p,Mh).

From these estimates combined with the above global
interpolation estimates, we deduce the error estimate.

The estimate in L?>—norm readily adapts from the
Aubin-Nitsche trick. |

7. Problems

We now investigate the main results of the previ-
ous sections by means of numerical simulations. For
this purpose we use a finite element solver, FreeFem++,
which is developed and maintained in Université Pierre
& Marie Curie and Laboratoire Jacques-Louis Lions [12].
Before focusing on mathematical problems, let us briefly
introduce FreeFem++.

FreeFem++ is a free software designed to compute
the solution of initial- and boundary-value problems for

partial differential equations in 2D or 3D with the finite el-
ement method. Its principle is based upon the discretiza-
tion of a variational formulation and the computation of
the solution of the resulting linear system. Multi-physics
nonlinear problems can be addressed through iterative
schemes that rely on a linear problem to solve at the
basic level.

The requirements for the user are the following ones:

1. define a domain: boundaries can be defined with a
simple parametrization;

2. define a mesh: the number of nodes on each labelled
boundary is sufficient, as the software owns a mesh
generator that is able to produce triangulations;

3. define approximation spaces (P, P!, ]P’tl), P2...);

Remark 7.1 At this point, FreeFem++ defines a
finite element basis which “lives” on the mesh of
the domain.

4. define a variational formulation: this is the most
specific part of the software, as a suitable syntax
is required (note that it is very close to the mathe-
matical formulation).

Remark 7.2 At this point, FreeFem++ owns all
the tools leading to the corresponding discretized
problem: the software functionality consists in build-
ing the matriz and the right-hand side vector asso-
ciated to 1) the bilinear / linear form, 2) the finite
element space.

5. choose a linear solver (optional): FreeFem++ owns
different solvers, such as LU, Cholesky, Crout, CG,
GMRES, UMFPack, sparsesolver. Sparse systems
can be solved with sparsesolver, UMFPACK, GMRES,
whereas full systems can be solved with LU, Crout,
Cholesky. The default choice is sparsesolver
(equivalent to UMFPACK if no sparse solver is defined)
or LU if no sparse solver is available.

= LU is a direct method corresponding to the LU
decomposition method.

= Crout is a direct method for symmetric sys-
tems, based upon the LU decomposition method,
thus using specific properties due to the sym-
metric property of the matrix.

= Cholesky is a direct method for symmetric
positive-definite systems, based upon the LU
decomposition method, thus using specific
properties the matrix leading to a simple de-
composition.

= CG (conjugate gradient method) is an iter-
ative method for symmetric positive-definite
systems.
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= GMRES is an iterative method for sparse sys-
tems (no additional assumption on the struc-
tural properties of the matrix is required). It
is a generalization of the conjugate gradient
method.

= UMFPACK is a direct method for sparse systems
(no additional assumption).

Details (including download, documentation, exam-
ples etc.) can be found on http://www.freefem.org/.

7.1 Analysis of the convergence

Problem. Write a FreeFem++ program to solve a Poisson
problem with P! or P? finite elements. Quantify the error
in H' and L? norms with respect to the mesh size. O

Solution. Define u :=xy(1 —x)(1 —y) and f:=2y(1 —
y) +2x(1 —x). It can be checked that the function u
is the unique variational solution in H}(Q) of —Au =
f in Q =]0,1]>. For a fixed mesh, we may compute
corresponding finite element solution u; and we aim at
estimating ||u —up||;1 and ||u—uyl;2 (note that, for any
h, the error |lu— uy|| should be computed on a fixed very
fine mesh, not on the coarse one). Assume that the error
behaves as

[l —unl| = O (n%),

where o is the order of the method in a chosen norm.
Then we have

log(|u—uy|[) = alog(h) +log(C).

As a consequence, o is numerically determined by iden-
tifying the derivative of the linear function

log(h) - log([lu— ) = crlog(k) + log(C).

Using different values of {h;}; with corresponding values
of {||lu—up]|}i (to be determined by solving the PDE
problem), a linear regression, or a visual inspection, al-
lows us to identify «.

» Let us discuss the P! approximation, see the left-
hand side of Figure 13.

e Numerical results provide the estimate |ju—
up|l;n = O(h). This illustrates Theorem 5.10,
as u € H} (Q)NH*(Q).

e Numerical results provide the estimate ||u—
upl 2 = O(h?): as (P) satisfies the elliptic reg-
ularity property, the Aubin-Nitsche lemma
applies, see Lemma 5.11.

» Let us discuss now the P> approximation, see the
right-hand side of Figure 13.

e Numerical results provide the estimate ||u—
up|g = O(h*). This illustrates Theorem 5.19,
as u € HY (Q)NH*(Q).

e Numerical results provide the estimate |ju—
upll 2 = O(h3): as (P) satisfies the elliptic reg-
ularity property, the Aubin-Nitsche lemma
applies, see Lemma 5.11 and Theorem 5.19.

7.2 Numerical treatment of the boundary conditions

Problem. Let f=1, o >0 and € > 0. Let us consider
the Laplace-Robin problem:

—Autou = f inQ=]0,17,

P
(E){an—i—iu = 0 ondQ.

1. Write the variational formulation of the problem.
Write a FreeFem++ program to solve the problem
with P! or P? finite elements.

2. Discuss the behaviour of the solution of the Robin
problem as € goes to 0.

3. Discuss the behaviour of the solution of the Robin
problem as € goes to oo.

O

Solution. Let us introduce the Laplace-Dirichlet and
Laplace-Neumann problems:

—Autou = f inQ=]01[
(PO){ u = 0 ondQ,
(P.) —Aut+au = f inQ=]0,17,
= Vu-n = 0 ondQ.

At least formally, we may expect that the solution ug of

(Pe)

= converges to the solution of (Py) when € goes to 0,

= converges to the solution of (P.) when € goes to
foo,

Let us use FreeFem++ as a validation tool for the
above formal asymptotics. In that prospect we need to
define the variational formulation of each problem: it will
allow us to define the suitable functional framework of
our problems and it will be the key for the computations
with FreeFem++.
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Figure 13. Problem 7.1 : comparison

. The variational formulations of the problems write:

Find u € H'(Q) such that

(Pe) /Vu Vv+oc/uv+ / V—/fv
for all v € H'(Q),
Find u € H} (Q) such that
(Po) /Vu-Vv—I—Ot/ uv:/fv,
Q Q Q
for all v € H}(Q),
Find u € H'(Q) such that
(Pw) /Vu Vv+(x/ v—/fv

for all v e H! (Q).

Each problem is well-posed (for problem (Pg), use
the continuity of the trace operator for the math-
ematical treatment of the boundary term in the
bilinear form) and we will denote ug, ug and ue the
respective solutions of the problems.

. We fix @ =1 and f =1 for the computations. We

use a mesh 200 x 200 and, in fact, we compute
the error ||ug  — g pl|y1- In the left-hand side of
Figure 14 we observe that, as € goes to 0, ugy
converges to ug j, in H'(Q) at order 1:

lue.p — uopl| gt =~ Ce.

Actually this is how FreeFem++ imposes Dirichlet
boundary conditions! The software considers all
the nodes as unprescribed (including the boundary
nodes). In order to prescribe u = g at the boundary,
the software considers a Robin condition

1 1
Vu- —u= -
u n+£u gg,

e — un|

P2 approximation

1072

—— H! error

-3
10 —=— [2 error

1074 slope 2

10-°

slope 3

1077

2 10—1
h

hﬂ
Q9

between the P! and P? approximations

with a very small value for &: this is a so-called
penalty method, as the Dirichlet condition is mim-
icked by a penalized Robin condition. This also
explains how FreeFem++ is able to compute the
solution of a problem with a non-homogeneous
condition u = g, even if g ¢ H? (0Q).

The numerical results are compatible with the fol-
lowing result:

Proposition 7.3 (From Robin to Dirichlet) Let
ug be the variational solution of the Laplace-Robin
problem (Pg) and let uy be the solution of the Laplace-
Dirichlet problem (Py). Then ue converges to ugy in
H'(Q) as € goes to 0.

Assume furthermore that uy € H*(Q). Moreover
|lug —uo||y1 converges to 0 at least at order 1/2.

Proof of Proposition 7.3.

We first take v =u, as a test function in (P¢) and
we use the Cauchy-Schwarz inequality to deduce
that

2 @ 2 1 a1 2
Vit -5 e [ el < 51171, e >o0.

It follows that the family ue is bounded in H'()
and that the traces Jp(ue) tends to 0 in L?(dQ) as
€ — 0. As a consequence, there exists a subsequence
ug, that weakly converges towards some u in H'()
and moreover, this limit satisfies 9(u) = 0 that is
u€ H}(Q).

Taking now a test function v € H}(Q) in (Pg), the
boundary term disappears and we can easily pass
to the limit as k goes to infinity. It follows that
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Figure 14. Problem 7.2. Illustrations of the convergence in the regimes € — 0 and &€ — oo

u = up, the unique solution of (Py). By Theorem
4.2, we obtain that the whole family u, weakly
converges to ug in H'(Q) as € — 0. It remains to
show the strong convergence.

We set ez = us —ug. We test the equation satisfied
by up by a test function v € H'(Q) and we subtract
the weak formulation of (P¢) to get

' 1
/Ve,g-Vv—i—(x/egv—i—f/ egV
Jo Q € Joo

=—(Vuo-n,v)y1p 1, WE H'(Q).
Taking v = e, as a test function in this last equation,
we obtain
2 2 1 2
[Veell72 + alee]lz> + e ||€e||L2<a)
= —<VM0'n,€8>H71/2’H1/2. (41)

This last quantity converges to 0 since eg weakly
converges to 0 in H'(Q) and the first claim is
proved.

