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ABSTRACT

This paper suggests some generalized classes of modified ratio, regression-cum-ratio and exponential ratio type estimators for finite
population mean of the study variable utilizing the information on two auxiliary variables in stratified random sampling. The expressions
for bias and mean square error of proposed class of estimators have been derived and compare with those of existing estimators. An
empirical study is carried out to demonstrate the efficiency of the proposed class of estimators over others and it is found that the
empirical results support the theoretical study.
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RESUMEN

En este trabajo se proponen algunas clases generalizadas de estimadores identificadas de razén, cum.regresiéon-cum razon y estimadores
del tipo razén exponenciales para la media de una poblacién finita de una variable de estudio que utiliza la informacién de dos variables
— auxiliares en muestreo estratificado aleatorio. Las expresiones del sesgo y el error cuadratico medio de la clase de estimadores
propuesta han sido derivadas y comparadas con los de otros estimadores existentes. Un estudio empirico se desarrollé para demostrar la
eficiencia de las clases de estimadores propuestas. Estos soportan el estudio teérico

1. INTRODUCTION

In survey sampling, it is usual to make use of the auxiliary information at the estimation stage in order to improve
the precision or accuracy of an estimator of unknown population parameter of interest. Ratio, product and regression
methods of estimation are good examples in this context. Diana (1993) suggested a class of estimators of the
population mean using one auxiliary variable in the stratified random sampling and examined the mean square Error
(MSE) of the estimators up to the k™ order of approximation. Kadilar and Cingi (2003), Singh and Vishwakarma
(2008), Koyuncu and Kadilar (2009), Singh et. al. (2013) proposed estimators in stratified random sampling. Ghosh
(1958) has suggested estimators in stratified random sampling with multiple characteristics. Also some other authors
including Upadhyaya and Singh (1999), Kadilar and Cingi (2005), Khoshnevisan et al. (2007), Singh et al. (2008a,
b, ¢), Singh et al. (2009) and Singh and Kumar (2011) suggested estimators using known population parameters of
an auxiliary variable. But sometimes it is better to use information on two auxiliary variables rather than one
auxiliary variable for the estimation of finite population mean. Sharma and Singh (2014) and Lu and Yan (2014)
studied the properties of some estimators using two auxiliary variables, Singh and kumar (2012) suggested
improved estimators of population mean using two auxiliary variables in stratified random sampling. This paper
discusses the problem of estimation of finite population mean using information on two auxiliary variates.

Consider a finite population of size N and is divided into L strata with N, elements in the h'" stratum such that

L
N = Z N, . Using simple random sampling without replacement we select a sample of size n,, from each stratum
h=1
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L
such thatN = Z Ny, where n, isthe stratum sample size. Lety,., x,; and z,; be the values of the study variable
h=1

Y and auxiliary variables X, Z respectively in the h*'™" stratum.

— 1 &
Let W, =N, /N be the stratum weight, f, —n, /N, sampling fraction, y, =(@—f,)/n, . Y =n—2yhi ,
=

-1y -1 o _la., o 1
Xh :_thi , Zh zn—ZZhi , the y, x and z sample means, Y :N—thi, Xh :N—thi ,

Ny = h =1 h il h il
— 1 Np — L —
Zh = N Z Z,; ,the Y, X and Z population means respectively. Assume that X = ZWh Xh and
h i=l h=1

L _ _ L _
Z= ZWh Zn are known and we want to estimate Y h = ZWh Y'h by using information on auxiliary variables

h=1 h=1
Xand Z.
When we have information on two auxiliary variables then usual regression estimator is defined as
Vi =Y« +b1(X—xst)+b2(Z—zst) (1.1)
Syx Syz 2 2 . .
Where b, = 5_2 and b, = 3_2 Sy and Sy are the sample variances of x and z respectively, Syz and Syz are the
X z

sample covariance’s between y, X and between y, z respectively.
The MSE expression of estimator (1.1) is given as

MSE(S_/n )= ZWhZYhsih (1_P§xh _pizh + 2pyxhpyzhpxzh) (1.2
Ny . Np, o N _ N . .
Z(yhi_Yh) Z(Xhi_xh) Zh(zhi—zh) _Zh(xhi_xhxyhi_Yh)
e, S = S S T St
N, _ .
Z(Zhi _thyhi _Yh) S S S
S, =1t —_Tyxh v o = Db
o Nh -1 , pth SthXh ’ pyZh Sthzh e thSzh

2. PROPOSED CLASSES OF ESTIMATOR

Motivated by Swain (2013), we propose a class of generalized modified type ratio estimator using two auxiliary
variables in stratified sampling as

< % = hy o S \92 = h, o2
t =§/ o X +(1—oc Xst a ES +(1—OL Zst
g st 1 ;st 1 Y 2 zst 2 z

Where o, a,, 9,;, g,.h;, h,, 8, and 5, are real constants to be determined suitably.

