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ABSTRACT

Estimation of variances of the estimated regression coefficients and their estimators is based on fitting a linear
regression model. One method for allowing for clustering in fitting a linear regression model is to use a linear
mixed model with two levels. It is probably suitable to ignore clustering and use a single level model if the intra-
lass correlation estimate is close to zero.

In this paper, a two-stage survey is used to evaluate an adaptive strategy for estimating the variances of
estimated regression coefficients. The strategy is based on testing the null hypothesis thatrandom effect
variance component is zero. If this hypothesis is accepted the estimated variances of estimated regression
coefficients are extracted from the one-level linear model. Otherwise, the estimated variance is based on the
linear mixed model, or, alternatively the Huber-White robust variance estimator is used. A simulation study
is used to show that the adaptive approach provides reasonably correct inference in a simple case.
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RESUMEN

La estimacion de las varianzas de los coeficientes de regresion estimados y sus estimadores se basan en el ajuste
del modelo de regresion lineal. Un método para permitir el hacer un clustering al hacer el ajuste es usar un modelo
o nivel si el coeficiente de correlacion intra-clase estimado esta cerca de cero.

En este trabajo una encuesta de dos etapas es usada para evaluar una estrategia adaptativa para estimar las
varianzas de los estimados coeficientes de regresién. La estrategia se basa en hacer una
prueba de hipdtesis sobre que el efecto aleatorio de la componente de
varianza es cero. Si esta hipdtesis es aceptada la varianza estimada de los coeficientes de
regresion estimados son extraidos de un modelo lineal de un nivel. En
otro caso la varianza estimada se basa enun modelo lineal mixto o, alternativamente en el estimador
robusto  de la varianza de Huber-White. Un estudio de simulacion se usa para mostrar que el enfoque adaptativo
provee de inferencias razonablemente correctas en el caso simple.

1. INTRODUCTION
1.1. Cluster and Multistage Sampling

The basic idea in sampling is the inference about the population of interest based on the information
contained in a sample. Good designs of sampling methods involve the use of probability methods,
minimizing decision in the choice of survey units (Cochran, 1977).

Two-stage sampling is one of the sampling methods. It is used in many surveys of social, health,
economic, and demographic topics (Kish, 1965).

In multistage sampling, the population is divided into groups called primary sampling units (PSUs). A

random sample from each considered PSU is then selected.
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If all units within each considered PSU are selected then two-stage sampling is called cluster sampling
(Cochran, 1977).For example, PSUs might be schools and units might be students in schools, or PSUs
might be households and units might be people, or PSUs might be geographic areas and units might be
households (for example, see Cochran, 1977; Kish,1965)

For example, PSUs might be schools and units might be students in schools, or PSUs might be
households and units might be people, or PSUs might be geographic areas and units might be
households (for example, see Cochran, 1977; Kish, 1965). Two-stage sampling is typically used
because of the following:When the list of elements not available, but the list of clusters available or
can be easily configured. The availability of time, effort and costs.

e Easyto draw and easy to analyze.
e  Within-group correlations may be of interest. For example; the correlation between values for
students in the same school might be of interest.

A disadvantage of the two-stage that it gives estimates less accurate than other sampling techniques. The
intra-class correlation (ICC), p, is a measure of the relationship between the observations of the personnel of
the same PSU. If the intra-class correlation is non-zero, the clustered nature of the design should be reflected
in the analysis procedure. This is done by fitting a multilevel model (MLM) (Goldstein, 2003). In fact the
intra-class correlation is often very small. Note that the intra-class correlation may take a negative value, but
generally positive values. If all PSU in the population contains a number of units M, the smallest possible

value of p is . This case occurs when the population is limited and non homogeneous within PSUs

(Kish, 1965).

In the case of a similar number of observations in each PSU, p is mostly less than 0.1 when PSUs are
geographical areas and the final units are families in these areas (Verma et al., 1980). But if PSUs are families
and the final units are people within families, p are usually between 0 and 0.2 (Clark and Steel, 2002).

The design effect (deff) is used to measure the increase in variance that happened when two-stage sampling is
used. Kish (1965) defined deff as the ratio of the variance of an estimator under a specific design to the
variance of the estimator under simple random sampling without replacement.

For large number of PSUs with M units in each PSU and m sample size from each PSU, the deff for the
sample mean is given by

deff =1+(m-1)p (1.1
The deff cannot be expressed in terms of p when PSUs have unequal sample sizes. Hence, for a proposed
design, Kish (1965) approximated the design effect by
deff =1+(M-1)p (1.2)
where m stands for the average PSU sample size.

1.2.The Two-Level Linear Mixed Model

1.2.1. The Model

Multilevel models are a generalization of regression models, and as such can be used for a group of things,
multilevel modeling is almost always an improvement, but to different degrees. Goldstein (2003) defined the
two-level linear mixed model (LMM) as

Yij = B'Xy + by +ey i=1,2,...,¢,j=1,2,...,m, (1.3)
where y;; is the dependent variable of interest, x;; is a vector of covariates for unit j in the PSU i, ¢ denotes
the number of PSUs in the sample, m; denotes the number of observations selected from PSU i, B is the
vector of unknown regression coefficients, b;~N(0, o;), and e;; is error term, distributed as N( 0, oZ). Thus,
yvij ~ N (B'X;;, of+ aZ), where aj+ o7 = o] is the variance of y. We can estimate the variance of regression
coefficient either by standard likelihood theory (West et al., 2007), or by using the robust Huber-White
estimator (Huber, 1967; White, 1982). Also, we can use the maximum likelihood or restricted maximum
likelihood methods to estimate the model parameters.
A simple special case of Model (1.2) is the intercept-only model, which includes just a grand mean parameter,
and it is defined by equating x;; to 1 for all i, j.
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Vij =B +b; +ey, i=1,2,...,c, j=12,..,m. 1.4

Model (1.2) can be generalized as
Y ~ N(XB, V), (1.5)
where X is the n x p design matrix, Y= (y;, ..., y.) is the complete set of n=Y.¢_, m; observations in the ¢
groups, ¥;= Vi1» -+» Yim, )" is the observed vector for the i® PSU, and V = diag (V; , i=1,..., ¢) as
Vi = Jl?]mi + o-ezlmi ' (16)
where J,,,, is an m; xm; matrix with all entries equal to 1, and L,,, is the m; xm; identity matrix. g is the
vector of unknown regression coefficients (Sahai and Ojeda, 2005).
Assume that b; is uncorrelated with e;;, and that b; and b, for i# i" are uncorrelated. Therefore,
Var (y;;) = Var (b; ) + Var (e;;) = oj+dZ,
Cov (v, y;;) = Var (b;) =0 for j#]', (W)
and
Cov (yi,y;;) =0 for i+,
(Rao, 1997).
Assuming balanced data design, withi=1,...,cand (j#j)=1,..., m, Rao (1997) defined the intra-class

correlation as
Cov (yij Vi)