Assume now that ug € H?(), which implies in par-
ticular that Vug-n € L?(dQ), it follows that the
boundary term can be written as an integral in-
stead of duality bracket and can be estimated as
follows

/ Vug-neg
aIQ

1/2 1/2
< ([ vn?) ([ Jesl)
Q Q

€ 2, 1 2
< = Vug-n —i——/ eel”,
> Vo4 [ e

by the Young’s inequality. Using this estimate in

the inequality (41) gives

1 £

2 2 2 2
IVeellzz + orlleellz2 + 5 lleellz gy < 5 lluollz,
and the proof is complete. |

We fix ¢ =1 and f =1 for the computations. We
use a mesh 50 x 50 and we compute the error ||ug  —
uopllpr- In the right-hand side of Figure 14 we
observe that, as € goes to +oo, ug ) converges to
Uey in H'(Q) at order 1:

~

|1111—8

[t 1 — Ueo

The numerical results are compatible with the fol-
lowing result:

Proposition 7.4 (From Robin to Neumann)
Let ug be the variational solution of the Laplace-
Robin problem (Pg) and let u. be the solution of
the Laplace-Neumann problem (Pw). Then ug con-
verges to the solution u. as € goes to +oo. Moreover
||t — ttoo|| 1 converges to 0 at least at order 1.

Proof of Proposition 7.4. We have

1
/Vug-Vv—i—Ot/ MgV"_*/‘ ugv:/fv7
Q Q € Joo Q

for all v e H'(Q). Taking v = ue as a test function,
we get

1
/|Vu8|2+a/u2+f |u£|2:/fu£.
Q JOo € Joo Q
On the one hand,

1 .
Jvuel e [ o [ el > min(t, el
Q Q € JoQ
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and, on the other hand,

[ e <1z el

Thus we obtain the estimate

/12

min(l,a) (42)

el <

Remark 7.5 At this stage, we prove that ug weakly
converges to e in H'(Q). Indeed, {ug} is bounded
in H'(Q), {ue} weakly converges, up to a subse-
quence, to some it € H'(Q). Passing to the limit in
the variational formulation (note that Yo (ue) weakly
converges to Y(it) in L*>(dQ), by continuity of the
trace operator), we get :

/Vﬁ-Vv—i—a/ ﬁv:/fv,
Q Q Q

for allve H'(Q). By uniqueness of the solution of
the Laplace-Neumann problem, il = Ue..

Now defining e, = us — U, we use the variational
formulations of the two problems and, by subtrac-
tion,

1
/VegonJr(x/ 98V+7/ ugv =0, VVGHI(Q).
Q Q € JoQ

Then taking v = e, as a test function, we obtain

1
/We8|2+oc/ egz—f/ Uges.
Q Q € JoQ

On the one hand,

/ |Veg\2+a/ ¢ > min(1, a0)lec||%
Q Q

and, on the other hand,

o [ eee < Sl el
€ 8988_8 ellH! ||€ellg!>
where we have used the Cauchy-Schwarz inequality
and the continuity of the trace operator. Combin-
ing the previous inequalities and the estimate on
|lue]| g1, see Eq. (42), we get

/12

1
< —
leellr < min(1,0)2 €’

which concludes the proof. |

7.3 On a Dirichlet boundary term g ¢ H'/2(0Q)
Problem. Consider the Poisson problem on a unit square
Q =]0,1]%> with a source term f =1 and Dirichlet bound-
ary conditions: for this purpose, we denote I":=]0, 1[x {0}
and consider the problem

—Au = f
u = g

where the boundary data is defined as

ﬂ@{é

We recall that g does not belong to H %(89), see Exer-
cise 1.

Compute the P! finite element solution u;, and discuss
the behaviour of ||u|[;1 as h goes to 0. O

in Q,
on dQ,

ifxerl,
if x e dQ\T.

Solution. Let us define two problems (P()), for i € {0,1}:

DN

with the corresponding boundary terms:

—Au = f
u = gb

in Q,
on dQ,

(0) B 0 ifxerl,
& “){0 if xe dQ\T,
(1) . 0 ifxerl,
& @){1 if x € 9Q\T.

We denote u}to) and ul(ll) the corresponding finite element
solutions, see Figures 15 and 16.

Analysis of Problem (P()). The finite element solu-
tion of (P(?) converges to the unique variational solu-
tion 49 € H}(Q), since f € L*(Q) (actually, f € H™'(Q)
would be sufficient). In our case, the domain being polyg-
onal and convex, we may even prove that u(®) € H?(Q).
As a consequence, if we use P! finite elements, ”20>
strongly converges to u(®) in H'(Q) at order 1. Figure 17

illustrates the convergence of HuE,O)HHl to [|ul® ||

Analysis of Problem (P()). The behaviour of the fi-
nite element solution of (P()) is quite different: indeed

g ¢ H? (dQ) and thus the lift operator cannot be ap-
plied. Actually the discrete linear problem is well-posed

(1)

but the finite element solution u, ’ does not converge to

an element in H'(Q): problem (P(")) admits no solution
in H!'(Q). In particular singularities concentrate at the
corners (0,0) and (0,1), which means that the gradient
locally explodes, see Figure 16. Figure 17 illustrates the
divergence of Hulgl) lz1, as the limit of ugll)
to H'(Q).

does not belong

These computations provide an example of the critical
assumptions on the non-homogeneous boundary term:
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(1) (2)
Figure 15. (1) finite element solution uglo) and (2) finite element solution uél). In both cases the mesh size is
h=2-10"3 and the solution is computed with P! finite elements.

0

(1) (2)
Figure 16. (1) x — ||Vu§lo) (x)|]2 and (2) x+— ||Vu§ll)(x)||2. In both cases the mesh size is A =2-107 and the solution
is computed with P! finite elements.
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Figure 17. Problem 7.3. Influence of the regularity of the boundary data.

if g does not belong to H%(8Q) then the lift operator
cannot be used in order to settle a classical variational
formulation in H'(Q), see Section 2.2.

7.4 Compatibility conditions in PDE
Problem. Solve with FreeFem++ the Poisson-Neumann
problem:

—Au = f inQ=]0,17,
Vu-n = g ondQ.
with f € L2(Q) and g € H 2 (9Q). O

Solution.

Mathematical framework. The mathematical frame-
work and the analysis of the problem are required before
thinking about writing a FreeFem++ solver for this prob-
lem. The mathematical analysis was done in section 2.
In this problem, we recall the two main issues:

= The well-posedness requires the (necessary) com-

patibility condition:

/Qf+<g71> 1

H 2H2

—0. (43)

= The solution cannot be unique in H'(Q): we may
add any constant to a solution, thus defining an-
other solution. In order to select a unique solution
(thus fixing the constant) we impose

/u:O7
Q

hence dealing with the functional space H'(Q).

(44)

Thus the variational formulation writes

Find u € A'(Q) such that

(P) /QVu-Vv:/va—Hg,v)
for all ve H'(Q)

)

11
H 2.H2

which is a well-posed problem under the compatibility
condition of Eq. (43).

How to deal with the constraint in the functional
space? Basically the main idea consists in fixing the
constant which is equivalent to providing some coercivity
to the problem. Instead of solving problem (P), we may
solve a penalized version of the problem:

Find ue € H'(Q) such that

(Pe) /VMg'VV+£/MgV:/fV+<g,V>
Q Q Q
for all v e H'(Q),

)

=
=

H 2H

which is the variational formulation of problem

£ in Q=017

7Al/lg + Eue =
on JdQ.

Vug-n = g

In problem (P¢), the functional framework relies on H' (Q)
(and not A'(Q)) as the mean value of the solution is not
necessarily zero). Note that, under the compatibility
assumption, by taking v=1 as a test function we have

S/ng:/nger(g,v)Hf%,H% =0.

Thus the approximate solution u, has also zero mean
value (this property emerges from the compatibility con-
dition, it is not imposed by the functional framework).
We now may prove the following:
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Proposition 7.6 (Convergence) Let f € L*(Q) and

g€ H_%@Q). Assume that the compatibility condition
(43) is satisfied. Let ue be the variational solution of the
Laplace-Neumann problem (Pg) and let u be the solution
of the Poisson-Neumann problem (P). Then ug converges
to u as € goes to 0. Moreover ||ug —ul|y1 converges to 0
at least at order 1.

Proof of Proposition 7.6.

Bound for [ug|;1q). We observe that ue € H'(Q) for
each € and we recall that, by the Poincaré-Wirtinger
inequality, see Theorem 1.20, page 5, |-[;1(q) is a norm

on H'(Q). Taking v = ue as a test function in (Pg) yields

Hf||L2(Q)||”eHL2(Q)

+Cylell, -y,

2
|“8|H1(Q) +eH”£”iZ(Q) <

Q) HMEHHI(Q)v

where we have used the Cauchy-Schwarz inequality and
the continuity of the trace operator. Thus, we have
2 2 2

luel11 () lueli1(0) +€||“s||Lz(Q)

([1f1122(Q) +C llgllH_% o)

IN A

)ue| 1 Q)

IN

C|u8|H1(Q) )

where C only depends on f, g, 1 and Q. Thus {ug} is
bounded in H'(Q).

Estimate for e; := ug —u. In the variational formulation
of problem (P), thanks to the compatibility condition,
test functions can be taken in H'!(Q) and not only H'(Q),
see Section 2.2. Thus we have, for all v € H'(Q):

/Vl/lg'vv + 8/1,{81) —
Q Q

/Vu~Vv
Q

[+,

H 2.H

/va+ <g’v>H*%.H%

)

D=
D=

)

and, taking the difference,
/ Ve£~Vv—|—£/ ugv =0, Yve H'(Q).
Q Q

Note that e. € H'(Q) for each €. Then taking v = e, in
the above equation, we get

—€ [queee
€lluell 2o lleellr2 (o)
elluell (o lleellm )

2
leclin o)

IANIA

by the Cauchy-Schwarz inequality. Then using the bound-
edness of {ug} and the equivalence of |-|;1(q) and || || 1)
on H'(Q), we obtain

lee|yi(q) < Cé,

where C only depends on f, g, 1 and Q. |

Thus, in practical computations with FreeFem++, we
may solve (P¢) with e.g. &= 1075 it is sufficient to

ensure the stability of the computations and Proposition
7.6 guarantees that the penalized solution is close to the
exact solution. But we should be very careful with the
compatibility condition:

= if the compatibility condition is not satisfied, taking
too small values of € in the penalized problem does
not work: as € goes to 0, the limit problem is ill-
posed (recall that the compatibility condition is a
necessary condition for the well-posedness of (P));

= the compatibility condition has to be satisfied at
the discrete level as well: thus, the projections of
the data f and g over the finite element spaces
have to be done carefully.