2.1)

Following Swain (2013), we propose another generalized class of difference-cum-ratio estimator, defined as

bonbon 2] ()
(2.2)

Where A, a, g, hand?d arereal constantsto be determinedsuitablyand0 < o <1.
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We propose another estimator ty as

_y Xa | n,(X—xs) 20 ) n,(2-24)
tn=Ys [Wl[ X ] exp{nl()_<+§st )+ 2%1}+W2[ z ] exp{n2(2+ist )+ 2\, @3)

Where w,, w,, a, B, n;, Ny, A, and A, are real constants to be determined suitably and w, +w, = 1.

To obtain the bias and MSE of the estimators tg , tg and t to the first degree of approximation, we write

;lst_V )_(St_x Est—z
eo = — , el: — , 2 = —
Y X Z
Such that, E(ej) =0; i=0,1, 2.
Also,
thYhSyh ) hz—; h hxn ZWthSzh
E(e(z) = — =V,, E(el): - —9 :Vl’ E(eg = hl > —V2,
Y X
2 2 =2
ZWh Yhsyxh ZWthSyzh ZWthszh
E(e e, )=0t V,, Elee,)=1t =V,, E(ee,)=0L =V,
ue)= T v B v, )y,

Expressing (2.1) in terms of €’s we have

. 2 8y 2 5,
t, =Y+ eo){ljt[Agel +B, %H [1+(Cge2 +D, %ﬂ (2.4)
2
Aje,+B, L C,e,+D
o€+ By 2 gv2 " g
e \|" e2\|”
|:1+(Agel +B, ?ﬂ and {1+ [Cge2 +D, ?ZJ:I can be expanded.

Where

We assume that < 1 and < 1 so that the term

D
I\J|,\,,\,

Ag =h, _al(gl + h1)

B, = O‘191(91 +1)+(1_a1)h1(h1 _1>
Cg =h, _az(gz "‘hz)

D, :azgz(gz +1)+(1_0‘2)h2(h2 _1)

Expanding the right hand side of (2.4) up to the first order of approximation, we have

S o e’ e’
t,-Y=Y {eo +ABe, +C 5,e, +(B,5, +3,(5, ~)A’ )?1 +(D,5, +8,(5, 1) )2
(2.5)

+ A58, +C 5,8,8, +A,C.3,5,88, |
Taking expectation of both sides of (2.5), we get the Bias expression of tg as

Bias(t,) = VB (B, + (5, -1)AZB,V, +%(Dg +(8, —1C2B,V, +A8,V, +C 5,V + Agcgalszvs}

(2.6)
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Squaring both sides of (2.5) and neglecting the terms e’s having power greater than two, we have

(t, —Y)? =Y [e2 + A28%e2 + C25%e2 + 2A,3,e,8, +2C, 3,808, + 2A,C,5,5,€,6, | @7)

Taking expectations of both sides of (2.7), we get the MSE of ty given by

MSE(t,) =Y [V, +a2A, +02A, —20,A, —20,As + 20,0,A, +hZ82V, +h252V, +2h,5,V,
+2h,5,V, +2h,h,8,8,V, |

(2.8)
Where

A, =8%(g,+h, PV,
A, =38,8,(9, + hl)(gz + hz)Vs
As = 81(91 + h1X61h1V1 +V; +82h2V5)
A, =8%(g,+h,)V.
As :62(92 +h2)(61h1V5 +V, +82th2)
Differentiating with respect to o; and o, and equating to zero, we get the optimum value of o, amd o, as

AA, -AA
oy (opt) = —— —2=
AA, ~A2
AA; ~AA
o, (opt) = — ——"==
VY

Similarly following the above procedures we get the Bias and MSE expressions of estimator t; and ty as

