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ABSTRACT

Risk management in this paper is focused on muiéite risk-return decision making assuming timeyirag estimation.
Empirical research in risk management showed thatstatic "mean-variance" methodology in portfajatimization is very
restrictive with unrealistic assumptions. The objer of this paper is estimation of time-varyingrifalio stocks weights by
constraints on risk measure. Hence, risk measurardic estimation is used in risk controlling. Bgkricontrol manager makes
free supplementary capital for new investments.

Univariate modeling approach is not appropriatenewhen portfolio returns are treated as one vigidortfolio weights are
time-varying, and therefore it is necessary to stm®ate whole model over time. Using assumptiorbiwfiriate Student's t-
distribution, in multivariate GARCH(p,q) models, litecomes possible to forecast time-varying podfaisk much more
precisely. The complete procedure of analysis tabéished from Zagreb Stock Exchange using dailseokations of Pliva and
Podravka stocks.
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RESUMEN

El manejo del riesgo es enfocado en este trabajeoda toma de decision sobre la estimacion de esgo del retorno

multivariado asumiendo variabilidad en el tiemplavestigaciones empiricas del manejo del riesgo mastrado que la

metodologia estatica de "media-varianza" en laropéicion de portafolio es muy restrictiva bajo rasanes poco realistas. El
objetivo de este trabajo es la estimacion de ppaos los portafolios de acciones con variacion lgfepo con restricciones
sobre la medida de riesgo. Entonces, la estimati@mica de la medida de riesgo es usada en ebtdet riesgo. Controlando
el riego el manager libera capital suplementaria paevas inversiones.

El enfoque univariado no es apropiado, aun cuansioetornos de portafolio sean tratados como unable. Los pesos para los
portafolios varian en el tiempo, por tanto es redes re-estimar todo el modelo en el tiempo. Afndo una distribucion T-

Student bivariada, en el modelo de GARCH(p, q) vautado, es posible predecir el riesgo del poriafgle varia en el tiempo
mucho mas precisamente. El procedimiento complet@mfilisis es desarrollado para el Zagreb Stockdbge usando las
observaciones diarias de los stocks de Pliva yeRédr

1. INTRODUCTION

The aim of this paper is estimation of time-varystgcks weights in portfolio optimization using nindriate
approach. The purpose of this approach, realizedyusultivariate GARCH(p,q) model, is forecastinigtione-
varying conditional expectation and conditionali@ace. Those forecasted values of first and seayder
moments are inputs for portfolio return maximizatlyy constraints on standard deviation as risk meas

The assumption of bivariate Student's t-distributie used in maximization of the likelihood functido
estimate parameters of DVEC-GARCH(1,1) model witiolgsky factorization. Sample properties, espaciall
leptokurtosis of distribution with fat tails, showsat assumption of Student distribution is the thapgpropriate
(Arneri¢, Jurun, Pivac 2007).

Modern financial analysis requires forecasting tlependences in the second order moments of portfoli
returns. Forecasting is necessary, apart from a#esons, because financial volatilities moves ttugeover
time across assets and markets.

According to these requirements multivariate madgframework leads to more relevant empirical medie!
comparison to estimations based on separate uaigariodels. This appears from the practical needdbons
pricing, portfolio selection, hedging and ValueRisk estimation.
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Furthermore, a fundamental characteristic of modeapital markets leads to application of multiveria
volatility models. This can be summarized in follog/facts:

» the volatility of one market leads to volatility other markets;

» the volatility of an stock transmits to anotherckto

» the correlation between stock returns change dowve; t

» the correlation between stock returns increaséiseinong run because of the globalization of finahc
markets.

In order to respect all these facts and modermfiiz requirements as the most useful methodolbdard
financial econometrics offers Multivariate Generall Autoregressive Conditional Heteroscedasticibyglefs -
MGARCH (Bauwnes, Laurent, Romboust 2006).