Figure 18 was obtained with FreeFem++ computations
by solving the Poisson-Neumann problem (in fact, the
penalized version with € = 107®) on the unit square in
two situations:

1. By choosing

f(-xay) :07
and
x(1—x), on]0,1[x{0},
07 on {0} ]071[5
glxy) = —x(1—x), on ]0,1>[<><{1},
0, on {1}x]0,1],

the compatibility condition is satisfied and we ob-
tained the (penalized) solution of our problem.

2. Replacing f =0 by f =1, the compatibility condi-
tion is not satisfied anymore and FreeFem++ pro-
vides a nonsense solution with an amplitude of
10*3: when ¢ is small, the L”—norm of the (penal-
ized) solution behaves as €~! illustrating the fact
that the limit problem is ill-posed.

7.5 Lack of regularity and error estimates
Problem. Let Q =]0,1[?, (x0,y0) € . The source term
and the boundary conditions are chosen so as

2IR

u(x,y) = ((x—=x0)*+ (y—0)*)
is the solution of the Poisson problem.

1. Prove that the regularity of u critically depends
on a:

H'(Q), ifo<a<l,
uel H*(Q), ifl<a<2,
H3(Q), if2<a.
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(1)

1.009250e+08

1.009240e+08

Figure 18. Solution of the Poisson-Neumann problem by penalization: (1) the compatibility condition is satisfied;

(2) the compatibility condition is not satisfied.

2. Using FreeFem++, discuss the convergence rate of
the approximations obtained by the P! or P? finite
element method, depending on the value of «.

Solution.

1. For the sake of simplicity (and without loss of
generality), we consider Q = #4(0,1) (the unit ball)
and (xp,y0) = (0,0). Let us compute the derivatives
of the function and their related L? integrability.

= At order 0, we have

a
2

u(x,y) = (* +°)

and, as a consequence,

m 1 1
/ u? = / / % rdrdg = 27r/ ot ldr,
2(0,1) o Jo 0

Note that r+ %1 € L1(0,1) if, and only if,
2004+1> —1.

As a conclusion, u € L*(%(0,1)) if, and only
if, . > —1.

= At order 1, we have

N

du(x,y) = ox(x+y?)27"
dulx,y) = ay(x*+y*)2!

)|

IR

and, as a consequence,

2n 1
/ Vo> = 062/ / %2 rdrde
2(0,1) 0 Jo

= 271'062/ 2214y,
0

Note that r+ 2%~ 1 € L1(0,1) if, and only if,
200—1> —1.

As a conclusion, u € H'(%(0,1)) if, and only
if, a > 0.

At order 2, we have

duu(x,y) = a(x?+)y?):!

ta(a—2)x2(x2+y*) %2,
dyu(x,y) = a(a—2)uxy(2+y*)272,
dyu(x,y) = a(x2+y2)%_1

+o(a—2)y2 (2 +y?) 52

and
Oyxlt = Oxylt.

Then, computing (duu)?, (dyu)?, (dyu)?, in-
tegrating over %(0,1) and using the change
of coordinates (x,y) = (rcos0,rsin8), we get

1
J I Y N
2(0,1) 0
/ yaxyu}z Cz/ % 3dr,
(0,1 0

1
> = C / 243 4r
[%(0,1)| yy | 3 0

with
2n
c = 2na2+a2(a—2)2/ cos*0de
0
2r
—|-062(Ot—2)/ cos®6de,
v
= az(a—z)Z/ cos? 0 sin” 0.6,
0
2n
G = 27ra2+a2(a—2)2/ sin*6.do
0
2n
+a2(a—2)/ sin’0.d6.
0
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Note that r+ %3 € L1(0,1) if, and only if,

20-3> —1.
As a conclusion, u € H*(%(0,1)) if, and only
if, a > 1.

= At order 3, we have

24 (o —4)y2x(x2 +y2) 53

2)§-3

).
=Co (y(x2+y )22+ (o — 4)2y (3% +y? %f3>
)
)

oo —2), and

Oyxxll = Oxyult = Oyt Oryylh = Oyt = Oyt

Then, computing (axxxu)zv (axxy“)zv (ayyxu)za

(dyyyit)?, integrating over (0, 1) and using the
change of coordinates (x,y) = (rcos,rsin0),
we get

1
C / r* 3 dr,
JO

[l =

J#(0,1) 1

Cé/ r?*=3dr,
0

2 —
[t = ]

2 / 20-5
/L%(0’1)|8yyxu| = C3/0 r dr,

1
dmul® = C'/ rm_sdr,
/%(071)| yyy | 4 0

where le denotes a constant!®. Note that r+—
23 ¢ L1(0,1) if, and only if, 20 —5 > —1.

As a conclusion, u € H3(%(0,
if, a > 2.

1)) if, and only

2. Figure 19 represents the solution for different values

of a. In particular the behaviour of the solution
near the point (0.5,0.5) illustrates the regularity
issue that has been discussed above.

Bwith
c = c (9[02”00526d6+((x74)2 " cos® 6d6
+6(00—4) [2F cos* ede) 7
¢, = G (fOZ” sin® d6 + (a —4)2 [ cos* 6 sin® 646
+(a—4) fo cos? 6 sin® 9d9> ,
¢, = (fo cos20d0 + (o — 4)? [ sin* 0 cos? 0O
+(a—4) " cos? 6 sin 9d9) ,
c = C3 (9437 5in? 06 + (a —4)% [ sin 646

+6(a—4) [2 sin* eae) ‘

Let us focus on the numerical computation of the
solution. By Lemma 4.1 and the approximabil-
ity property of P! and P? with respect to H'(Q),
the numerical solution u; converges to the exact
solution u in H'(Q). But what is the rate of con-
vergence?

Theorem 5.10 states that the P! method converges
at first order in H', provided the solution is at least
H>.

Theorem 5.19 states that the P> method converges
at second order in H', provided the solution is at
least H3.

The convergence in the L? norm illustrates Theo-
rem 5.11 when u € H*(Q). Note that the adjoint
problem is identical to the initial problem by sym-
metry of the bilinear form so that it satisfies the
elliptic reqularity property since the domain Q is
convex.

Focusing on the error in the H' norm, Figure 20
illustrates the above theorems by observing the
numerical orders of convergence for ¢ = 0.5, 1.5
and 2.5. Optimality of the finite element method
is achieved with the P' elements for o = 1.5 and
o =2.5 (with a numerical order that is close to 1)
but not for o« = 0.5: in this case the convergence is
suboptimal because the solution does not belong
to H%. Optimality of the finite element method is
achieved with the P? elements for @ = 2.5 (with
a numerical order that is close to 2) but not for
a=0.5 and o = 1.5: in these cases the convergence
is suboptimal because the solution does not belong
to H>. Similar observations can be led with the L?
analysis.

7.6 Finite elements for the Stokes system
Problem. Write a FreeFem++ program to investigate the
finite element method applied to the Stokes problem. [

Solution. The major issue discussed in Section 6, is
whether or not the couple of approximation spaces chosen
for a variationnal problem in mixed form satisfies the
(uniform) inf-sup condition at the discrete level. In order
to get well-posedness of the discretized Stokes problem,
the functional spaces X, and M), (for the velocity and
pressure, respectively) should indeed satisfy the inf-sup
condition. Figures 21 to 23 exhibit the numerical solution
of a Stokes problem with different approximation spaces.

Consider the domain Q =]0,1[*> and # denotes the
ball of center (0.5,0.5) and radius r =0.25 and define the
components of the source term f as fj = f, =50 x 14.
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(a)
Figure 19. Function u: (x,y) — ((x—0.5)2+ (y—0.5)%) % for different values of a: (a) & =0.5, (¢) a = 1.5,
(c) a=225.

We consider the (variational) Stokes problem:

Find (u,p) € (H}(Q))? x L3(Q) such that

/QVu:Vv—/pdiV(v) = /Qf-v,

gdiv(u) = 0,
Q
for all (v,q) € (H}(Q))? x L3(Q).

In order to illustrate the influence of the choice of the
approximation spaces, we use a structured mesh!'?.

= Figure 21 deals with P' — P finite elements: the
locking effect is illustrated, see Proposition 6.2, as
the numerical velocity field is 0, which evidences
the failure of the approximation.

= Figure 22 deals with P' —P! finite elements: the
checkerboard effect on the pressure field is illus-
trated. In particular, spurious oscillations strongly
depend on the mesh size, producing an unrealistic
pressure field. The P! — P! finite elements have the
same drawback as the Q' —P? finite elements for
which the checkerboard effect has been proved, see
Proposition 6.3.

= Figure 23 deals with ]P’é — P! finite elements, which
are inf-sup stable.

» Figure 24 deals with P> —P! finite elements, which
are also inf-sup stable. Besides, these finite el-
ements are more precise than the P} —P! finite
elements. As a consequence, as the exact solu-
tion is regular, the numerical simulation provides
a better approximation at fixed size mesh.

O

4 The locking effect associated to the P! —P? finite elements is
proved under the assumption of a structured triangular mesh, see
Proposition 6.2, page 46.

(b) (c

7.7 Uzawa algorithm for saddle-point problems
Problem. Consider a domain Q and a subdomain % C Q.
Let f € L*(Q). Define

J(v) ::%/Q|Vu|2+%/guz—/gfv,

v:{veHl(Q), /ﬂv:O}.

Solve with FreeFem++ the minimization problem:

Find u € V such that
J(u) = minJ(v).
veV

O

Solution. This problem is the application of Example 1
developped in Section 3. By the Lax-Milgram theorem,
the minimization problem is equivalent to a variational
formulation associated to the functional space V. From
the numerical point of view, dealing with V is difficult
because we cannot build finite elements in a finite di-
mensional subspace of V, because of the constraint. Nev-
ertheless, the solution u of the minimization problem is
the first component of the solution of the saddle-point
problem:

Find (u,A) € H'(Q) x R such that

@ /QVu-VH—/QuH—k/v = /va,
il u =0,

¥
for all (v,u) € H'(Q) x R.

