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Soluciones de onda viajera de un modelo continuo
de transmision de energia en medios no
homogeéneos

Traveling-wave solutions of a continuous model of
energy transmission in hon-homogeneous media

Jorge E. Macias-Diaz

Abstract En este trabajo, se investigara la existencia de soluciones de un model continuo de transmision de
ondas en medios no homogéneos. Una extensién del método clasico de integrales directas (también conocido
como el método de la ecuacion de prueba) sera empleada en este trabajo para derivar soluciones analiticas
del modelo bajo estudio. Todas las soluciones que se obtendran son ondas viajeras descritas de forma exacta.
Abstract In this work, we investigate the existence of exact solutions of a continuous model of wave transmis-
sion in nonhomogeneous media. An extension of the classical method of direct integrals (also known as the
trial equation method) is used in this work in order to derive some analytical solutions of the model under study.
All the solutions derived in this work are actually traveling waves that are presented in exact form.
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Introduction

The classical Klein—-Gordon equation and its (continuous and
discrete) nonlinear generalizations are models that describe a
wide range of phenomena in modern physics. Among many
other recent reports, equations of the Klein—Gordon and sine-
Gordon types have been employed to obtain a vast family of
localized solutions in exact form [1], to study the behavior of
a massive scalar field in a charged rotating hairy black hole
[2], to explore the dynamics of genuine continuum breathers
and the conditions under which it persists in a &2 .7 -symmetric
medium [3], as a model to construct non-equilibrium steady
states in arbitrary spatial dimensions under a local quench
[4], as an example of a discrete model for which phase-shift
breathers cannot be supported [5] and in the investigation of
the phenomenon of nonlinear supratransmission in nonlinear
regimes [6] among other applications [7, 8].

Most of the Klein—Gordon models investigated in the lit-
erature consider the presence of constant coefficients. Indeed,
most of the relevant models are particular cases or (continu-
ous or discrete) extensions of the nonlinear hyperbolic partial
differential equation

u,,+du,—a2um+bu+cu3:0, (1)

where u is a function of the real variables x and ¢. Meanwhile,
the symbols u;, u; and u,, represent the partial derivatives

of u with respect to ¢, > and x?, respectively, and a, b, ¢
and d are usually fixed real numbers. This last requirement
physically implies that the media described by those Klein—
Gordon models are homogeneous in both space and time.

Motivated by these facts, we will consider here an in-
homogeneous generalization of the damped Klein—Gordon
equation in which the coefficients are functions of time. The
goal of this work is to propose expressions for traveling-wave
solutions of that model, as well as conditions on the (non-
constant) coefficients and the wave velocities that guarantee
the existence of such solutions. To that end, we will employ
the extension of the method of direct integrals (also known as
the trial equation method) proposed in [1]. Such approach is
a generalization of the method designed by W.-X. Ma and B.
Fuchssteiner for partial differential equations with constant
coefficients [9]. It is important to mention that different ap-
proaches have been employed in the literature to determine
traveling-wave solutions of nonlinear models in physics [10].
However, the generalized trial equation technique is partic-
ularly interesting in view of its simplicity and the fact that
various families of solutions are fully characterized through
the values of discriminant systems (for instance, see [11, 12]
and references therein).

This note is sectioned as follows. In Section 1, we present
the damped Klein—Gordon equation with time-dependent co-
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efficients that motivates this work. The method of the direct
integral is used then to determine traveling-wave solutions of
the model. The expressions of the constant parameters re-
quired by the direct integral method are derived, along with
necessary conditions for the existence of the solutions. In
Section 2, we consider various particular cases and, in each
of them, we derive traveling-wave solutions of the paramet-
ric Klein-Gordon equation of interest. We will note in that
section that some of the traveling-wave solutions that we will
obtain are complex-valued functions. Finally, we close this
work with a section of concluding remarks.