B sSS——— 1.8
p [Var (yijpVar (v, ) (18)

Therefore, substituting (1.7) into (1.8), we obtain p =

0_2

b
o+ 03
Notice that, under Model (1.4) the intra-class correlation is always greater than or equal to 0. Given estimates
~2
67 and 62 of o7 and o2, respectively, an estimator for p is p = %
b e

1.2.2. Likelihood Theory Estimation of Model Parameters

The variance components o and a2 are generally unknown, and are usually estimated by Restricted
Maximum Likelihood (REML), giving estimates V; of V;.
Patterson and Thompson (1971) is first introduced REML as a modification of maximum likelihood. The
REML method is often presented as a technique based on maximization of the likelihood of a set of linear
combinations of the elements of the response variable y, say k'y, where K is chosen so that k'y is free of fixed
effects. One of the attractive aspects of REML is that it takes into account the degrees of freedom used up by
the estimation of the fixed effects (Diggle et al., 1994). The restricted log-likelihood function is given by
West et al. (2007, p.28) by the equation
lp = —% [(n-1) log (27) + log |V| + log |X' V~1X |
+Y'V1{I - X(X'V1X)"1X V1Y), (1.11)
where V = diag (V;) and V; are given by (1.6). Maximizing (1.11) with respect to o7 and o2 gives the REML
estimates of these parameters. The REML estimate of S8 is given by
B =XVIX)y1XV1ly
= CLx VX)) BLx Vly). (1.12)
The REML estimates, in the intercept-only model are defined by the following system of equations:
4 iL'z

~ ¢ Zi ~ 2
n—c A i=1m; (n—c)MSE A _ =
Ciye Mo - +ye Aos 2
33 L—lmi ZL_czllli 3;31 =1 m (yL ﬁ) '
-2
2 ¢ . 2; £ 2 _ P
c =171 — c 2
=i — S 2, &=t A (¥i—= B (1.13)
c A =1
ﬁ — Zi=1 A4iYi
Zle’ii '

(Sahai and Ojeda, 2005, p.106), where y; is the mean of PSU i and MSE:ﬁ ?:1Z7=i1(yij — ¥.)% and A, =
" miigg = (var ((7:))™", is the variance reciprocal of the mean of PSU i, and 4; = —"—, is the estimate of

Oe + ™M O¢ + MO}

159



A;. The system of equations in (1.13) must be solved numerically with respect to 62 and 2. In the balanced
data case (m;= m for all i), the REML estimates have a simpler form. Let MSA = f—l ., — y)? the
system of Equations (1.13) becomes:

62 =min (MSE, "= MSE + < MSA), 67 =2 max (MSA — MSE, 0), B = 7..

(Sahai and Ojeda, 2005, p.40).

1.2.3. Likelihood Theory Estimation of var (8)

The estimated variance of the REML g is given by
var (B)=(X' V-1X)1=(X<, x; V7ix) (1.14)
where V; = 672],,, + 621,p,.

In the balanced data case, where m; = m, the variance estimator becomes
2

var (B)=2[ 6% + Z]. (1.16)

A confidence interval for g could be constructed using the equation

(1-@) 100% CI (B) =B + Elar a-9) /v’[ir ®B). (1.17)

Faes et al. (2009) suggested the following approximate confidence interval for the mixed models based on a
scaled t-distribution:

(1-a) 100% CI (B) =B + 671 Elap 1-9) /v’dr ®B), (1.18)
where
6= \} w2 X 1+(mii Vp L,
V(T) =1+ <% var [var (8) ) , (1.19)
4 (vﬁr ®B )) [ @ ]

with var () defined in (1.14), T = £__ and the scale factor & was chosen so that the first two moments of
/vfir ®)

6t agreed with the moments of ¢,,_,.

Faes et al. (2009) did not declare how to estimate V(T) or var (v’dr (ﬁ)) we use the parametric bootstrap to

estimate var (v’a‘r(ﬁ)). Other approaches have been suggested; see for example Satterthwaite (1941) and

Kenward and Roger (1997). The method of Faes et al. (2009) has the advantage that it extends naturally to
non-Gaussian model, unlike the other approaches.

1.2.4 Huber-White Estimator of var ()

The generalized estimation equation (GEE) approach to linear modeling of clustered data can use either
ordinary least squares (OLS) or generalized least squares (GLS).The OLS estimator for 8 is defined by

Bois = X'X)IXY, (1.20)
and

var (B,) = X'’X)"1IX'VX (X'X)1. (1.22)
In general, V is not known and it can be estimated by V, therefore the estimated variance for B, is defined
by

var(B,) = XX) X'V XX'X). (1.22)
The estimator var(B) in (1.14) is approximately unbiased provided that the variance model (1.6) is correct.
Otherwise, var(B) is biased and the inference will be incorrect. An alternative to ML or REML estimates of

var (B) is the robust variance estimate approach described by Liang and Zeger (1986), this approach can be
applied to the analysis of data collected using PSUs.
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This approach can be referred to as robust or Huber-White variance estimation (Huber, 1967; White, 1982).
The method yields asymptotically consistent covariance matrix estimates even if the variances and

covariance's assumed in Model (1.1) are incorrect. It is necessary to assume that observations from different
PSUs are independent. In Equation (1.12) the variance of B is estimated by substituting REML estimates of

. . . . s Hub n '~ o~ Hub .
o? and o2 into V;. An alternative estimator of V;isV, = ¢é;é;, where é; =y, —x;f,V; is

approximately unbiased for V; even if (1.4) does not apply.
Take the expectation of ViHUb to find that

~ Hub N ' ’ N
E(V"") =€ (&:&) ~E[0: — xiB)(O: = xiB)] = Vi (1.23)
Note that
var (8) = var ((Ze, x; V7'x) ' (B, x] V7'y)
~ BLx VX)) Gl x ViV U x) (B8, x; Viixg) ! (1.24)

One way to construct a robust estimator of var () is to substitute the robust estimator ViHub in (1.24) as
follows (Liang and Zeger, 1986):
~ Hub~

. 5 D1 1 P
v, (B) = B X V'Xy) l(Zle x; V7'V, VX))
e, x; Vtxy) . (1.25)