We can prove that problem (Q) is well-posed (see Sub-
section 3.3). The main advantage of this formulation is
that (Q) is now a problem without constraint.

Uzawa algorithm. From the numerical point of view,
the solution of the (discretized version of the) saddle-
point problem can be defined by solving directly the
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a =0.5 - P! approximation a = 0.5 - P? approximation
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Figure 20. Error analysis of the finite element method in H' and L? for various regularity of the exact solution.
From top to bottom a =0.5, = 1.5, and o =2.5.
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2)
Figure 21. Numerical solution of the Stokes system with P! — PV finite elements. Velocity field and pressure field for
1) h=0.067 and 2) h = 0.020.
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Figure 22. Numerical solution of the Stokes system with P! — P! finite elements. Velocity field and pressure field for
1) h=0.067 and 2) h = 0.020.



Introduccién al método de los elementos finitos 67

[N
N

Lo T U
o

N
1N

©
~

VVHVlm\VHv\ C
o
N

0.0

N C
o
D

oo [
(@]
N

o
o

2)
Figure 23. Numerical solution of the Stokes system with IP’é — P! finite elements. Velocity field and pressure field for
1) h=0.067 and 2) h = 0.020.
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Figure 24. Numerical solution of the Stokes system with P> — P! finite elements. Velocity field and pressure field for
1) h=0.067 and 2) h = 0.020.
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corresponding linear system. However, by nature, this
linear system does not have a nice symmetric definite
positive structure for which efficient solver can be used.
That is the reason why many specific iterative algorithms
have been developed in the literature to solve such linear
systems.

Here we present one of those alternative methods,
which is iterative: for each iteration, a first step only
requires to solve the elliptic contribution of the problem
and then a second step consists in updating the Lagrange
multiplier. The Uzawa algorithm is often used to solve
saddle-point problems. In the literature it is often pre-
sented in a finite dimensional framework but it makes
sense also in the infinite dimensional framework: if a
solution exists, then the algorithm converges! Let us
present the algorithm in different forms.

= Abstract problem. Let X and M be Hilbert
spaces, a(+,-) a continuous bilinear form on X x X, b
a continuous bilinear form on X x M. For all L € X',
for all G € M’, we aim at solving the variational
problem

Find (u, p) € X x M such that
a(u,v)+b(v,p) = L(v),
b(u,q) = Glq),
for all (v,q) € X x M.

Then, for a given parameter p > 0, the Uzawa
algorithm writes:

Choose p° € M.
for n=0,...,+oo

1. Solve the elliptic problem
Find u"*! € X such that
a(u™!,v) =L(v) = b(v,p"),
for all ve X.

2. Update the Lagrange multiplier
Find p"*! € M such that

(P q9) = (p"q) +p (b, q) - G(q)),
for all g € M.

enddo

= Operators. Defining A: X — X" as (Au,-)y y =
a(u,-) and B:X — M as (Bv,-)yy = b(v,-), the
formulation is equivalent to

Find (u,p) € X x M such that
Au+B'p = L,
Bu = G,

where B’ : M — X' is the adjoint operator of B, the
bidual of M being identified to M itself. Then the
Uzawa algorithm writes:

Choose p® € M.
forn=0,..., 400

1. Solve for the principal unknown:
Find u"*! € X such that
Auttl :L—B/pn,

2. Update the Lagrange multiplier:
Define p"*! € M by

{ pn+l :p”—i—p(Bu"‘H —G).

enddo

Proposition 7.7 (Uzawa algorithm) Assume that the
saddle-point problem admits a solution. Then the se-
quence {u"} defined by the Uzawa algorithm converges to
the solution of the corresponding minimization problem
if

20

1B]]*”

where o is the coercivity constant of a(-,-).

0<p<

Proof of Proposition 7.7. We have

pn+] — pn + p(Bbtth] —G),
p = p + pBu-G),
hence
P —p=p"—p+pB"" —u).
Then
P = pll3 . 1

(
)
= |Ip"—pli}+2p gB’(p" —p), ™ —u)y

= "l —2p (A" —u),u —u
+p% (B! — )|
lp" = pl3 —pQa—p|B?)|u"" —ull%.

Thus if the condition on p is satisfied, the series
Yol —
n

is convergent. As a consequence, {u"} converges to u.
The equation satisfied by p" — p is thus

B/(pn _p) _ _A(un+l —I/l),

X

IN

which gives, for any v € X
b(p" —p,v) = —a(@"™" —u,v) < fall|u" " —ull||]
By the inf-sup condition we obtain

b(pn _pav)
Blip" = pll < o T el = ull,
ve

and the convergence of p" to p is proved. |

In practice, the algorithm stops running when an
error criterion on the Lagrange multiplier is met.

Application. Let us apply the Uzawa algorithm to our
problem. It reads
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Define =0
for n=0,...,4o0

1. Solve the problem
Find "t e H( 1

/Vu"+1 Vv+/

) such that
ly = / fv—A" / v,
Q B
for all ve H'(
2. Solve the problem

Find A"*! € R such that
Antl :ln+p/ !
B

enddo

Let us compute the range of admissible values for
the Uzawa parameter p in our constrained problem. For
the sake of simplicity, we assume that Q =]0,1[>. The
coercivity constant is & = 1. Then, for all u € H'(Q),

Bu|=‘/ u
B

1 1
< /%Iu\ < |21 ull 2@ < 1212 ull g o)

so that B |
u 1
IB|| := sup <|2>.
wer' (@) 14l (@
Moreover, taking i# =1 yields
Bii B
18112
HWM() Q2

Thus,

w if |B] =1 (ie. if Z=0Q), then the bound is obvi-
ously attained and

1B]| = 1.

v if |[B| < 1, we have
1B]l = |1,
which is consistent with the case | 8| = 1.

Then the Uzawa parameter should be chosen as

0<p <Pmax:i=—37.
||
Numerical results. Let us present some numerical
simulations: £ is the disk of center (0.5,0.5) and radius
r=0.2. We define the source term as

B 1, if (x,y) € A,
f(x’y>—{ 1, if (ry) € 2.
In practice the Uzawa algorithm stops running when
the user estimates that convergence of {A"} has been

numerically reached. Thus we define for instance tol =
1078 and the computations will stop as soon as

M”H —l”‘ < tol,

or, alternatively,

M{nJrl _}Ln‘
—F < tol

in which case the stopping test addresses the numerical
constraint ||Bu" — G||.

= Choosing

pmax
2

the algorithm converges and produces the numer-
ical solution (up,A;) where uy, is represented on
Figure 25 and A, = —5.25807. Actually, with our
fixed tolerance and our choice for p, the algorithm
converges in 11 iterations and, in the end, satisfies
Jpun =5.86- 10~ which is quite satisfactory.

p_

= As it was outlined the choice of p has a critical im-
pact on the behaviour of the algorithm. Figure 26
exhibits the behaviour of the sequence {A"} for var-
ious values of the Uzawa parameter: for p > pmax,
the method does not converge. For p < pyux the
method converges but the choice of p critically
rules the the rate of convergence: it is optimal for
p = 0.5 ppax whereas it is deteriorated when too
small or too close to Pygy-

Remark 7.8 The Stokes problem can be solved itera-
tively with the Uzawa algorithm: the elliptic part reduces
to a vector Laplace problem (for which all the compo-
nent of the velocity can be uncoupled) whereas the update
of the Lagrange multiplier (the pressure field) reduces
to a simple computation. Let Q be a bounded domain,
f € L*(Q) and consider the Stokes problem:

Find (u,p) €
/ Vu:Vv—
Q

(H}(Q))? x L3(Q) such that

/pdiv(v) /Qf-v7

quiv(u) = 0,
(Hy (Q))* x L(Q).

for all (v,q) €

Then the Uzawa algorithm writes:

Choose p’ = 0.
forn=0,.. 4o

1. Solve the elliptic problem
Find u™' € (H}(Q))? such that

Qv uth vv—/gp"div(v)+/gf-v,
for all v € (H}(Q))2.

2. Update the Lagrange multiplier
Find p"*' € L*(Q) such that

/17"“61:/17"qu/qdiV(u"“),
Q Q
for all g € L*(Q).

enddo
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Figure 25. Solution of the saddle-point problem with the Uzawa algorithm. The solution u;, numerically satisfies

logerror

-15t \0\* .

2070 20 30 40 50 60 70 80
ITERATION

Figure 26. Convergence of the Lagrange multiplier with the Uzawa algorithm for different values of p.
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Notice that the initialization p° =0 guarantees that
the Lagrange multiplier has zero mean value at each time
step: choosing g =1 as a test function, we get by the
Lagrange multiplier equation

/pn+1:/pn_p/div(un+l)
Q Q Q
:/pn_p/ u”+1~n
Q aQ
=/p",
Q

hence the property inherited from the initialization step.
O

7.8 A fluid-structure interaction problem

Problem. We aim at describing the interaction between
a rigid particle and an incompressible Newtonian fluid.
Let Q be the unit square in R?. Let B(t) C Q a rigid
particle with a center of mass xp(;), angular position 6.
Inertial effects are neglected, which leads us to consider
the instantaneous equilibrium of forces within the fluid
and for the particle. Thus, at each time ¢, we consider
the Stokes equations in the fluid domain:

—diveuD(w) —pl) = fi in ©\B(),
(FSIy) diviu) = 0 in Q\B(r),
u = U" on dB(t).

Here pu denotes the fluid viscosity and f;:= —prge, de-
notes the gravity force exerted on the fluid (with density
pr). D(u) := %(Vu—i— (Vu)") is the strain tensor. The
boundary condition at the fluid-particle interface dB(r)
is a no-slip condition: the particle has a rigid move-
ment which is decomposed into a translational movement
(with translational velocity U) and a rotational movement
(with rotational velocity w),
U'(t,x) =U(t) + o(t)(x—xpp) ", >0, x€dB(r).