The complete procedure of analysis is establislsatuwdaily observations of Pliva and Podravka stpels the
most frequently traded stocks from CROBEX indexagreb Stock Exchange. Data on observed stocks was
provided by Croatia capital market. In this papeaiyddata of compound returns of named stocks fieh
January 2005 to 16th October 2007 are used (wwdse

This paper is organized as follows. After introdoief assumption of the bivariate Student's t-dostion is
presented. Next section presents the methodologyloged in MGARCH model selection. Following part
gives estimation of conditional variances and dati@n. The topic of the next section is optimalndynic
portfolio weights forecasting. The final sectiordidicated to conclusion remarks.

2. ASSUMPTION OF THE BIVARIATE STUDENT'S T-DISTRIBU TION

Returns from financial instruments such as exchaatgs, equity prices and interest rates measuredshort
time intervals, i.e. daily or weekly, are charaized by high kurtosis. In practice, the kurtosiofeen larger
than three, leading to estimation of non-integegrees of freedom. Thus, degrees of freedom caihy daesi
estimated using the Broyden-Fletcher-Goldfarb-Sha(BFGS) algorithm. BFGS is a method to solve an
unconstrained nonlinear optimization problem (Beza8herali, Shetty 1993)

The BFGS method is derived from the Newton's o#tion methods, as a class of hill-climbing optiatian

techniques that seeks the stationary point of atiom, where the gradient is zero. Newton's metassLimes
that the function can be locally approximated agiadratic in the region around the optimum, andthsdfirst

and second derivatives to find the stationary point

In Quasi-Newton methods the Hessian matrix of s@aterivatives of the function to be optimized does
need to be computed at any stage. The Hessiard&agby analyzing successive gradient vectorsanstThe
BFGS method is one of the most successful algostbfrthis class. In this paper it will be used inabiate
Student's t-distribution degrees of freedom esiondty maximization of the likelihood function.

The standardized multivariate Student density fthenk-dimensional vector of returisis given as:

df +k k+df
r( 2 j LIRS
1+ J : (1)

(8 fraap L a2

f(X)=

where /'([)] is gamma function andf is a shape parameter - degrees of freedom.

It is imposed thadf is larger than 2 to ensure the existence of thiawee matrix. There are no mathematical

reasons why the degrees of freedom should be agenthowever wherdf — 2 the tails of the density

become heavier (Heikkinen, Kanto 2002). Hence agmimption that returns are independently and iwidiyt
normally distributed is unrealistic.

According to BFGS algorithm degrees of freedomhef bivariate Student t-distribution for Pliva anddPavka

stock returns are estimated at ledP . Standard error of estimated degrees of freedot260705, which
means that parameter distribution is statisticaifynificant. Figure 1 shows elliptic contour pldttbe bivariate
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Student's t-distribution density with estimated réeg of freedom. Namely, as contour of bivariated&int's t-
distribution density is more elliptic, the less astimated degrees of freedom (Bauwnes, Laurer)200

The Student density has become widely used duts tsimnplicity and it's inherent ability to fit eaxss kurtosis.

Figure 1: Contour plot of the Bivariate Studenthstribution Density ¢f = 3.2)
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Source: According to data on ZSE
3. APPROPRIATE MULTIVARIATE GARCH(p,q) MODEL SELECT ION

Typical example when it is necessary to simultasgoabserve return movements of several stocksaisket
portfolio return. If market portfolio consists & stocks, expected returnf{;) and variance of complete

portfolio (Uﬁlt) can be defined in the following way:

— T
rP,t =W 4
N @
Op, =W 2ZW
wherew is the vector of portfolio weights/4 is the vector of expected returns a@q is the variance-
covariance matrix of the returns.