Using the intercept only model (x;;=1), (1.25) becomes:
21 Af (9 E)z

—~ 5 pX
= 1.26
B =25 (1.26)
Since A is constant, (1.26) reduces in the balanced data case (m;= m), to:
Wy (B) = = Teea 71— ¥ )2 (1.27)

c(c—-1)
1.4 Testing H, : 2 =0 in the Linear Mixed Model Using RLRT

The problem of testing H,: = 0 using the likelihood ratio test (LRT) is discussed by Self and Liang (1987)
using ML estimators for the variance components. A best choice is to use REML estimators to derive the LRT
statistic for testing H,: o= 0. Self and Liang (1987) assumed that the true parameter values are on the
boundary of the parameter space, and showed that the large sample distribution of the likelihood ratio test is a
mixture of y? distributions under nonstandard conditions provided that the response variables are iid.
Stram and Lee (1994) used the results of Self and Liang (1987) to prove that the asymptotic distribution of the
LRT for testing H,: 7= 0 has an asymptotic 50:50 mixture of y? with 0 and 1 degrees of freedom under H,
rather than the classical single y? if the data are iid under the null and alternative hypotheses. From (1.11),
the restricted likelihood ratio test is given by
MAX MAX

A==210og (RLRT) =2 Hy (x(B,05,02) =2 Hq (r(B.05,02). (1.28)
In the intercept-only model case (1.4) assuming balanced data, Visscher (2006) introduced the REML-based
likelihood ratio test as

n—c c—1 .
A:{(Tl —1)log (;‘*‘ — F) - (c—-Dlog(F) if F>1 (1.29)
0 if F <1,
where F =234
MSE

1.5. Adaptive Procedures

Adaptive sampling provides a fit solution to the problem estimate. One method is to fit mixed linear model in
any case. Another method is to fit a linear model assuming independent observations, i.e. p= 0. But, if a large
number of final units are selected from each PSU, variations resulting from the estimated linear mixed model
can be much larger than those obtained from the linear model with independent observations, which would
lead to broader confidence intervals; also linear mixed model is more complex than the simple linear model.
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Here, we will provide third alternative method for estimation, which depends on testing the null hypothesis, as
af = 0. If the null hypothesis is not rejected we use the linear model for estimating the variances of the
estimated regression coefficient . Moreover, if the null hypothesis is rejected we use the estimated variance
for 8, either using the standard likelihood theory variance estimator for the LMM (v@r; ;,(8)) or the Huber-
White method (vary,, (8)).

1.6. Skew Normal Distributions and Their Properties

Normal distribution is the most popular distribution because of its many attractive properties and moreover
there are two main reasons for its popularity: the first, is the effect of the central limit theorem, in most cases
the distribution of observations is at least approximately normal; the second, the normal distribution and its
sampling distribution are easily tractable.
The idea of skew-normal distribution was first introduced by Azzalini (1985). It is an extension of the normal
distribution through the shape parameter y. It is ended up with standard normal random variable for y = 0 and
to half-normal when y approaches .
We know that the probability density function (pdf) and cumulative distribution function (cdf) of the standard
normal random variable are given as follows

1

) =—=e T, and 0@ = 7, p)du

() =¢(=x) , and  O(x) + O(-x) =1,
where the product of ¢(x) and ®(x), gives another attractive class of random variables. It is called the skew-
normal distributions. (Azzalini (1985)), with skewness parameter y.
The study of the skew normal distribution explores an approach for statistical analysis without the symmetry
assumption for the underlying distribution.
Let Y be a continuous random variable. Let ¢ and ® denote the standard normal density and corresponding
distribution function, respectively. Then Y is said to have a skew-normal distribution with the parameter y,
—w < ¥y < o if the density of Y is
fyy)=2¢(y) @ (yy), —o<y,y<w, (1.30)
where ¢ and @ denote the standard normal density and corresponding distribution function, respectively, i.e.,
Y ~ SN (y). (Azzalini, 1985).
The component y is called the shape parameter because it regulates the shape of the density function. As y
increases (in absolute value), the skewness of the distribution increases.

The mean and the variance at the skew normal random variable Y are, respectively E(Y)= \/% 6, and

—1_(2\ 52 —_7
Var(Y)=1 (n) 6%, where & N
In practice, to fit real data we work with an affine transformation Z = u +o'¥, with 2 €[] and ¢ > 0. Then
the density of Z can be written as:

gz o y)=2 ¢ (Z) o (ZLy) (131)
It can be written in abbreviation as Z ~ SN (u, a2,y ).
Azzalini (1985) showed the following properties:

e Asy tendsto oo, (1.29) becomes f(y) = ¢(y), 0 <y < oo which is the half-normal (folded

normal) probability density function.

e IfY~N(0;1)and X ~SN (y), then both [Y| and |X| have the same pdf.

e IfY ~SN (y), thenY?~ y2.

e If Y~SN (y), then =Y ~SN (—y).
In this section, the methods based on fitting a linear mixed model are applied to data having skew-normal
distribution.
The skew-normal distribution refers to a parametric class of probability distributions which includes the
standard normal as a special case.

2. ADAPTIVE STRATEGIES
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Two adaptive strategies are considered here. Both of them depend on the idea of testing the variance
component a7 in Model (1.2). If we reject H,: o = 0 in the first, the LMM estimators of var (ﬁ) defined in
Equation (1.14) will be used. The standard linear model with independent errors will be used if H, is not
rejected, as in this case o will be assumed to be zero.

The robust Huber White estimator vary,,, () will be used instead of

var,um () (2.1)
if H, is rejected, as the second adaptive strategy.

The two adaptive strategies (ADM) and (ADH) are defined as

() { var,u (8) if H, is notrejected 2.2)
var, = - .
ApM v”c?rLM(ﬁ) if H, is rejected,
and
R var, 3 if H is not rejected
@of) = Fiaw(F) I Ho s motre )
varLM([)’) if H, is rejected.