The translational and rotational velocities are a priori
unknown. We use the notation x* = (—x3,x;). The fluid-
structure interaction emerges from the coupling with
the Newton equation which expresses the instantaneous
equilibrium of the forces applied to the particle:

/Bfg—/aBG.n = 0,

(ESL)
/(x—xB)L -fB—/ (x—xp)"-(om) = O

B 9B

where o :=2uD(u) — pI is the total stress tensor for
a Newtonian fluid. Here fp denotes the external non-
hydrodynamical forces exerted on the particle. In our
case we restrict our study to the gravity forces: fp:=
—ppg(0,1), where pp is the density of the particle. Let

us recall that buoyancy denotes the power to float or rise
in a fluid; therefore a particle is said buoyant if pg # pr
and neutrally buoyant if pp = py.

1. Compute the instantaneous velocity field generated
by the inclusion of a rigid sphere in the fluid.

2. Compute the dynamics of a buoyant sphere in a
fluid at rest.

3. Compute the dynamics of a neutrally buoyant el-
lipsoid in a linear shear flow.

O

Solution. We present a fictitious domain approach that
allows us to address the fluid-structure interaction prob-
lem.

“Direct” formulation of the problem. The computa-
tional method that we propose is based upon a fictitious
domain approach: the velocity field u and the pressure
field p, defined on Q\ B are extended over Q by

u(t,x) = U(t)—i—a)(t)(x—xB(,))J-, on B(t),
p(t,x) = 0, on B(t).

The extension of p follows from the fact that the pressure
field is the Lagrange multiplier associated to the incom-
pressibility condition. Note that if u describes a rigid
movement, then it is divergence free, hence the extention
by O for the associated pressure field is natural.

We introduce the functional spaces:

Xg = {ue(H}(Q))? IU,0) e R? xR,
u(x) =U+o(x—xp)*" a.e. in B},
Mg = {peL}(Q), p=0ae. in B}

We introduce the source term

f=filg\g+ /815

By the forthcoming Proposition 7.9, the fluid flow is
determined as the solution of the variational problem:

[
0,

Find (u, p) € Kp X Mp such that
2[.L/ D(u) :]D)(v)—/ pdiv(v)
Q

(F)

qdiv(u)
Q
for all (v,q) € K x Mp.

Proposition 7.9 Let (u,p) € (H}(Q))* x L3(Q). Assume
that the restriction to Q\ B of (u,p) belongs to (H*(Q\
B))> x H'(Q\B). Then (u,p) is a solution of Equa-
tions (FSIy) — (FSI,) if, and only if, (u,p) is a solution
of problem (F).

The dynamics of the rigid particle is described by:
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t,x)dx

d B _ A([) pBu( ,)C)

E.XB(t) = U(t) = /—dx,
50) PB

| ppultx)- (x—xu) v
B(t)

93(,) = C()(l) =

a [ Pl P dx
B(r)

The computational method relies on the computa-
tion of the solution, at a given time, of the variational
problem (F) which determines the flow generated by the
inclusion of the particle and, then update the position of
the particle by solving (P) (with an explicit Euler scheme,
for instance). Thus let us focus on the computation of
the solution of problem (F).

Remark 7.10 For the sake of simplicity (and without
any consequences on the velocity field) we may replace
the source term modelling the gravity

f=fillg\g+ fels

by a source term modelling the buoyancy only:
f=f—fi=(fz— 1)1z

Penalized formulation of problem (F). Solving prob-
lem (F) with a finite element solver is not easy: the ele-
ments should belong to the constrained functional spaces.
Moreover, as the rigid domain may evolve in time, so do
the constraints. As a consequence, a finite element basis
should be built at each time step, which is prohibitive! In
order to avoid these difficulties, we may use an approxi-
mation method which consists in relaxing the constraints
in the functional spaces, thus leading to the possibility of
using standard finite element solvers. In the variational
formulation, the relaxation of the constraints should be
associated with the introduction of integrals which tend
to mimick / impose the constraint on the solution: this
additional term is called a penalty term.

Let us introduce another characterization of the rigid
movement:

Proposition 7.11 We have
Xp = {uc (H}(Q))? D(u)=0 a.e. in B}.

Roughly speaking, the above proposition states that rigid
movements do not deform the domain (as D(u) is the
deformation tensor).

The penalty method applied to the variational for-
mulation leads to the following problem:

Find (ue, pe) € (HY(Q))? x L3(Q) such that
2;1/9}1)(%):@@)%/3@(%) D)
/f'va
Q
quiv(ug) = 0,
for all (v,q) € (H} (Q))> x L3(Q).

— [ pediv(v) =

Roughly speaking, the penalty term %fB]D)(ug) :D(v)
ensures that when € tends to 0, then D(ug) tends to 0
on B, thus satisfying the constraint in the asymptotic
regime. It means also that rigid domains are modelled
as highly viscous domains (with viscosity 1/€).

It is possible to prove the following result:

Proposition 7.12 Let (u,p) be the solution of (F) and
let (ug, pe) be the solution of (Fe¢). Then

l[u—ue |1 () = O(€).

From the computational point of view, it is possible to use
a standard finite element solver to compute the solution
of (Fg). This approach does not require mesh adaptation
techniques: a fixed (structured or unstructured) mesh
can be used.

Algorithm for the dynamics of a rigid particle in a
fluid. The dynamics of a particle which evolves in a fluid
has been modelled by a strongly coupled fluid-structure
interaction problem: we aim at solving problems (F)
and (P). Let us describe how to handle this coupled
problem with the computational aspects. Problem (P) is
solved using an explicit Euler scheme but requires the
knowledge of the instantaneous velocity field generated
by the inclusion of the rigid particle, hence the solution
of problem (F). As it was outlined, problem (F) can be
solved with the penalty formulation or the saddle-point
formulation. We present the algorithm with the penalty
method (the adaptation for the saddle-point formulation
is straightforward).

Assume that the position of a particle is known at
time #,. We aim at computing the velocity field in the
fluid at time 1, and update the position of the particle at
time t,+1 =1, +Ar. The computational process writes:

Step 0 (initialization). The position of the cen-
ter of mass x} = xg(t,) and angle 6 = 0p(1,) are
known. The rigid domain

B" :=B(t,)

is completely characterized by xj, 65 and the geo-
metrical properties of the particle.

Step 1. Define the generalized viscosity and the
source term:

1
‘LLn = MIQ\BH + EIBH, f”' = (f n 7ff) 1p.
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Step 2. Solve (the penalized version of) prob-
lem (F):

Find (u",p") € (H}(Q))? x L§(Q) such that
/QZ[J"JD)(u”) :D(v) —/ pldiviv) = /Qf”-v,
quiv(u") = 0,
for all (v,q) € (H}(Q))* x L3(Q).

Note that the definition of u” leads to write the
penalized problem as

/QZ/J”ID)(u) :D(v)
2
€

ZZ[J/Q]D)(M) :D(v)+ = BnD(u) :D(v).

Note also that the above problem can be used with
a standard finite element solver.

Step 3. Solve problem (P) with an explicit Euler
scheme:

= Compute the translational and rotational ve-
locities of the particle at time ¢,:

B"

|, pallx—xmn|Pax

= Update the position of the particle:

A =AU, O = 0p+ Ao,

. Inclusion of a rigid sphere in a fluid. We con-

sider the domain Q =)0, 1[*> which divides into two
(moving) subdomains: a part is occupied by an
incompressible Newtonian fluid (viscosity pu = 1)
and the other part is a rigid sphere (radius 0.1)
at (x%,y°) = (0.5,0.8). The sphere is not neutrally
buoyant (pp = 1.0, pr=0.1). The instantaneous ve-
locity field generated by the inclusion of the sphere
may be computed by using the penalized formula-
tion of the problem. In the penalized formulation,
a generalized Stokes problem is solved at each time
step. This requires the use of finite elements that
are inf-sup stable. In that prospect we use ]P’tl) —P!
finite elements. Note that it is no worth using
P2 — P! elements in order to increase the accuracy
of the solution: the extension of the velocity field
from Q\ B to Q is not in H>(Q). Actually the veloc-
ity field is not even in H?*(Q) (at the fluid-particle

interface, the velocity field is continuous but its
gradient admits a jump discontinuity through the
interface). As a consequence, higher order finite
elements would increase the computational costs
without additional accuracy. Nevertheless the anal-
ysis guarantees that, by using the mini element,
the numerical solution converges to the exact so-
lution with a suboptimal order of convergence (in
order to guarantee a convergence rate of order 1,
the solution should be in H?, see Theorem 6.6).
Figure 27 presents the velocity field generated by
a rigid sphere of radius r = 0.1 and coordinates
(0.5,0.6). The sphere is not neutrally buoyant

(pB > py).

. Sedimentation of a rigid sphere in a fluid at rest, see

Section 8, Program 8.2. We consider the domain
Q =]0,1[*> made of an incompressible Newtonian
fluid and a rigid sphere of radius 0.1 with a center
of mass located at (0.5,0.8). The sphere is not
neutrally buoyant (pp > pf) so that it is expected
that the sphere falls down to the ground. By a
symmetry argument, if the initial position of the
sphere is symmetric with respect to the axis x =0.5
then the sphere falls along this axis with a zero an-
gular velocity. As a consequence we only compute
the translational velocity in order to update the
position of the sphere. We compute the solution
of the penalized version of the fluid-structure in-
teraction problem with ]I”]l3 — P! finite elements on
a 100 x 100 structured mesh. The fall of a rigid
sphere in a fluid at rest is reproduced in Figure 28.