According to equation (2) it's obvious that the meactor £, and the variance-covariance matéx are not

constant over time. Univariate GARCH(p,q) model partfolio variance can be estimated for a givenghis
vector. Because the weights vector changes ovaeg, tittis necessary to estimate the model againagadh.
That's way it is wisely to introduce the possik@hkt of MGARCH model. If a MGARCH model is fittechet
multivariate distribution of the returns can beedity used to compute time varying mean vector \arthnce-
covariance matrix of the returns. Hence there ise®d to re-estimate the model for a different Wsigyector.

Consider a bivariate vector stochastic procés} of dimension2x1. Dynamic model with time varying
means, variances and covariances for 2 componariiedenoted by:

rt = /Jt +€t

M = E(rt||t—1)

£ =3 o
Zt :V(rt||t—1)

In above relationst/, is mean vector conditioned on past informatiord @n is conditional variance matrix.

Furthermore, it is assumed that expected valug, ds null-vector with variance equal to identity matas well
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as that variance, is positive definite matrix. This assumption i¢ generally satisfied automatically. Positive

definite variance-covariance matrix can be obtaibgdhe Cholesky factorization o, (Tsay, 2005). Before

the concrete modeling procedure it is useful toveste autocorrelation and partial autocorrelatioafficients of
squared returns. Therefore correlograms and crmsstograms are presented in Figure 2 for thiryetiags.

It is obvious from Figure 2 that estimated autoelation coefficients are statistically significantmany time
lags when exceed critical value presented by ddites. This confirms hypothesis that observedrretime
series contain ARCH effects (heteroscedasticity).

Figure 2: Correlograms and cross-correlograms bextviRtiva and Podravka square returns
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Source: According to data on www.zse.hr

According to given assumptions a diagonal VEC med#i Cholesky factorization is estimated. Univégia
GARCH(1,1) model can be generalized into bivariagefollows:

vech(Z,) = C + Avech(,_,&.,) + Bvech(Z, ) (4)
In equation (4)vech([) operator denotes the column-stacking operatoriegpyib the lower portion of the

symmetric matrix. The model (4) requires the estiomaof 21 parameters (C matrix has 3 elementspé\ B
matrices each 9 elements).

To overcome dimensionality problem in VEC methodgldA and B matrices can be restricted to diagonal
elements. Therefore, bivariate DVEC-GARCH(1,1) mnlode restricted to 3(Kk+1) =9 parameters.

Furthermore, DVEC model can be simplified by rieitig A and B to be a vectors or a positive sal&ivot,
Wang 2006).

A disadvantage of the DVEC model is that there dsguarantee of a positive definite variance-coveéa
matrix. Hence, different DVEC(1,1) models with @ifént restrictions on coefficients matrices willdrealyzed,
undertaking Cholesky factorization.

Table 1. VAR(1)-DVEC(1,1) model with Cholesky fadiation
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Esti mated Coefficients:

Value Std.Error t value Pr(>|t])

C(1) 0.0005129 0.0003415 1.5019 0.066800

C(2) 0.0004966 0.0004663 1.0649 0.143660

AR(1; 1, 1) 0.1047563 0.0390424 2.6831 0.003740
AR(1; 2, 2) 0.0508917 0.0448776 1.1340 0.128605
A(1, 1) 0.0036373 0.0002112 17.2239 0.000000

A(2, 1) 0.0002860 0.0004458 0.6416 0.260690

A(2, 2) 0.0045237 0.0004084 11.0764 0.000000
ARCH(1; 1, 1) 0.7506377 0.0234564 32.0013 0. 000000
ARCH(1; 2, 1) 0.1746712 0.0569743 3.0658 0.001131
ARCH(1; 2, 2) 0.4859494 0.0323898 15.0031 0. 000000
GARCH( 1; 1) 0.7753328 0.0133463 58. 0935 0.000000
GARCH( 1; 2) 0.8275629 0.0157466 52.5551 0.000000

Al C(12) = -7406. 841
BI C(12) = -7353.080

Source: According to data on www.zse.hr

For complete estimation procedure it is necessagstimate mean vector of returns using VAR(1)aystAlso
in vector autoregression model of order 1, onlygdial coefficients will be estimated. Estimatiosuks of
VAR(1)-DVEC(1,1) model with Cholesky factorizati@me presented in Table 1.