The Huber-White variance estimator is approximately an unbiased. For the intercept-only model, it is easy to
show that
E(UﬁTH“b(E)) — (Ziczﬂli)z_ Z:L‘C=1’1i2
var (B) T (35,4)°
where § and var (f) are given by (1.13) and (1.26), respectively. Hence, a bias-adjusted estimator is given
by dividing (1.26) by the right hand side of (2.4), yields

i (B) = e S 0 B) (25)

f:lii)z_zlﬁl i
The LMM 90% confidence intervals for 8 are given by

(1-a) 100% CI=f + 671 Elap 1-9) /v’dr ®B), (2.6)

, (2.9

v

where 6= ——  a = 0.1 and the degrees of freedom (df) are defined to be:
w-2)7(T)
n—1, using LM Est.
df ={v-1, using LMM Est. 2.7

c—1, using Huber —White Est.
Degrees of freedom for adaptive strategies ADM and ADH are defined as

( n—-1 if Hy is not rejected
deDM_{ v—1 if H, is rejected; (2:8)
and

( n-—-1 if Hy, is not rejected
avn= { c—1 if H, is rejected,; (2:9)

where v represents the effective sample size, with 0 = m. The effective sample size is the ratio of the

sample size to the design effect of the B . The degrees of freedom for the linear mixed model are only an
approximation (Faes et al., 2009). However, the degrees of freedom of the linear model and Huber-White are
exact (MacKinnon and White, 1985).

The adaptive confidence intervals may not have the correct coverage rates as they might not incorporate the
model selection uncertainty. The extent of this problem will be evaluated by simulation. An alternative
approach would be to fit both the LM and LMM and base estimates and inference on model averaging of
these two models (see for example Hoeting et al., 1999; Yuan and Yang, 2005). The adaptive method was
tested by AL-Zoubi et at., 2010 for the normal data and by AL-Zoubi (2012) for exponential data.

3. SIMULATION STUDY

In this section, a simulation study is conducted to compare the adaptive and non-adaptive methods for
estimating var (). Data are generated from the skew normal distribution, with m;= m and an intercept only
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Model (1.4). The values of p, m and c are varied. The value of y is fixed to be 1. 1000 samples are generated
in each case. The values of o7 and 2 are set to ﬁ y and 1, respectively, to ensure that the intra-class

correlation is p.

For each sample the estimated regression coefficient 8 and the estimators of var () are calculated for the
LMM and LM models using the Ime4 and Im packages (Pinheiro and Bates, 2000) in the R statistical
environment (R Development Core Team, 2007). The true variance of # is determined by calculating the
variance over all 1000 simulations.

The two adaptive strategies ADM and ADH are defined by (2.2) and (2.3) and 90% confidence intervals are
calculated for the LMM method using the method of Faes et al. (2009). Huber-White confidence intervals and
the adaptive confidence intervals are calculated as discussed in Section 1.2.4. The hope is that the adaptive
procedures give shorter confidence intervals as they will use the LM when H,, is not rejected and for small
sample sizes these cases still have p away from zero. As the sample size increases, H, will only be not
rejected when p is close to zero.

The restricted likelihood ratio test described in Section 1.4 is evaluated for testing H,: o2 = 0 The parameter
p is varied over a range of values of 0, 0.01, 0.025, 0.05 and 0.1; c is varied over 2, 5, 10 and 25; and m is
varied over 2, 5, 10, 15, 25 and 50.

3.1. Simulation Results on Adaptive Confidence Intervals for g for Balanced Data

A simulation study based on equal sized PSUs, m;= m, and an intercept only model is conducted to compare
the adaptive and non-adaptive methods for estimating var (8 ). In this study we used the parametric bootstrap
to estimate V (T) because the scale parameter 6 relies on V (T) (see Equation 1.19) and Faes et al. (2009) did
not specify how V (T) can be estimated.

To apply the parametric bootstrap method to estimate var (T), 100 samples are generated from the
intercept-only model (1.4) with variances 62 and 82. For each sample, we estimated g and var (B) to find the

JB—A. The variance of the 100 values of T was calculated and used to estimate V (T).
var (f8)
Another way to estimate var (T) is to estimate var [v’&‘r @B )], and then substitute into (1.19), but Faes et al.
(2009) also didn't specified how to estimate this parameter, therefore we have tried to do that using the
parametric bootstrap. The same procedure above is used, but now we estimated var (8 ) from the fitted model
and then calculated the variance of the 100 estimated values of var (8 ). Then var (T) was calculated by
coding Equation (1.19) in R. However the method of estimating V (T) by calculating the variance of the 100
estimated values of T performed better than the method uses var [vﬁr @B )], to estimate var (T).

The hypothesis H,: o = 0 is tested as described in Section 1.2 using the restricted likelihood ratio test
defined in Equation (1.29). The two adaptive strategies ADM and ADH are as defined in Section 2.2. 90%
confidence intervals are calculated for the LMM method using the method of Faes et al. (2009). Huber-White
confidence intervals are calculated, and the adaptive confidence intervals are calculated as discussed in
Section 2.2.

Tables 1-5 show the ratio of the mean estimated variance of 5 and E (var (8))/var (8) using the four
strategies of estimation (ADM, ADH, LMM and Huber) with values of p equals to 0, 0.01, 0.025, 0.05 and
0.1. In all tables we used B = 0 and significance level a = 0.1 for testing 2 = 0. The tables show the non-
coverage rates of 90% confidence intervals of 8 and the average lengths of these confidence intervals. The
proportion of samples where H,: o2 =0 is rejected are also shown.

value of T =

3.2. Simulation Study of Skew-Normal Data in a Balanced Two-Stage Design

A simulation study is conducted to compare the adaptive and non-adaptive methods for estimating var (8)
and associated confidence intervals where data are skew-normally distributed. This study is based on equal
sample sizes within PSUs. Data are generated from the intercept only Model (1.4) assuming that b; has a

skew normal with variance o7 = -2~ y and a skewness parameter y = 1, and e;;~N (0, 1).
1_

These strategies are the linear model strategy, the linear mixed model strategy, the robust Huber-White
variance estimator strategy and the two adaptive strategies, the LMM based and the Huber based adaptive
strategies. The parameter p was varied over a range of values of 0, 0.01, 0.025, 0.05 and 0.1. The number of
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PSUs, c, is varied over a range of values of 2, 5, 10 and 25 and the PSU sample size is varied over a range of
values of 2, 5, 10, 15, 25 and 50.

The hypothesis Hy: a? = 0 is tested as described in Section 1.2 using the restricted likelihood ratio test
defined in Equation (1.29). The two adaptive strategies ADM and ADH are as defined in Section 2.2. 90%
confidence intervals for 8 are calculated for the LMM method using the method of Faes et al. (2009). Huber-
White confidence intervals for g are calculated, and the adaptive confidence intervals for g are calculated as
discussed in Section 2.2.

For skew-normal distribution with one value of (y = 1), the results are summarized in Tables 1-5. Here, we
assumed that the PSUs have the same number of observations, that is m;= m, for all i=1, 2, . . ., c.