1. Klein—Gordon equation

In this work, we will use the symbol RT to represent the
set of nonnegative real numbers, and we will suppose that a,
b, c and d are real-valued and Riemann-integrable functions
defined on R*. Throughout we will assume that u is a non-
negative real function on the vector (x,7) € R x R+ with con-
tinuous partial derivatives up to the second order, satisfying
the partial differential equation

Uy +d ()1 — @ () + b(t)u+c(t)u’ = 0.

@
Note that this model is a generalization of the Klein—Gordon
equation (1), which considers now non-constant coefficients
that depend on the temporal variable.
In the present work, we will use an extension of the method

of direct integrals (or trial equation method) proposed by W.-
X. Ma and B. Fuchssteiner in [9] in order to account for the
presence of time-dependent coefficients. Such parametric ap-
proach has been used recently for simpler diffusive models
[1, 13]. Following the approach described in [1], we assume
the existence of traveling-wave solutions of the model (2)
which take the form

3

where
E=8(x1)=k(t)x+ (1), 4)

for suitable functions &, ® : RT — R with continuous deriva-
tives up to the second order.

Using these assumptions and the chain rule, the following
identities readily follow:

u = (&' (0)x+ o' (1)), (5)
uy = (K (0)x+ @' (0)) i+ (& (t)x + " (1)), (6)
U = K2(2)ii. (7

Here, 1 represents the derivative of u = u(&) with respect to
&, and ii denotes the respective second derivative of u. Sup-
pose that there exist a nonnegative integer m and real con-
stants ; foreachi =0, 1,...,m, such that

®)

m
(ll)z = Z (Xkuk.
k=0

As a consequence,

i=x i Koy ! ©)
2 k=1 '

Substituting the formulas (5)—(7) as well as the expansion
(8) into our model, we obtain the ordinary differential equa-
tion

O(x, 1)+ A(x,1) ikakukfl +b()u+c(t)u’ =0, (10)
k=1
where
O(x,t) = [K'(1) +d()x' (O)Ix+ @" (1) +d(t) @' (t), (11)
A(x,1) = % [(K'()x+ ' (1) —a*(t)&*(1)] . (12)

Note that the left-hand side of (10) is a polynomial in the
variables u# and # which must be equal to zero. Applying
he balancing principle, it follows that m = 4. Moreover, as
additional consequences of the balancing principle we obtain
that

O(x,1) =0, (13)
200A(x,1) + b(t) =0, (14)
4oy (x,1) +c(t) =0, (15)

for every (x,t) € R x RT. Note also that ot = a3 = 0 must
be satisfied.

Several simplifications readily follow from these last iden-
tities. Indeed, the facts that both ¢, and ¢y are constants
together with Equations (14) and (15) imply that A depends
only on the temporal variable. This and the expression of A
yield that x’(¢) = 0. Equivalently, kx(r) must be equal to a
constant k¥ € R. Therefore both ® and A are functions ex-
clusively of ¢, and the conditions (13)—(14) can be rewritten
as

o"(t)+d(t)o'(t) =0, (16)

b(r)
%= 20— (@) a7
o c(t) (18)

for each t € RT. Observe that k must be a real number such
that the right-hand sides of the last two equations are con-
stants.

Before we close this section, it is important to note that
the solution (16) can be readily expressed in analytic form.
Moreover, constant functions @(¢) = o satisfy this equation.
Also, in the absence of the damping term the function ®
adopts the form @(¢) = w7 + ®,, where @; and @, are real
constants.



Soluciones de onda viajera de un modelo continuo de transmisidn de energia en medios no homogéneos 133

2. Exact solutions

Following the results in Section 1, let m =4, let ¢y = a3 =0,
and suppose that 0y € R and that the expressions in (17) and
(18) are constant real numbers. Using the change of variable
u=v'/? and some algebraic simplifications, Equation (8) be-
comes

()% = 4oy’ + 4oy’ +dagy. (19)

To simplify this expression we let w = (40y) 113y, Expressing
the identity (19) in terms of w, separating variables in the
resulting equation and integrating both sides, we obtain

=+(40y)' 3 (E - &),

(20)

/ dw
VwWw? +biw+bo)

where b; = 40, (404)~2/3 and by = 4o (4ay) /3, and & is
an arbitrary real number.