According to Table 1, in which matrix A is restedt to be diagonal and matrix B a vector, the resalt
presented as follows:

PL ]
)

™ | [0.000513 .\ [0.104756
0.05089) |

"> || 0.000497

)
[0.000013 [0.563457 [0.601141
5, =| 0.000001] +| 0.131112 Wech(g,_,&2,) +| 0.641637|Vech(Z, , )
0.000021 | 0.266656 | 0.684860

In Table 2 the results of normality test, Ljung-Best and Lagrange multiplier test are presenteticating that
in estimated model (5) remains no autocorrelatiwhr@o ARCH effects, i.e. there is no heteroscedéagsteft.

4. ESTIMATION OF CONDITIONAL VARIANCES AND CORRELAT ION

On Figure 3 there is evident similarity betweerv&land Podravka stock return movements. It caneea s
increase in volatility movement in last quarter2ff06. The main precondition for this rise was aterisive
increase of investment in investment funds. Esfigdiae increase of investment in the stock funmgjsed by
increased public awareness of the advantages ¢f iswestment (above average yield, higher interatts
offered by banks) as well as the broadening of etadupply allowing better risk diversification, has
significantly affected the trading volume on theo@tian capital market and thus the volatility ofvRland
Podravka stocks. These market movements are chastictof the emerging capital market.

Therefore, positive correlation between them carexgected. Considering that correlation is condéib on
past information, it is time-varying. Namely, cdatioon coefficients are calculated using data ofac@nces and

variances of stock returns in matrx . Data are time-varying as it is shown on Figure 4.

Table 2: Diagnostic tests of standardized residuals

15



Normality Test:

Jar que- Bera P-val ue Shapiro-WIk

P-val ue

rpliva 1779. 3 0 0. 9114 0. 000e+000
r podr avka 704.7 0 0.9619 4.441e-016
Ljung-Box test for standardized residuals:
Statistic P-value Chi~2-d.f.
rpliva 10.55 0.5677 12
r podr avka 10. 17 0.6010 12
Ljung-Box test for squared standardized residuals:
Statistic P-value Chi~2-d.f.
rpliva 9.737 0.6390 12
r podr avka 7.282 0.8385 12

Lagrange multiplier test:

TR*2 P-val ue F-stat P-val ue
rpliva 8.810 0.7191 0.8121 0.7380
rpodravka 6.468 0.8907 0.5940 0.9269

Source: According to data on www.zse.hr

It is obvious that conditional correlation valudsstock returns are positive in most trading dayss may be an

indicator of emerging bull market.

Figure 3: Returns of Pliva and Podravka stocks thi#tir conditional volatilities
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Figure 4: Conditional correlation of Pliva and Pada stock returns
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Conditional correlation of stocks returns
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5. FORECASTING OPTIMAL DYNAMIC PORTFOLIO

According to estimated model (5) predicted valuesiean vector and variance-covariance matrix areputed
and presented in Table 3 for 10 days-ahead.

Table 3: Ten-days prediction of returns, standadations, and correlation between Pliva and
Podravka stocks

Predicted Pliva Predicted Predicted Predicted Predicted
returns Podravka Pliva Podravka correlation
returns S.dev. S.dev.