As in Subsection 2.3.2, the ratio of the estimated variance to the true variance of g ,E(var (8))/var (B) is
calculated. The tables also include the non-coverage rates for g as well as the average lengths of the 90%
confidence intervals for §. The restricted likelihood ratio test probabilities of rejecting H,: o2 = 0 are
included in these tables as well. Four strategies of estimation are included in the tables, ADM, ADH, LMM
and Hub.

3.3. Variance Estimation

Based on Tables 1-5 we can conclude that:

1. The variance estimators are generally approximately unbiased, as all ratios are approximately 1.
However, there are some exceptions for variance estimator using the LMM strategy, where , variance
estimators are tended to be biased as

a) For p =0 when there are 10 or less sample PSUs with all numbers of observations per PSU except when
there are 10 sample PSUs with 5 observations per PSU.

b) For p=0.01, when there are 2 and 5 sample PSUs with all numbers of observations per PSU and when
there are 10 sample PSUs with 5,10,15 and 25 observations per PSU.

c) For p=0.025, 0.0 when there are 2 and 5 sample PSUs with all numbers of observations per PSU except
when there are 5 sample PSUs with 50 observations per PSU. It also tended to be biased when there are
10 sample PSUs with 2 and 50 for p = 0.025 and 5 for p = 0.05 observations per PSU.

d) For p=0.1, when there are 2 sample PSUs with observations < 25 per PSU , when there are 5 sample
PSUs with 2 and 5 observations per PSU and when there are 10 sample PSUs with 2 and 25 observations

per PSU.

2. The other exception where the ADM and the ADH variance estimators are tended to be biased in the
cases:

a) For p =0, when there are 2 and 5 sample PSUs with all numbers of observations per PSU except when
there are:

e 5sample PSUs with 2 and 5 observations per PSU.
e 10 sample PSUs with 15 and 50 observations per PSU.
e 25 sample PSUs with 2 and 5 observations per PSU.
b) For p=0.01, when there are:
e 2 Sample PSUs with observations < 25 per PSU.
e 5sample PSUs with 5 observations per PSU.
e 10 sample PSUs with 5, 10 and 25 observations per PSU.
c) For p=0.025, when there are 2 sample PSUs with 10 or less observations per PSU and when there are 5
sample PSUs with 5 observations per PSU.
d) For p = 0.05 when there are 2 sample PSUs with 2 and 5 observations per PSU and when there are 5
sample PSUs with 2 observations per PSU.
e) For p =0.1 when there are 2 sample PSUs with 10 observations per PSU and when there are 5 sample
PSUs with 5 observations per PSU.

3.4. Confidence Intervals
1. The tables show that the non-coverage rates of confidence intervals for 8 are almost around the nominal

rate (@=10%) when p = 0, for all methods. Also, it close to the nominal rate when p = 0.01 and 0.025,
when there are 5 or less sample PSUs with 5 or less units per PSU and when ¢ =10 with m= 2. For p =
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0.05, they are close to the nominal rate when there are 5 or less sample PSUs with 2 observations per
PSU. But they are far from the nominal rate (10%) for other values of p.

2. The ADH average lengths of confidence intervals for 8 are almost always shorter than its counterpart
based on the Huber—White variance estimation for all values of p. When there are 2 and 5 sample PSUs it
is very obvious that the ADH average lengths of confidence intervals for 8 are much shorter than Huber
average lengths of confidence intervals for g for all numbers of observations per PSU as follows:

a) With orders 40-55% for p =0 and 0.01 when there are 2 sample PSUs with all numbers of observations
per PSU.

b) With order of 7-12% for p = 0 when there are 5 sample PSUs with all numbers of observations per PSU.

c) For p=0.01and 0.1 when there are 5 sample PSUs with orders 5-15%.

d) For p=0.01, 0.025, 0.05 and 0.1 when there are 10 sample PSUs with orders 2-8%.

e) With p =0.025 and 0.05 when there are 2 sample PSUs with orders 37-53%.

f)  When there are 5 sample PSUs with orders 7-16%.

g) For p =0.1when there are 2 sample PSUs with orders 25-48%.

3. The ADM average lengths of confidence intervals for 8 are almost always shorter than the LMM average
lengths of confidence intervals for g for all values of p. When there are 2 and 5 sample PSUs it is very
obvious with all numbers of observations per PSU that the ADM average lengths of confidence intervals
for 8 are much shorter than LMM average lengths of confidence intervals for g8 as:

a) With orders 7-10% for p = 0 when there are 2 sample PSUs with all numbers of observations per PSU.

b) Forp=0and0.01, the ADM average lengths are shorter for p = 0.01, 0.025, 0.05 and 0.1 when there are
2 sample PSUs with orders 7-12%.

c) For p=0.025, 0.05and 0.1 and when there are 5 sample PSUs with orders 2-7%.

4. CONCLUSIONS

Based on results obtained we may conclude the following:

For each value of p, the Huber-White variance estimators are unbiased. For all values of p, the length of the
ADH average lengths of confidence intervals for g are shorter than the Huber-White confidence intervals for
B.

When p =0, non-coverage rates are approximately around the nominal rate (a=10%). LMM average lengths
of confidence intervals for g are nearly wider than the ADM average lengths of confidence intervals for g
regardless the value of p.

The ADM, adaptive based on LMM variance estimator for B as alternative, confidence intervals are shorter
than the LMM confidence intervals in designs with 5 or less sample PSUs with all average numbers of
observations per PSU for all values of intra-class correlation p. The ADM confidence intervals are a bit
shorter for designs with 5 sample PSUs with all average numbers of observations per PSU for all values of
intra-class correlation p. The ADM confidence intervals are shorter for designs with number of sample PSUSs,
¢ =10 and m=2 and 50 when p = 0 and 0.01, respectively. Also, ¢ = 10 with 10 or more observations per PSU
when p = 0.025, and with 25 or less observations per PSU when p = 0.05 and 0.1. The ADM confidence
intervals are shorter for these designs with 2-12%. Otherwise, ADM and LMM confidence intervals
performance are approximately the same.

The ADH, adaptive based on Huber-White variance estimator for 8 as an alternative, confidence intervals are
much shorter than the Huber-White confidence intervals in designs with 2 and 5 sample PSUs with,
approximately all average numbers of observations per PSU for all values p. The ADH confidence intervals
are shorter for designs with 10 sample PSUs with m < 25 for p =0, 0.05 and 0.1, also with all average
numbers of observations per PSU for p=0.01 and 0.025. The ADH confidence intervals are shorter for these
designs with 5-55%. There were no significant differences, otherwise.