Let F be the polynomial inside the radical in the inte-
grand of the last equation as a function of w. Note that the
discriminant of F (w) is given by A = b? — 4by. Accordingly,
various cases can be considered now depending on the dis-
criminant and the constants in the expansion (8). Following
the approach used in [1], we will consider those cases next.

Case1.A=0,w>0,p<0and as >0
In this case, the following functions are solutions of (2):

_ || ||
u==+ 00 tanh 3 (&E-&)|, 21
|0 |0
== th — (& — 22
3 <o [ /15 (6~ &) @)
Case2. A=0,w>0,00>0and as >0
Under these conditions, the solution is given by
— 4 /2 [92 ¢ _
u=+=+ 204 tan( 5 (& EO)) . (23)
Case3. A=0,w>0and bh; =0
In this case, the corresponding solution is
V2
u= i#. 24)
Jou (& —&o)

Case4. A>0,bp=0,w>—b1, 00 >0and oz >0
In this case, the integrations yield the solutions

W=+ %j Btanhz <\/§(5 - 50)) - 1} 1/2, 25)
pp—— Z—i Bcothz (@(5 - 50)> - 1] 1/2. (26)

It is worth mentioning here that, unfortunately, these func-
tions take on values in the system of the complex numbers

and they do not provide meaningful real solutions of (2). How-
ever, more relevant solutions are given by (see [13])

[ syEmE—g)
e <1 V(@ - ¢o>>> B

Case5.A>0,bp=0,w>—b;,p <0and oy >0
The following function is a solution of the damped Klein-
Gordon equation:

1/2
u:i,/%l%ta#( |a—22|(§—§0)>—1] . (28)

Again, it is easy to realize that this solution exists only for
values of & for which the term in the brackets is a nonnegative
number.

Case6.A>0,bp=0,w>—bj,00>0and a; <0
In this case, we have the following exact solutions of (see

[13]):

200

T2 (14 cosh(2y/a (& — &)) 2, (29)

o

o
+ /la—jl sech (Vg (& — &)).

Case7.A>0,pp#0anda<f <y

In a first stage, we suppose that A > 0, by # 0, o < B < y are
real numbers with one of them equal to zero, the others are
solutions of w> 4+b; +by =0, and & < w < B. Under these
circumstances,

u = =+

(30)

1/2
2
u=+/40u [a +(B—a)sn (\3/(14/2\/—7/— a(E— 59),m)} .
(D)
Here, sn represents the Jacobi elliptic sine function and

—a
o B

(32)

Secondly, suppose that A > 0, by # 0, ot < B < 7 are as be-
fore and w > 7. The solution of this case is provided by the
formula

[+ Bsn? (Vearayr=a(e - &).m)] "

en? (/@27 = (& — &),m)

u==+4oy

(33)
where m is defined as in Case 6 and cn represents the Jacobi
elliptic cosine function.

3. Conclusions

In this letter, we used an extension of the direct integral method
or trial equation method to determine exact solutions of a
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damped Klein-Gordon equation with time-dependent coeffi-
cients. The extension of the direct integral method used here
is based on a paper by Liu [1], and it does not require for
the coefficients of the trial equation to be constant. Instead,
the approach followed here assumes that those coefficients
are functions of the temporal variable. This technique is
applied to a partial differential equation with non-constant
coefficients that generalizes the well-known damped Klein—
Gordon model with nonlinear reaction. As a result of our
derivations, some traveling-wave solutions of our model have
been calculated in exact form, and pertinent conditions on
the coefficients of the model and the wave velocity are estab-
lished in order to guarantee the existence of such solutions.
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