. Rotating ellipsoid in a linear shear flow, see Sec-

tion 8, Section 8.8, Program 8.3. We consider the
domain Q =]0,1[2. A linear shear flow may be
described by the velocity profile

) =(1-2) g ).

which is obtained by solving the Stokes equations
in Q with the boundary conditions

u(+,0)=+1, ony=0,
u(,1)=—1, ony=1,

and periodic conditions with respect to x. Consider
an ellipsoid (with half semi-axes 0.1 and 0.25) which
is neutrally buoyant (i.e. pgp = pf). When inserting
the ellipsoid in the shear flow, the velocity profile in
the fluid is modified and, as a result, the backflow
produces a movement of the ellipsoid. We expect
that, if the center of mass is initially located at
(0.5,0.5), it does not evolve in time (no gravity
effect), i.e. the ellipsoid does not translate. But
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3) 4)

Figure 27. Solution of the fluid-structure interaction problem with the penalty method with ]P’ll, — P! finite elements
on a 100 x 100 structured mesh: 1) characteristic function of B. 2) velocity field. 3) first component of the velocity
field. 4) second component of the velocity field.
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Figure 28. Position of the sphere and velocity field at different times ¢;.
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7

the angular position of the ellipsoid does evolve in

time: the ellipsoid rotates around its center of mass.

We compute the solution of the penalized version of
the fluid-structure interaction problem with IP’% —P!

finite elements on a 100 x 100 structured mesh.

Figure 29 represents the ellipsoid and the velocity
field at different time steps.

O
8. FreeFem++ programs
8.1 Problem 1
/********************************************/
/* PROBLEM 1 */

/********************************************/

/% == Fine mesh sskkkkskskskkokskokskkokokskskkkokskskkkokokskk /
mesh ThO=square(300,300);

/* == Solution of the Poisson problem *k*x**x/
func u=xxy*(1.-x)*(1.-y);

/% == Source term ki skkskkskkkkkskkokkkkkkkkkkkk /
func f=2*y*(1.-y)+2*x*(1.-x);

/* == Boundary conditions *******************/
func g=0;
/* == Number of computed errors ikkikkxk*xk*x/

int Niter=20;

/* == Storage of the error in L2 or H1 #k¥kxx*/
real[int] eL2(Niter);
real[int] eH1(Niter);
real[int] hL2(Niter);
real[int] hH1(Niter);

/* == Finite element space on the fine mesh */
fespace VhO(ThO,P2);

/* == Projection on the fine mesh *xkkxkkxk*x/
VhO uO=u;

/* == Initialization of the number of nodes */
int np=10;

/* == Initialization of the mesh *xkkskkkkkkxxk/
mesh Th=square(np,np);

/* == Finite element on the coarse mesh *¥*x*x*/
fespace Vh(Th,P2);
Vh uh,vh,errh;

/* == Variational problem ook sk ok sk ok ok ok sk ok ok ok sk ok k ok k ok /
problem Poisson(uh,vh,solver=LU) =
int2d (Th) (dx (uh) *dx (vh) +dy (uh) *dy (vh) )
-int2d (Th) (f*vh)
+on(1,2,3,4,uh=g) ;

/* == Compute uh and uh-u for different h **x*/
for (int i=0;i<Niter;i++){

Th=square (up,np) ;

Poisson;

errh=u-uh;

VhO uhO=uh;

VhO errhO=u0-uhO;

real errL2=sqrt(int2d(ThO0) (errh0~2));
real errHil=sqrt(int2d(ThO) (dx(errh0) "2
+dy (errh0) ~2));

hL2(i)=1./(np-1);
elL2(i)=errlL2;
hH1(i)=1./(np-1);
eH1(i)=errH1;

plot (uh,wait=0);
np=np+2;

ofstream outl("P2_errlL2.txt");
for (int i=0;i<Niter;i++){
out1<<log(hL2(i))<<" "<<log(eL2(i))<<endl;

ofstream out2("P2_errH1.txt");

for (int i=0;i<Niter;i++){
out2<<log(hH1(i))<<" "<<log(eH1(i))<<endl;

}

/********************************************/

8.2 Problem 2

From the Robin condition to the Dirichlet condition

/% kokok ok ok sk sk sk sk ok ok ok ok ok ok ok ok ok ok sk sk sk ok ok ok ok ok ok ok ok ok sk ok ok ok ko ok Rk kok /
/* PROBLEM 2-1: FROM THE ROBIN CONDITION */

/* TO THE DIRICHLET CONDITION */
/oo skosk sk sk sk sk ok sksk ok ok sk ok sk sk sk sk sk sk ok skokok ok kokosk sk sk sk sk sk ok ko ok k kok /

/% == Mesh *kkskkskkskokkokkokkkkkokkok ok Kk Kk okkok ok Kok ok /
int np=200;

mesh Th=square(np,np);

plot(Th,wait=0);

/* == P1 finite element space ¥xkkxikxkkkk*xk/
fespace Vh(Th,P1);
Vh uh,vh,ueh,e;

func f=1.;
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Figure 29. Position of the ellipsoid and velocity field at different times ¢;.
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func g=0.;

int Niter=20;
real[int] errH1(Niter);
real[int] ee(Niter);

real eps=0.1;
real alpha=1;

/* == Variational problem skkksixkkskkskkkkkkkkkx/
/* == with Dirichlet conditions skkkkskkk*xkkk/
problem laplDir(uh,vh,solver=LU)=
int2d (Th) (dx (uh) *dx (vh) +dy (uh) *dy (vh) )
+int2d (Th) (alpha*uh*vh)
-int2d (Th) (£*vh)
+on(1,2,3,4,uh=g) ;

laplDir;
plot (uh,wait=0);

/* == Variational problem skxkkskxkkskkskkkkkkkkkx/
/* == with Robin condition skskskkskskskskkskskkskkkkkk/
problem laplRobin(ueh,vh,solver=LU)=
int2d (Th) (dx (ueh) *dx (vh) +dy (ueh) *dy (vh))
+int2d (Th) (alpha*ueh*vh)
+int1d(Th,1,2,3,4) ((1./eps)*ueh*vh)
-int2d (Th) (f*vh) ;

/* == Compute the error ue-ul *kikkikkxkkkxk*x/
for (int i=0;i<Niter;i++){

laplRobin;

e=uh-ueh;

real eHl=sqrt(int2d(Th) (e"2)
+int2d(Th) (dx(e) "2+dy(e) "2));
errH1(i)=eH1;
ee(i)=eps;
plot(ueh,wait=0);
eps=eps/2.;
}

ofstream outl("q2_errorH1.txt");
for (int i=0;i<Niter;i++){
out1<<log(ee(i))<<" "<<log(errH1(i))<<endl;

3

/********************************************/

From the Robin condition to the Neuman condition
/oK sk sk sk ok sk sk ok ok ok ok sk ook ok kK sk ok sk ko ok ok sk ok sk ok ok ok ok sk ok ok ok ok ok ok sk ok ok /

/* PROBLEM 2-2: FROM THE ROBIN CONDITION */

/* TO THE NEUMANN CONDITION */
/ kokok ok ok ok sk sk sk sk sk sk sk sk ok ok ok ok ok sk sk sk sk sk sk sk sk sk ok ok ok sk ok ok sk sk ok sk sk sk ok /

/% == Mesh #kskkskkskokskkkokkokkokkkk oKk ko kokkKokkk ok ok ok [
int np=200;
mesh Th=square(np,np);

plot (Th,wait=0);

/* == P1 finite element space ¥xkkxkkxkkkkk*kk/
fespace Vh(Th,P1);
Vh uh,vh,fh,ueh,e;

func f=1;
real alpha=1;

int Niter=10;
real[int] errH1(Niter);
real[int] ee(Niter);

real eps=100;

/* == Variational problem kkskskkskkkskkkskkkkkxk/
/* == with Neumann conditions xskskkkxskkkkxskkkxk/
problem laplNeum(uh,vh,solver=LU) =
int2d (Th) (dx (uh) *dx (vh) +dy (uh) *dy (vh) )
+int2d (Th) (alpha*uh*vh)
-int2d(Th) (f*vh) ;

laplNeum;
plot(uh,wait=0,value=true);

/* == Variational problem skkkskskkskkkskkkskkkkkxk/
/* == with Robin condition skkskskskskkskskkskkkskkkkk /
problem laplRobin(ueh,vh,solver=LU) =
int2d (Th) (dx (ueh) *dx (vh) +dy (ueh) *dy (vh))
+int2d (Th) (alpha*ueh*vh)
+int1d(Th,1,2,3,4) ((1./eps)*ueh*vh)
-int2d (Th) (f*vh) ;

for (int i=0;i<Niter;i++){
laplRobin;
e=uh-ueh;
real eL2=sqrt(int2d(Th) (e~2));
real eHl=sqrt(int2d(Th) (e~2)

+int2d (Th) (dx(e) "2+dy(e)"2));

errH1(i)=eH1;
ee(i)=eps;
plot(ueh,wait=0,value=true);
cout<<i<<endl;
eps=eps*10. ;

ofstream outl1("q3_errorH1.txt");
for (int i=0;i<Niter;i++){
out1<<log(ee(i))<<" "<<log(errH1(i))<<endl;

/********************************************/
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8.3 Problem 3
/********************************************/
/* PROBLEM 3 */

/********************************************/

/* == Define the boundaries of the domain **x*/
border A(t=0.,1) {x=t ;y=0; label=1;};
border B(t=0.,1) {x=1 ;y=t; label=2;};
border C(t=0.,1) {x=1-t;y=1; label=3;};

border D(t=0.,1) {x=0 ;y=1-t;label=4;};

/* == Number of elements on each boundary ***/
int n=500;
/* == Mesh generation sk skkksikkskkkkkkkkkkkxk/

mesh Th = buildmesh(A(n)+B(n)+C(n)+D(n));
plot(Th,wait=1);

/* == Dirichlet boundary function xk¥xk*x**x/
/* == - g0 for problem (P~0) skksikkikkkkkxkk*x/
/* == - gl for problem (P71) skkskkkkkkkkkkkkx/
func g0=0;

func gl=1;

/* == Finite element space (here: P1) xkkx**x/
fespace Vh(Th,P1);

Vh u,v,w;

/* == Define the source term sk xkkkikkxkkkkkkx/
func f=1;

/* == Define the variational formulation **xx*/
/* == - select g0 on boundary 4 for (P"0) *xx*/
/* == - select gl on boundary 4 for (P~1) *x*x/

problem Poisson(u,v,solver=LU)=
int2d (Th) (dx (u) *dx (v) +dy (u) *dy (v) )
-int2d (Th) (f*v)
+on(1,2,3,u=0)
+on(4,u=g0);