ADH non-coverage rates are smaller than Huber-White non-coverage rates in designs with all sample PSUs
with all numbers of observations per PSU when p = 0 and ADH non-coverage rates are larger than Huber-
White non-coverage rates except in designs with ¢ = 2, 15 and 25 with m= 3 and ¢ = 5 and 10 with m =3 and
10 when p=0.025. ADH non-coverage rates are larger than Huber-White non-coverage rates except in designs
with ¢ = 2 and 10 with m =3 when p = 0.1

ADM non-coverage rates are larger than LMM non-coverage rates in designs with ¢ = 2 with all numbers of
observations per PSU for all values of p, with ¢ =5 with m = 3 when p =0, with ¢ = 5 with all numbers of
observations per PSU and with m = 3 and 25 when p = 0.025 and 0.1, respectively. The ADM and ADH
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confidence intervals are shorter than LMM and Huber-White confidence intervals in designs with ¢ < 5 with
all numbers of observations per PSU for all values of p. There are no relevant differences, otherwise.

Table 1: Simulation results of inferences about S, and testing H,: %= 0 using RLRT with p =0,
using skew- normal data with y= 1 based on balanced samples

E(var (B))/var (B)
PSU Ob Non- Coverage of CI for Pr Confidence Interval
s s (%) (Rej Length
H,)
_ (%)
c m ADM  ADH LM Hub AD AD LM Hu RLR AD AD LM Hu
M M H M b T M H M b

2 2 128 128 1502 111 |84 84 110 106|105 |498 30 545 51

3 3 1 5 26 3 88
2 5 1.16 1.16 1401 093 | 94 9.0 10.0 9.7 5.2 119 14 128 3.0
9 9 4 4 59 4 65
2 10 1.17 1.17 1427 098 | 110 11.0 106 8.9 4.8 084 1.0 094 22
5 5 3 9 18 1 74
2 15 1.20 1.20 1457 1.00 | 10.9 109 104 8.2 4.4 069 0.8 0.76 1.8
1 1 8 6 25 7 80
2 25 1.22 1.22 1592 110 | 87 8.7 9.1 9.0 6.0 055 0.6 061 14
2 3 6 8 90 2 70
2 50 1.19 1.19 1451 098 | 94 9.4 10.3 95 4.6 037 04 041 1.0
8 8 7 8 54 7 12
5 2 1.03 1.03 1147 098 | 10.2 10.1  10.2 9.9 10.3 119 11 121 12
1 1 2 0 99 2 95
5 5 1.07 1.07 1186 0.95 | 108 10.8 109 116 | 9.0 0.72 0.7 0.74 0.7
1 1 9 5 32 4 96
5 10 1.12 1.12 1259 102 | 88 8.8 9.0 101] 76 0.50 05 052 05
4 4 4 5 10 0 73
5 15 1.11 1.11 1216 096 | 95 9.5 10.2 121177 041 04 041 04
4 4 3 2 17 7 56
5 25 1.14 1.14 1284 103 | 84 8.4 8.8 8.1 6.2 031 0.3 032 03
6 6 9 1 14 2 58
5 50 1.16 1.16 1206 1.06 | 104 104 94 9.3 6.8 022 0.2 023 0.2
0 0 1 3 25 1 56
10 2 1.07 1.07 1156 1.03 | 84 8.4 9.0 8.5 105 0.78 0.7 079 0.8
2 2 1 6 86 2 02
10 5 1.01 1.01 1069 0.93 | 10.2 103 11.2 116 ] 7.0 048 04 048 05
2 2 7 7 88 6 00
10 10 1.04 1.04 1101 096 | 94 9.4 9.9 9.9 7.7 034 0.3 034 03
2 2 5 6 46 6 57
10 15 1.09 1.09 1159 1.00 |94 9.4 10.8 11.2 | 8.0 028 0.2 028 0.2
) ) 6 2 82 1 89
10 25 1.05 1.05 1119 098 | 99 9.8 10.7 9.9 8.9 021 0.2 021 0.2
7 7 4 8 19 9 27
10 50 1.11 1.11 1193 103 | 9.2 9.2 9.0 9.2 6.7 0.15 0.1 015 0.1
8 8 5 3 53 5 59
25 2 1.08 1.08 1136 1.05 | 10.2 10.1 106 101 ] 94 048 04 047 04
) ) 1 0 81 8 79
25 5 1.08 1.08 1.098 1.03 | 88 8.8 9.9 100 | 9.3 0.30 0.3 030 0.3
8 8 0 4 03 0 02
25 10 1.03 1.03 1044 0.99 | 100 100 11.0 9.9 9.1 021 0.2 021 0.2
4 4 4 4 14 1 15
25 15 1.01 1.01 1024 095 | 95 9.5 10.7 102 | 8.6 0.17 0.1 0.17 0.1
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7 7 5 5 752 74

25 925 | 1.06 1.06 1081 102 |100 100 102 103] 90 043 01 013 0.1
8 8 5 5 3B 4 36
25 50 | 1.06 1.06 1095 101 |90 90 93 100/ 90 009 00 009 00
4 4 8 6 % 5 9%

Table 2: Simulation results of inferences about /3, and testing H,: o%,= 0 using RLRT with p = 0.01,
using skew- normal data with y= 1 based on balanced samples

PSU Ob E(var (B))/var (B) Non- Coverage of ClI for p Pr Confidence Interval
(%) (Rej Length

S S H,)

(%)
c m ADM ADH LM Hub AD AD LM Hu RLR AD AD LM Hu
M M H M b T M H M b
2 2 1.18 1.18 129 101]80 80 117 92 |109 |52 30 58 51
6 6 0 6 87 50 5 03
2 5 1.14 114 127 091 |99 95 112 11 | 49 12 14 123 30
2 2 6 8 2 38 74 6 47
2 10 | 1.07 1.07 128 086|128 128 145 12. |49 08 10 093 22
5 5 5 3 0 57 37 3 23
2 15 1115 1.15 140 098 | 123 123 126 10. | 48 06 08 077 19
3 3 8 5 4 99 37 4 00
2 25 1108 108 123 096 |142 142 151 10. |70 05 07 063 15
5 5 2 2 8 63 21 3 45
2 50 | 103 103 127 100|199 199 182 82 |91 04 05 049 12
8 8 5 6 31 82 2 23
5 2 1.00 1.00 111 093 | 115 114 121 120 |103 |11 11 120 12
8 8 4 9 4 88 98 5 77
5 5 1.12 1.12 125 103|107 107 126 11. | 82 07 07 073 08
3 3 3 6 4 18 23 9 06
5 10 1101 101 115 096 | 126 126 128 11. |89 05 05 053 05
9 9 5 2 7 12 18 5 91
5 15 1106 106 118 098 | 137 135 135 13. |99 04 04 043 04
0 0 4 6 6 21 27 4 84
5 25 1102 102 114 098|171 170 153 14. | 111 |03 03 034 03
8 8 6 3 2 29 34 2 86
5 50 1100 100 112 099|211 207 206 17. |160 |02 02 025 02
5 5 4 3 9 45 49 7 88
10 2 098 098 105 094 |108 105 114 11. | 108 |07 07 079 08
4 4 8 4 8 85 87 0 02
10 5 1.08 108 114 101|124 122 129 13. |96 04 04 049 05
0 0 1 7 9 96 97 6 12
10 10 1108 108 115 105|126 124 128 12 | 112 |03 03 035 03
9 9 6 0 1 52 53 6 70
10 15 1.01 1.01 1.08 097 | 193 192 193 18. 12.9 0.2 02 029 03
9 9 4 8 1 91 91 5 05
10 25 1110 110 118 110|202 200 202 17. | 152 |02 02 023 02
3 3 4 5 2 28 28 2 44
10 50 1093 093 100 097 |324 321 308 27. |235 |o1 01 017 01
5 5 8 2 5 70 71 6 85
25 2 1.00 1.00 105 097 |114 114 126 11. [ 104 |04 04 047 048
3 9 2 80 81 9 1