Bias(ts):\_(KBs (621)A2j8V +8A v} SAA, XV,

(2.9)
Where
A, =ag—(1-a)h
1
B, = lag(9+1)-(-a)n(h-1);
Bias(t,) = Y[w,1-A,V, + BV, }+W,{1-C,V, +D,V, }-1] (2.10)
Where
Ay=o-71,
By :§'Y1 —ay +OL( _1)
2
Cy=B-v,
3, -1
Dy :_Yz By, + B(Bz )
and MSE of the estimator ts
MSE(t, )= Y[V, +87 {0207 + (L- 0?2 — 2a(1— a)gh |V, + 25{ag - (1— )}V,
+22X°V, = XYV, +8(ag — (L— o )h)Vs ) (2.11)

and the optimum value of OL and L are given as
V, (V, —8hV, ) - V5 (V5 —8hV; )
8(9 h)(VSZ -1V, )

o(opt) =
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YV (Vy =80V, )=V, (V5 —8hVs )}
X(\VZ -,V )
MSE(t,) = Y [l+W?B, + W?B, — 2w,B, — 2w, B, +2w,w,B, |

A(opt) =

(2.12)
where

B,=1+V, +V,(A% +2B, J-4A,V,

B,=1+V, +V,(C% +2D, }-4C,V,
B,=1-A,V,+B,V,

B, =1-C,V, +D,V,

B.=1+V, +B,V,+D,V, -2A,V, - 2C,V, +AC,V,

and the optimum value of w, and w, are given as

B,B,-B,B
w,(op) = 222
122 7 Ps
B,B, -B,B
122 7 Ps
Table 2.1: Set of estimators generated from {
91 | hy | G2 | Ny | 8,3, Estimator

e[ Lo [ o ]

1]of1]o]1]1 twﬂﬂ{%[i]ﬂl al)}{a{;] +(1- az)}

Xsf Z
0 1 0 1 1 1 tg3 —ystlzal +(1 O(,l{ XtJ:”:OLZ +(1 OLZ{ ;J:l

_ L
tg4_ )_< — _
1 1 1 111 oy =— +(1—ocl X_St oc2 - 1 o, ZSt
Xt X Zst
ty = Ya _
1 0 1 0| -1)-1 oy _L +(1—(x1) o, £ (1 Otz)
L Xt 1k Zst )
e =7 — Yy —
ol1lo0|1]-1]a 0 al{);—:J o+ az{zstj




-1 tg? =§/5t - =
Oo| =

X
1 ; .
— |+1- il
L Zst ( *2 ZJ_
al(_XJ+(1—0cl)
- Xst
11| te=Yar—= =
az(_ J+(1—oc2)
Zst i
= =
] {a1+(1—al{>_?J
1 =

Table 2.2: Set of estimators generated from t

hid Estimator
111 |ty= [3751 + X —Xa ){0{5}(1_&{%]}
0|1 ] t,= [3_/51 +}\.()_(—;st ){O{;J-F(l_a)}
st
11| tg= [)_/st +7\.()_(—)_(st ){a+(l—a{%J:|
Yo XX )
ts4 = — _
1 Z Zg
o _J+(1—(x{_J
Zg Z
_YarMX-xq)
s5 — —
0]-1 o _Z]+(1_a)
Zst
Yo +MX-xs)
1(-1

Table 2.3: Set of estimators generated from t
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m Ul A Ay Estimator
ta =Yl W Xa exp X—xa +wW E—St exp Z-2s
1 1 1 1 N st X X+ Xst J+2 2 Z
thy =Y _W X exp X~ Xs +W 23 exp Z-2s
1 1 1 1 N2 St_ ! Xst X+ Xst J+2 2 z Z+2Zs|)+2
[ (x« X — Xt pd
1 1 1 1 tN3:yst_Wl >—< eXp >_<+)_(5t 4+2 +W2 Z EXp
tys =Y _wl ;—_St exp _)_<:_St +W, exp _zjza _
L 1 1 1 St_ X X+ X J+ Z+zs )+2] |
tas =V | W, exp X=X +W E—St exp Z-24) ||
1 1 1 1 NS St_ ! X+ Xst J+2 2 z 7+ 274 +2
tne —ys{wl[xJeXp{ BZ(XZ(X:XSt) }
Xst ()X x5t )+2
Bz(x) Bz(z) 1 1 _ ()(2 _ )
w,| 2 exp Bo(ZNZ — 24
z B,(2NZ+2« )J+2
o5 o Pl
BZ(X) Bz(z) 1 1 & _ " o
Z 2 Z)(Z—Zst)
+W,| — [exp A il
74 B, (2)Z+24 )]+ 2
[ (% B, (X)X —xs )
tue = Vo | W, | =— [€X AN
N8 ySt|: 1(XstJ p{BZ(X)(X+Xst)+2B2(X)}
BZ(X) Bz(z) BZ(X) [32(2) [Est] { Bz(z)(z_ist) }_
+W,| = [exp ALy
> B,(2)Z+2s )+2B,(2)]
¢ y ;_st exp 2(X Xst
No T X B, (X)X + Xt )+ 28, (
B2(x) B,(2) B2(x) B,(2)