/* == Solve the problem * ik sikksikkikkkkkkk*x/
Poisson;
/* == Compute the Hi-norm of the solution ***/

real normHl=sqrt(int2d(Th) (dx(u) "2+dy(u)~2));
cout<< normH1 <<endl;
plot(u,fill=0,wait=0,value=1);

w=sqrt (dx(u) "2+dy (u) "2) ;
plot(w,fill=0,wait=0,value=1);

/********************************************/

8.4 Problem 4
/********************************************/
/* PROBLEM 4 */

/K 3kok sk sk ok sk ok sk ok ok K ok ok ok 3 ok sk ok 3 ok ok 3 ok sk ok 3 ok ok ok ok ok sk k ok sk k ok /

/% == Mesh *kkskkskkskokkokkokkkkkokkok ok Kk Kk kkok Kok Kok ok [
int np=200;
mesh Th=square(np,np);

/* == P1 finite element space ¥xkkxkkxkkxkkxk/
fespace Vh(Th,P1);

Vh uh,vh;

/* == Source term f s ssikkskskskokskskskskokkkskkokkkskkkk/
func £=1.;

//Vh fh=f;

/* == Source term g on each boundary ***x**xx*/
func gl= x*(1.-x);

func g2= 0.;

func g3=-x*(1.-x);

func g4= 0.;

/* == Penalization parameter *kxkkxskkxskkkk*xxk/

real eps=1.0E-8;

/* == Variational problem Kok sk ok ok ok K ok ok ok ok ok ok ok /
problem laplace(uh,vh,solver=LU)=
int2d (Th) (dx (uh) *dx (vh) +dy (uh) *dy (vh) )

+int2d (Th) (eps*uh*vh)

-int2d (Th) (£*vh)

-int1d(Th, 1) (gl*vh)

-int1d(Th,2) (g2*vh)

-int1d(Th, 3) (g3*vh)

-int1d(Th,4) (g4*vh) ;

real CC=int2d(Th) (f)
+int1d(Th,1) (g1)+int1d(Th,2) (g2)
+int1d(Th,3) (g3)+int1d (Th,4) (g4) ;
cout<<"Value (should be 0): "<<CC<<endl;

laplace;

plot(uh,wait=0,value=true);
/3 s ok stk s ok stk sk s ok stk sk ok stk ok ok stk o ok stk sk ok skok sk ok skok sk ok /

8.5 Problem 5
/********************************************/
/* PROBLEM 5 */

/KK ok sk sk ok sk sk ok sk sk ok ok sk ok ks ok ok ok ok sk ok 3k k ok ok sk ok sk ok ok ok sk ok /

/* == Fine mesh kkkkskokkkoksokokkokskokskdokkoksk ok kkoksk ok /
mesh ThO=square(300,300);

/* == Data of the problem ki xkkxkkkkkkkk*kk/
real a =0.5;
real x0=0.5;
real y0=0.5;

/* == Solution of the Poisson problem x*x***x*/
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func u=((x-x0) "2+(y-y0)"2)"(a/2.);

/% == Source term skkkskskokskokskskokskkokkkokkkkkokkkokkk /
func f=a"2*((x-x0)"2+(y-y0)~2)~(a/2.-1.);

/* == Boundary conditions skkksikkskksikkkkkkskkxk/
func g=u;

/* == Number of computed errors *¥kkkxk¥xk*xx*/
int Niter=20;

/* == Storage of the error in L2 or H1 *¥x**x/

real[int] eL2(Niter);
real[int] eH1(Niter);
real[int] hL2(Niter);
real[int] hH1(Niter);

/* == Finite element space on the fine mesh */
fespace VhO(ThO,P2);

/* == Projection on the fine mesh *¥kkkkxkxkx/
VhO uO=u;
plot(u0,value=1,fil1=0,wait=0) ;

/* == Initialization of the number of nodes */
int np=10;
/* == Initialization of the mesh *¥kkxkxkkxkkx/

mesh Th=square(np,np);

/* == Finite element on the coarse mesh *¥xx*x*/
fespace Vh(Th,P2);
Vh uh,vh,errh;

/* == Variational problem skkksikkskkskskkkkkskkx/
problem Poisson(uh,vh) =
int2d (Th) (dx (uh) *dx (vh) +dy (uh) *dy (vh))
-int2d (Th) (f*vh)
+on(1,2,3,4,uh=g) ;

Poisson;

/* == Compute uh and uh-u for different h *xx*/
for (int i=0;i<Niter;i++){

Th=square (np,np) ;

Poisson;

errh=u-uh;

VhO uhO=uh;

VhO errhO=u0-uhO;

real errL2=sqrt(int2d(ThO0) (errh072));

real errHl=sqrt(int2d(ThO0) (dx(errh0) "2

+dy (errh0)°2));

hL2(i)=1./(np-1);

elL2(i)=errl2;

hH1(i)=1./(np-1);

eH1(i)=errH1;

plot(uh,value=1,fill=1,wait=0);
np=np+2;

}

ofstream outl("errL2.txt");

for (int i=0;i<Niter;i++){
out1<<log(hL2(i))<<" "<<log(eL2(i))<<endl;

}

ofstream out2("errH1.txt");

for (int i=0;i<Niter;i++){
out2<<log(hH1(i))<<" "<<log(eH1(i))<<endl;

}

/********************************************/

8.6 Problem 6
/********************************************/
/* PROBLEM 6 */

[/ kKKK ok ok ok ok ok ok ok ok o ok ok ok sk ok ok ok ok ok ok ok ok ok o ok ok ok ok koK ok ok ok ok ok ok ok /
int n=50;
mesh Th=square(n,n);

//fespace Xh(Th, [P1,P1,P0]);
//fespace Xh(Th, [P1,P1,P1]);
//fespace Xh(Th, [P1b,P1b,P1]);
fespace Xh(Th, [P2,P2,P1]);

/* === Velocity and pressure field **x*kxx*x*/
Xh [ul,u2,pl, [vl,v2,q];

/* === Source term ¥k kkskskkkkskkkkokkkFkkkk*kk /
real r=0.25;

VOh f1h=50%((x-0.5)"2+(y-0.5)"2<r"2);

VOh £2h=50%*((x-0.5) "2+(y-0.5)"2<r"2);

/* == Stabilization parameter ¥xkkxkkxskkkk*xx*/
real eps=1E-6;

/oK sk sk sk ok sk sk sk ok ok ok ok sk ok ok ok k k ok sk ok sk ok ok ok sk sk ok sk ok sk k ok sk ok kok sk ko k ok ok /
/* == Stokes problem ¥xkkikkikkkkkkskkkkkkkkkk/
/ot sk sk sk sk sk sk sk sk sk sk sk ok ok ok sk sk sk sk sk sk sk sk sk sk kokok sk sk sk ok sk sk sk ok sk sk ok ok /

problem Stokes([ul,u2,pl,[vl,v2,q])=
int2d (Th) (2*dx (ul) *dx (v1)+dy (ul) *dy (v1)
+dx (u2) *dx (v2) +2xdy (u2) *dy (v2)
+dy (ul) *dx (v2) +dx (u2) *dy (v1) )
+int2d (Th) (eps*p*q-p*dx (v1) -pxdy (v2)
-q*dx (ul) -q*dy (u2))
-int2d(Th) (f1h*v1+f2h*v2)
+on(1,2,3,4,u1=0,u2=0);

Stokes;

plot([ul,u2] ,value=1);
plot(p,fill=1,value=1);
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/ K3kok sk ook sk ok sk sk ok K ok ok sk ok sk ok 3 ok ok 3 ok sk ok 3k ok ok 3 ok sk ok sk sk ok ok ok /

8.7 Problem 7
/********************************************/
/* PROBLEM 7 */

/********************************************/

/% == Mesh kkskkskskokskkokkokkokkkokkokkok Kok ok kK kok Kok Kok ok [
int np=100;
mesh Th=square(np,np);

/* == P1 finite element space kkxkxkkkkkkikxk/
fespace Vh(Th,P1);
Vh uh,vh;

/* == PO finite element space *kxkkkkkkkkxk*x/
fespace Ph(Th,PO);

/* == Characteristic function ¥kkkkkkkkkkkkkk/
Ph chih=((x-0.5)"2+(y-0.5)"2<0.272);

/* == Source term f sxkskkkkkkskkkskskskskskskskokkkkkkk /
Ph fh=((x-0.5)"2+(y-0.5)"2<0.272)
-((x-0.5)"2+(y-0.5)"2>0.272) ;

/* == Lagrange multiplier skkksikkskksikkkkkkkkx/
/* == 1mO: Lagrange multiplier at time n ***x/
/* == 1m : Lagrange multiplier at time n+1 **/

real 1m,1m0=0.;

/* == Uzawa parameters ik ikksikkikkikkkkkkkkx/
real rhomax=2./(int2d(Th) (chih))~2;

real rho=0.5%rhomax;

real tol=1.E-8;

int Nmax=100;

/* == Variational problem skxkksikkskkskkkkkkkkx/
problem laplace(uh,vh,solver=LU)=
int2d (Th) (dx (uh) *dx (vh) +dy (uh) *dy (vh))
+int2d (Th) (uh*vh)
-int2d (Th) (fh*vh)
+int2d (Th) (ImO*chih*vh) ;

/* == Uzawa algorithm skskkskkkskkskkskkkkkkkkkx/
real err=2xtol;
int i=1;

while ((i<=Nmax)&&(err>tol)){

laplace;
1m=1mO+rho*int2d (Th) (chih*uh) ;

err=sqrt ((1Im-1m0) "2) ;

1mO0=1m;

i=i+1;

cout<<"i="<<i<<k" ; error="<<err<<endl;

plot(uh,wait=0,value=true);

cout<< "x*x Constraint:'"<<endl;

cout<< " Bu="<< int2d(Th) (chih*uh)<<endl;
cout<< " lambda="<<1lm<<endl;

[/ kKoK ok sk ok ok ok ok ok o o ok ok sk sk ok ok ok sk ok ok ok ok ok o ok ok ok sk ok sk sk sk ok ok ok ok ok /