168




7 7
25 5 1.09 1.09 110 1.05 | 16.0 159 16.8 16. 12.7 0.3 0.3 030 0.3
8 8 6 0 6 06 06 2 05
25 10 1.03 1.03 104 1.02 | 21.2 212 220 20. 15.0 0.2 0.2 021 0.2
3 3 7 1 9 19 18 7 22
25 15 098 0.98 0.99 099 | 273 272 281 25. 14.6 0.1 0.1 0.17 0.1
4 4 8 3 8 78 78 7 83
25 25 099 099 101 101 | 376 376 376 36. 23.7 0.1 0.1 014 0.1
8 8 4 6 3 43 42 2 47
25 50 098 098 102 1.03 | 55.7 56.1 54.1 52. 39.2 0.1 0.1 010 0.1
2 2 3 0 4 07 06 9 11

Table 3: Simulation results of inferences about 4, and testing H,: %= 0 using RLRT with p = 0.025,
using skew normal data with y= 1 based on balanced samples

PSU Ob E(var (8))/var (B) Non- Coverage of ClI for p Pr Confidence Interval
s s (%) (Rej Length
H,)
(%)
c m AD AD LM Hub AD AD LM Hu RLR AD AD LM Hu
M H M M H M b T M H M b
2 2 1.23 123 1.46 1.07 | 75 75 117 101 | 11.2 557 3.0 6.09 51
5 5 2 4 8 83 7 37
2 5 1.13 113 127 099 | 116 112 112 9.1 7.1 122 16 143 33
4 4 4 6 3 38 9 24
2 10 1.14 114 141 1.01 | 144 144 144 11.0] 65 089 11 1.00 24
8 8 8 9 1 29 2 00
2 15 101 101 122 089 | 165 165 164 125173 075 09 083 20
9 9 6 2 3 72 1 03
2 25 099 099 120 094 | 216 216 194 11.2 ] 99 062 0.8 070 17
8 8 4 6 5 58 3 02
2 50 1.01 1.01 122 1.02 | 26.7 26.7 220 106 | 134 050 0.7 056 1.2
9 9 0 7 2 33 9 75
5 2 1.08 1.08 1.20 1.02 | 10.2 101 104 100 | 8.8 119 1.2 122 1.2
9 9 6 5 2 00 0 94
5 5 1.06 1.06 1.18 1.01 | 144 144 134 114 ] 116 075 0.7 077 08
0 0 0 8 1 57 4 57
5 10 1.05 1.05 118 1.02 | 149 148 16.0 13.2 ] 123 053 05 055 06
8 8 5 4 1 39 1 19
5 15 099 099 113 098 | 21.2 209 195 16.6 | 10.9 043 04 045 05
6 6 5 9 0 35 2 11
5 25 096 096 1.09 1.01 | 26.1 258 234 176 | 19.0 036 03 038 04
4 4 6 4 0 68 4 38
5 50 090 090 1.01 096 | 316 310 291 225 ] 318 029 0.2 030 03
9 9 0 4 0 98 9 46
10 2 1.01 1.01 1.08 096 | 11.7 11.7 126 125 ] 12.0 079 0.7 079 08
6 6 8 6 1 93 6 03
10 5 096 096 1.01 0.93 | 16.3 16.1 171 157 | 11.0 050 0.5 050 05
1 1 8 3 1 03 3 26
10 10 092 092 0.99 092 | 22.7 225 231 199 | 16.7 036 03 037 03
7 7 3 9 5 66 2 90
10 15 098 098 1.06 1.01 | 27.9 277 269 23.7 ] 18.0 030 03 031 03
0 0 2 5 2 02 1 28
10 25 0.88 0.88 0.95 0.93 | 359 354 345 30.0 | 30.0 025 0.2 025 0.2
8 9 1 0 0 51 7 72
10 50 1.06 1.06 112 112 | 43.7 441 403 38.2 ] 50.9 020 0.2 021 0.2
6 6 7 3 5 06 2 20
25 2 094 094 0.99 092 | 171 173 178 179 ] 11.6 048 04 048 04
8 8 1 5 3 83 1 84
25 5 096 096 0.97 0.96 | 26.2 260 27.8 2541 139 031 03 030 03
6 6 8 0 0 09 7 15
25 10 095 095 0.97 0.98 | 37.7 380 384 36.2 | 214 022 0.2 022 0.2
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4 4 8 4 5 24 5 33
25 15 | 100 100 101 105 | 479 483 487 466|288 |o018 01 019 o1
9 9 3 1 9 88 0 96
25 25 1099 099 100 103 |595 603 595 586|475 |o015 01 015 o1
0 0 4 1 8 56 8 62
25 50 | 090 090 092 092 |733 745 730 739|788 |o012 01 o012 o1
7 7 1 7 8 28 9 30
Table 4: Simulation results of inferences about A, and testing H,: o%,= 0 using RLRT with p = 0.05, using
skew- normal data with y= 1 based on balanced samples
PSU Ob E(var (B))/var (B) Non- Coverage of Cl for B Pr Confidence Interval
S S %) (Rej Length
H,)
(%)
c m AD AD LM Hubh AD AD LM Hu RLR AD AD LM Hu
M H M M H M b T M H M b
2 2 109 109 128 095 |97 97 139 97 |106 |54 30 58 52
7 7 4 1 00 42 4 74
2 5 117 117 142 103 | 129 128 126 99 |79 12 17 145 34
9 9 3 7 38 30 2 21
2 10 | 102 102 126 098 |177 177 145 11. |92 09 12 108 26
2 2 9 0 1 43 95 1 56
2 15 | 107 107 122 106 | 203 203 179 10. | 104 |08 11 094 23
3 3 9 7 9 22 49 6 14
2 25 | 103 103 120 100 |277 277 248 13. |153 |07 11 082 19
5 5 2 4 4 48 18 6 23
2 50 | 094 094 108 098 |341 341 278 14 |227 |06 10 074 16
4 4 9 2 4 63 64 5 77
5 2 112 112 125 108 | 105 105 119 11 |122 |12 12 123 12
6 6 0 0 2 5 22 9 19