-0.0012574771 0.0004609494 | 0.01877445 0.00928619 | 0.040395556
0.0003811753 0.0005200320 | 0.02058464 0.01012907 | 0.031090784
0.0005528344 0.0005230389 | 0.02251005 0.01087058 | 0.024723091
0.0005708168 0.0005231919 | 0.02456287 0.01153195 | 0.020176599
0.0005727006 0.0005231997 | 0.02675579 0.01212782 | 0.016816266
0.0005728979 0.0005232001 | 0.02910213 0.01266881 | 0.014258517
0.0005729186 0.0005232001 | 0.03161594 0.01316294 | 0.012261221
0.0005729207 0.0005232001 | 0.03431216 0.01361647 | 0.010666151
0.0005729210 0.0005232001 | 0.03720672 0.01403442 | 0.009366925
0.0005729210 0.0005232001 | 0.04031662 0.01442085 | 0.008290239

Source: According to data on www.zse.hr

Using results from Table 3 in equation (2) vecidr and matrix 2, are obtained in following optimization
problem:

ma WIt/Jt) i=12

T *
\/\Ni,tztvvi,t = S:)p,t

2 (6)
>w, =1
i=1

W i
In accordance with optimization problem in (6) dymea portfolio selection is defined on daily basighere
SD;,t is desired portfolio standard deviation in momeéntn this paper optimization is done under assuompti

of constant risk preference at level of 2% and Bféximization problem (6) is nonlinear programmingipem
solved using Solver by generalized reduced gradiethod (Rombouts, Rengifo 2004).
Ten days forecast results are given in Table 4.

Table 4: Ten days forecast optimal portfolio wesat the standard deviation level of 2% and 3%
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Sock weights of optimal portfolio selection
k-days forecast 1st [ 2nd| 3rd 4th 5th 6th 7th 8th 9th 10th

Wove | 0 | 0 1 1 1 1 | 0,9484| 0,8723| 0,8022| 0,7374
Dy <003 | Wpodr | 1 | 1 0 0 0 0 |0,0516[0,1277| 0,1978| 0,2626
Wove | 0 | 0 |0,8854| 0,8074| 0,7359| 0,6700| 0,6094| 0,5534| 0,5019| 0,4545
D, <002 | Wooar | 1 | 1 [0,1146] 0,1927| 0,2641| 0,3300| 0,3906| 0,4466| 0,4981| 0,5455

Source: According to data on www.zse.hr

From Table 4 it can be seen that portfolio weigltitange daily with constant risk preference. Ithsious that
portfolio weights are changing at the third dayd anore intensively in given time frame at lowerkrisvel
(2%). In other words, if investor is willing to agat higher risk his portfolio weights would changster sixth
day (risk level 3%).

According to presented data in Tables 3 and 4nth@aconcluded that stock with higher return hgfidni weight
in optimal portfolio. If we compare 9th and 10thognostic days portfolio is chosen according to rofi
standard deviation level. Namely, regardless taksgtocks returns higher weight is associated eécstbck with
lower risk measure.

6. CONCLUSION

This paper is focused on dynamic estimation of koweights in portfolio optimization by multivaret
approach. For the purpose of the risk controllinig important to forecast the rate of return asdsariance over
the holding period and to estimate the risk assediavith holding a particular asset. By risk cohtrmnager
makes free supplementary capital for new investmdnt comparison to the conventional approach, sogbi
research in risk management showed that the stat@an-variance" methodology is very restrictive hwit
unrealistic assumptions. So, multivariate GARCH)glatility modeling is more adequate for the pasp of
forecasting of time-varying conditional first anécend order moments. From MGARCH family models,
DVEC(1,1) model with restrictions to positive-defercovariance matrix was used.

The complete procedure of analysis is establislsgtguwaily observations of Pliva and Podravka sipels the
most frequently traded stocks from CROBEX indeXagreb Stock Exchange.
The analysis shows that stocks with negative ptediceturns have no weight in portfolio regardles®stor
risk preference. Stocks with positive predictedimes will have relevant weights in portfolio takimjo account
profit maximizing with proposed risk measure, standard deviation. Dynamic portfolio optimizatitor ten
days forecast is solved as nonlinear programmioglpm by generalized reduced gradient method.
Finally, respecting different investor risk prefece at chosen standard deviation level up to 2% 3¥d
forecasts of optimal portfolio weights for ten daysg of sample are made.
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