8.8 Problem 8

Rigid sphere in a fluid: computing the velocity field with a
penalized formulation

kKoK ok ok ok ok ok Kok K KKK ok ok ok ok ok ok kKKK oK ok ok ok ok ok ok /
/* PROBLEM 8-1 */
/* FSI PROBLEM A PENALIZED FORMULATION */
[ kKoK sk ok ok ok ok ok ok ok o K K KoK ok oK ok ok ok ok ok ok o o K K K K Kok ok ok ok ok ok ok ok /

mesh Th =square(100,100);

fespace Vh(Th,P1Db);
fespace Xh(Th,P1);
Vh ul,u2,v1,v2;

Xh p,q;

/* == Coordinates / radius of the sphere **xx*/
real xB=0.5, yB=0.6, rB=0.1;

/* == Gravity and buoyancy xxkskkkskkkkskkkkkk/
real g=9.81, rhoB=1.0, rhoF=0.1;

/* == Source term, characteristic function *x*/
fespace Ph(Th,PO);

Ph chiB = ((x-xB)"2+(y-yB)~"2 < rB"2);

Ph f1 = 0.00;

Ph f2 = -(rhoB-rhoF)*g*chiB;

real eps=1.0E-5, delta=1.0E-8;

/* == Penalized formulation *kkkkkkkkkkkkkkk*/
problem FSI([ul,u2,p], [vl,v2,q])=
int2d (Th) (2*dx (ul) *dx (v1)+dy (ul) *dy (v1)
+dx (u2) *dx (v2) +2*dy (u2) *dy (v2)
+dy (ul) *dx (v2) +dx (u2) *dy (v1))
+int2d (Th) (delta*p*q-p*dx (v1) -p*xdy(v2)
+q*dx (ul) +g*dy (u2))
-int2d (Th) (f1*v1+f2*v2)
+int2d (Th) ((2*dx (ul) *dx (v1)+dy (ul) *dy (v1)
+dx (u2) *dx (v2) +2*dy (u2) *dy (v2)
+dy (ul) *dx (v2) +dx (u2) *dy (v1) ) *chiB/eps)
+on(1,2,3,4,u1=0,u2=0);

FSI;

/* == Computing the translational velocity *x*/
real Mh=int2d(Th) (rhoB*chiB) ;
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real uB=int2d(Th) (rhoB*chiB*ul) /Mh;
real vB=int2d(Th) (rhoB*chiB#*u2)/Mh;

/* == Computing the angular velocity x**x**x/
real Jh,oB;
Jh=int2d (Th) (rhoB*chiB* ((x-xB) "2+(y-yB) "2)) ;

oB=int2d (Th) (rhoB*chiB* (- (y-yB) *ul+(x-xB)*u2))/Jh;

cout<<" (u,v)=("<<uB<< ", "<<yB<<")'"<<endl;
cout<<"omega="<<oB<<endl;
plot(chiB,fill=true,wait=0) ;

plot([ul,u2] ,,value=true,wait=0,coef=5);

Sedimentation of a rigid sphere in a fluid at rest

[/ kKoK ok ok ok ok ok ok Kok KKK KoK oK ok ok ok ok ok o Kok K K KoK ok ok ok ok ok ok ok /
/* PROBLEM 8-2 */
/* SEDIMENTATION OF A RIGID SPHERE */
[/ kK koK ok ok ok ok ok ok ok ok o K K K KoKk ok ok ok ok ok ok o K K K KoK ok ok ok ok ok ok ok /

mesh Th =square(100,100);

fespace Xh(Th,P1b);
fespace Mh(Th,P1);
Xh ul,u2,v1,v2;

Mh p,q;

/* == Coordinates / radius of the sphere ***x/
real xB=0.5, yB=0.8, rB=0.1;

/* == Gravity and buoyancy sokokokoksksk sk sk sk skok ok ook ok ok ok /
real g=9.81, rhoB=1.0, rhoF=0.1;

/* == Source term, characteristic function *x*/
fespace Ph(Th,PO);

Ph chiB = ((x-xB) "2+(y-yB)"2 < rB"2);

Ph f1=0.00;

Ph f2=-(rhoB-rhoF)*g*chiB;

/* == Parameters #kkxkkkskkkkokskkkkokkkkokkkkkkkk/
real eps=1.0E-2, delta=1.0E-8;

/* == Variational formulation skkkkxkkkkxkk*x/
problem FSI([ul,u2,p], [vl,v2,q])=
int2d (Th) (2*dx (ul) *dx (v1)+dy (ul) *dy (v1)
+dx (u2) *dx (v2) +2*dy (u2) *dy (v2)
+dy (ul) *dx (v2) +dx (u2) *dy (v1))
+int2d (Th) (delta*p*q-p*dx (v1) -p*dy (v2)
+gxdx (ul) +g*dy (u2))
-int2d (Th) (f1*v1+f2*v2)
+int2d (Th) ((2*dx (ul) *dx (v1)+dy (ul) *dy (v1)
+dx (u2) *dx (v2) +2*dy (u2) *dy (v2)
+dy (ul) *dx (v2) +dx (u2) *dy (v1) ) *chiB/eps)
+on(1,2,3,4,u1=0,u2=0);

/* == Time evolution skkskkskskskskskokskskskskokskskskskkskkkk /
int imax=50;
real t=0.0;

real vpart1=0.0;

real vpart2=0.0;

real dt=1.0;

for (int i=0 ; i<=imax; i++){

FSI;

plot([ul,u2] ,ps="u"+i+".eps",coef=1);
plot(chiB,ps="chi"+i+".eps",fill=1);
t=t+dt;

vpartl=ul(xB,yB);

vpart2=u2(xB,yB) ;

xB=xB+vpartlx*dt;

yB=yB+vpart2*dt;

chiB= ((x-xB) " 2+(y-yB)"2 < rB"2);
£2=-(rhoB-rhoF) *g*chiB;
plot(chiB,fill=1);

}

Rigid ellipsoid in a linear shear flow

[ KKk ok ok ok ok ok ok ok o o K KK KoK KoK oK oK oK ok ok ok o o K KKK oK oK oK ok ok ok ok R kK /
/* PROBLEM 8-3 */
/* ROTATING ELLIPSOID IN A SHEAR FLOW */
/ sk sk sk sk sk sk ok sk ok ok o o ks sk sk sk sk sk sk sk sk sk sk sk o ok ke sk sk sk sk sk sk sk sk sk sk sk sk sk ok /

mesh Th =square(100,100);

fespace Vh(Th,P1b);
fespace Wh(Th,P1);
Vh ul,u2,vl,v2;

Wh p,q;

/* == Coordinates / radii of the ellipsoid *x*/
real xB=0.5,yB=0.5,thetaB=0,rB=0.1,dB=0.25;

/* == Gravity and buoyancy s xkkkskkkskkkskkkskkksk/
real g=9.81, rhoB=1., rhoF=1.;

real Mh,Jh,uB,vB,omegaB;
real cosB=cos(thetaB);
real sinB=sin(thetaB);

/* == Source term, characteristic function *x*/
fespace Ph(Th,PO0);
Ph chiB;

chiB=(((x-xB)*cosB+(y-yB)*sinB) “2/rB"2
+(-(x-xB) *sinB+(y-yB) *cosB) "2/dB~2<=1.0) ;

Ph £1=0.00;
Ph f2=-(rhoB-rhoF)*g*chiB;

/* == Boundary condition (Couette flow) ***xx*/
func gl=1.0%(1.-2%y);
func g2=0;

/* == Parameters *kkkkkkokskskkkokskkkkokkk*okkkk*kkk /
real eps=1.0E-2, delta=1.0E-8;
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/* == Variational formulation *¥ikkikkkkkxk*x/
problem FSI([ul,u2,p], [vl,v2,q],solver=Crout)=
int2d (Th) (2*dx (ul) *dx (v1)+dy (ul) *dy (v1)
+dx (u2) *dx (v2) +2*dy (u2) *dy (v2)
+dy (ul) *dx (v2) +dx (u2) *dy (v1))
+int2d (Th) (delta*p*q-p*dx (v1) -p*dy(v2)
+g*dx (ul) +g*dy (u2))
-int2d (Th) (f1*v1+f2*v2)
+int2d (Th) ((2*dx (ul) *dx (v1)+dy (ul) *dy (v1)
+dx (u2) *dx (v2) +2*dy (u2) *dy (v2)
+dy (ul) *dx (v2) +dx (u2) *dy (v1) ) *chiB/eps)
+on(1,2,3,4,ul=gl,u2=g2);

/% == Time evolution skkkskskskskskskkskkskkkkkkkkkkkk/
int imax=100;
real t = 0.0;
real dt= 0.1;
for (int i=0 ; i<=imax; i++){
FSI;
plot([ul,u2] ,ps="u"+i+".eps",wait=0,coef=1);
plot(chiB,ps="chi"+i+".eps",wait=0,fill=1);
t=t+dt;

/* == Translational velocity *¥xkkxkkxkk*xx*/
Mh=int2d (Th) (rhoB*chiB) ;
uB=int2d (Th) (rhoB*chiB*ul) /Mh;

vB=int2d (Th) (rhoB*chiB*u2) /Mh;

/* == Angular velocCity sk kkskkxkkskkkkskkxrkxk/
Jh=int2d (Th) (rhoB*chiB* ((x-xB) "2+ (y-yB) "2)) ;
omegaB=int2d (Th) (rhoB*chiBx*

(- (y-yB) *ul+(x-xB)*u2))/Jh;

/* == Update of the position xkkkkkkkkxkx*/
xB=xB+uB*dt;

yB=yB+vB*dt;

thetaB=thetaB+omegaB*dt;

cosB=cos (thetaB) ;

sinB=sin(thetaB) ;

chiB=(((x-xB)*cosB+(y-yB) *sinB) “2/rB"2
+(-(x-xB) *sinB+(y-yB) *cosB) "2/dB~2<=1.0) ;

£2=-(rhoB-rhoF) *g*chiB;

cout<<"thetaB="<<<<thetaB<<endl;
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