>_<
z B, (2)\Z -z«
W {ZJexp{ (z)(Z+zst)+2[32
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tnio = Yo | W (ije"p ()_(_)_(St)
N10 st| 11 Xt (§+)_(st )+2B2(X)
ol B0 g | T *W{éjexp{( o }

Z Z+Est)+2BZ(Z)

= z BZ(X >_(—;st
thir =Y {Wl(;ﬁ JeXp{BZ(X))—(_'_;St }
P ) | 0| o (zstjexp{sz(z)i—ist H

Similarly we can construct many more estimators but here we show only few good estimators.
L L
Where B,(x)= ZWhBZ(Xh ) and B,(z)= ZWhBZ(Zh ).
h=1 h=1

3. EMPIRICAL STUDY

To check the efficiency of the proposed estimators empirically in comparison to other estimators here we consider a
natural population data set and description of the populations are given below:

Population [Source: Koyuncu and Kadilar (2009)]

Y: Number of teachers,

X: Number of students,

Z: Number of classes in both primary and secondary school.

Table 3.1: Variance/MSEs and PRE of estimators

N, =127 N, =117 N, =103

N, =170 N, =205 N, =201

n,=31 n,=21 N4 =29

n, =38 ng=22 N =39
Y1=703.74 Y2 =413 Y 3=573.17
Y 4=424.66 Y 5=267.03 Y 6 =393.84
X1=20804.59 X2 =9211.79 X 3=14309.30
X4 =9478.85 X 5=5560.95 X6 =12997.59

Z1=498.28 Z,=318.33 Z3=431.36
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Z4=311.32

Syl =883.835

Sy4 =810.585
S, =30486.751
S, ,=18218.931
S,,=555.5816

S, , =458.0282

Syn =25237153.52
Syx4 =1452885.53
Syﬂ =480688.2
Syz4 =36493.4
S, ,, =15914648

S, =8041254

Xz4

B, (x,)=459
B,(x,)=10.162
B2 (y,)=2158
B,(y, )=12.167
B,(z,)=2314

B,(z,)=8624

75=227.20

Sy2 =644

Sy5 =403.654

S, , =15180.760

S5 =8997.776

S, =365.4576

S,5=260.8511

Syx2 =9747942.85
Syx5 =3393591.75
Syzz =230092.8
Sy25 =101539
S,,, =5379190

SXZS =214457

B,(x,)=18543
B, (xg)=21.047
B,(y,)=16.39
B, (ys)=21.008
B,(z,)=11.19

B, (z4)-0720

Z6=313.71

Sy3 =1033.467

Sye =711.723

S, 3 =27549.697

S 6 =23094.141

S,3=612.9509

S,5=397.0481

SyX3 =28294397.04
Syx6 =15864573.97
Syzg =623019.3
Sy26 =277696.1

S x73 =164900674.56

S x26=8857729

B, (x5 )=15.446
B, (xq)=23114
B,(y5)=14.979
B, (ye )=20.254
B,(z5)=10786

B, (z4)=14.406

Table 3.1 shows the Variance/MSEs of different estimators along with percentage relative efficiency (PRE) of

different estimators with respect to Vst .

V(ys)
where, PRE(.) = ——~ x 100
MSE(.)
Estimators Variance/MSEs PRE with respect to yst
Yy 2229.2662 100
t reg 928.8951 239.9912
tgi (i=1...9) 928.8951 239.9912
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tg (=1...6) 928.8951 239.9912

T 1018.8320 218.8061
tna 807.2172 276.1668
tns 598.2903 372.6061
tna 554.1423 402.2913
tas 736.2893 302.7704
tne 808.1719 275.8406
tay 598.3615 3725617
t s 807.2172 276.1668
tno 598.2903 372.6061
t 1o 805.0066 276.9252
t s 808.8981 2755929

Remark: The valuesof O, B, A,, A,, n,and n, are shown in the table 2.3 for the MSE correspond to the

estimators tNl, ....... , tNll.

4. CONCLUSION

In this paper, we suggests some generalized classes of modified estimators whose members are given in table 2.1,
2.2 and 2.3 respectively for finite population mean of the study variable utilizing the information on two auxiliary

variables in stratified random sampling. From the above table we conclude that the efficiency of estimators tg and

t, are same and equal to usual regression estimator using two auxiliary variables. The estimator t,, of the
proposed class of estimators t has minimum MSE among all estimators generated from t, as well as other
existing and proposed classes of estimators. Thus the estimator t,, is most efficient than other estimators consider
here under given conditions.
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