5 5 102 102 115 101 | 172 172 156 13. | 131 o7 07 079 08
2 2 3 1 8 63 72 8 82
5 10 | 102 102 116 105 | 217 216 204 15 |174 |05 05 060 06
6 6 9 4 9 65 74 1 71
5 15 ] 097 097 109 101 | 284 280 271 21. |211 |04 04 050 05
6 6 3 7 5 75 86 1 71
5 25 097 097 107 102 |324 317 281 21. |328 |04 04 044 04
0 0 6 8 2 19 29 8 96
5 50 | 095 095 102 100 |356 342 333 27. |520 |03 03 039 04
7 7 0 5 4 74 83 3 24
10 2 105 105 113 101 | 137 137 147 13. |111 |o8 08 o081 08
1 1 4 6 7 04 06 2 23
10 5 105 105 113 106 | 234 231 228 20. | 156 |05 05 052 05
5 5 2 5 3 7 19 5 52
10 10 o093 093 101 097 | 286 290 274 24 |249 |03 03 039 04
9 9 0 9 9 88 8 9 20
10 15 |os87 o087 094 092380 380 362 33 |314 |03 03 034 03
8 8 3 2 2 30 30 1 58
10 25 |099 099 104 103|426 427 409 39. |522 |02 02 o030 03
5 5 4 9 0 % 96 4 15
10 50 |os8s 08 090 090 |502 495 498 48 |791 |02 02 026 02
7 7 5 6 1 60 58 4 66
25 2 098 098 103 097 [233 233 234 23 [114 |04 04 049 04
2 2 2 2 9 90 9 1 95
25 5 099 099 100 100 |384 386 383 36 [|224 |03 03 032 03
0 0 5 8 6 20 21 0 30
25 10 105 105 107 111|552 563 559 53. |376 |02 02 o024 02
9 9 7 2 1 41 40 1 51
25 15 |o099 099 101 104|625 637 622 62 |537 |02 02 o021 02
6 6 1 0 0 10 08 1 16
25 25 |09 o099 099 100|752 754 750 74 |80 |o1 o1 o018 o01
1 1 8 8 4 85 83 6 86
25 50 |105 105 105 105|855 87 8.4 8. |99 |01 o01 o016 o1
5 5 6 7 7 61 60 1 60
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Table 5: Simulation results of inferences about 3, and testing H,: o%,= 0 using RLRT with p = 0. 1,
using skew- normal data with y= 1 based on balanced samples
PSU Ob E(var (B))/var (B) Non- Coverage of Cl for p Pr Confidence Interval
s s (%) (Rej Length
H,)
(%)
c m AD AD LM Hub AD AD LM Hu RLR AD AD LM Hu
M H M M H M b T M H M b
2 2 100 100 120 090 | 122 122 155 122|109 |522 30 58 53
3 3 9 4 8 31 9 22
2 5 106 106 129 099 | 163 160 153 114|104 | 142 19 156 37
4 4 7 6 1 21 4 24
2 10 | 110 110 122 110 | 240 240 205 132)| 146 |108 16 123 30
3 3 9 0 2 7 0 09
2 15 | 098 098 114 097 | 282 280 252 127)|166 |o099 15 110 26
9 9 2 3 3 43 2 17
2 25 | 105 105 119 109 | 333 332 280 116)]|241 |o096 15 107 24
2 2 8 7 5 85 3 68
2 50 | 095 095 103 098 |387 385 319 127|347 |o098 16 106 21
5 6 8 7 0 27 3 87
5 2 106 106 117 101 | 146 145 145 134|133 |122 12 126 12
1 1 9 7 6 38 4 37
5 5 110 110 123 111 | 212 210 185 154|182 | O08L 08 085 09
2 2 5 4 4 29 6 46
5 10 | 094 094 104 099 |318 310 290 214)]|280 |063 06 066 07
4 4 9 1 2 47 8 49
5 15 ] 090 090 099 096 |354 339 307 245|380 |057 05 061 06
7 7 6 4 7 92 2 78
5 25 | 094 094 100 098 |355 339 324 260|554 |054 05 056 06
9 9 3 8 3 54 7 06
5 50 | 088 08 09 089 | 376 361 361 327|742 |052 05 053 05
2 3 1 7 4 215 51
10 2 106 106 115 106 | 185 183 191 191|139 | 083 08 084 08
8 8 6 3 0 32 2 62
10 5 097 097 105 102 | 315 320 290 262)|249 |o055 05 057 06
5 5 4 5 5 55 2 00
10 10 |093 093 099 098 |402 399 396 352|427 |043 04 044 04
3 3 1 2 6 38 8 70
10 15 |o95 095 099 099 | 435 439 421 401|600 |O040 04 041 04
1 1 5 5 6 05 9 29
10 25 |105 105 108 108 |522 517 510 493|769 |037 03 037 03
9 9 3 5 3 72 9 85
10 50 |103 103 104 104 |557 563 551 556|948 | 035 03 035 03
7 7 1 1 1 48 2 50
25 2 098 098 103 098 |367 363 367 362|185 |05 05 050 05
4 4 6 9 3 04 7 12
25 5 095 095 097 100 |572 578 572 556|370 |034 03 034 03
6 6 7 8 3 40 4 56
25 10 | 097 o097 098 100 |733 733 732 723|712 |o27r 02 o028 02
7 7 7 5 9 7% 0 83
25 15 ] 095 095 096 096 | 804 812 803 806]|8.0 |025 02 025 02
7 7 1 8 5 52 5 55
25 25 | 102 102 102 102 |87 85 8.7 85|92 |023 02 023 02
3 3 4 5 1 30 1 30
25 50 | 100 100 100 100 | 919 916 919 916 1000 |o021 02 o021 02
8 9 8 9 0 09 0 09
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