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ABSTRACT

A continuous adjoint approach to aerodynamic defgniscous compressible flows on unstructured
grids is developed, and three important probleris®dain the continuous adjoint literature are solVeErst,
using tools of shape deformation of boundary irdbsga generic adjoint formulation is developed with
independence of the kind of mesh used. Then, tamgsic way of reducing thé“drder derivative terms
which arise is presented which avoids the neediofguhigher order numerical solvers to obtain aatur
approximations of the"2order derivatives. And finally, the class of adritifs optimization functionals is
clarified. Several remarks are made concerningathgstanding discrete vs. continuous adjoint dichmt,
with the emphasis not on the advantages or dissalgas of each method, but rather on the well-passdaf
the approaches. The accuracy of the sensitivitiyaliéves is assessed by comparison with finiteedéhce
computations, and the validity of the overall metblogy is illustrated with design examples under
demanding subsonic conditions.
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RESUMEN

En este trabajo se desarrolla una nueva formulaafimta continua aplicada al disefio aerodinaméea p
fluidos viscosos compresibles en mallas no-estradas. La nueva formulacién esta basada en el erdple
herramientas clasicas de deformacion de dominiosedas integrales de contorno que describen leidan
coste. La nueva formulacion tiene tres importanéggajas respecto a los métodos empleados hastaeano

la literatura sobre el adjunto continuo: por urolad trata de una formulacion adjunta genéricagaddiente

del tipo de malla empleada; en segundo lugar septa una forma sistematica de reducir los térninas
derivadas de%orden que aparecen, lo cual evita la necesidagateesquemas numéricos de alto orden para
obtener aproximaciones exactas de las derivad@°a@eden, y finalmente, se clarifica la clase de
funcionales de optimizacion admisibles. Ademasnslelyen diversos comentarios referentes a ladiGugl
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dicotomia adjunto discreto vs. adjunto continuon @nfasis no en las ventajas o desventajas @e cad
método, sino en el correcto planteamiento de lésoemes.

La exactitud de la sensibilidad de las derivadasvaetiiada comparandola con la computacién mediante
diferencias finitas, y la validez de toda la metod@a es ilustrada con ejemplos en condicionesé&ibas
exigentes.

1. INTRODUCTION

Aerodynamic design optimization by adjoint methéetentrol theory) has received much attention rdgent
since the pioneering work of Jameson (1988, 1983hese methods the goal is to evaluate the regpon
(sensitivity derivatives or gradients) of a givemdtional of the flow to a change of defining paetens
(control or design variables): surface deformati@hsinge in angle of attack or Mach number, etes€h
gradients are then used as input for an appromijatmization module, Monge and Palacios (2004).

The fundamentals of the procedure are as followes r&gtrict ourselves to shape-deformation problems.
Classical aeronautical applications of optimal ghdgsign in systems governed by PDEs consideid flu
domainQ (usually air) delimited by disconnected boundadiesded into a “far field"/ ., and several solid
wall boundariess (usually airfoil or airplane surfaces).

This kind of design problems is aimed at minimizanfunctionall of the flow that has been defined on the
boundariess, 1, , or in a subdomain//Q. From now on we will restrict ourselves to thelgsia of
optimization problems involving functionals defined the solid wals, whose value depends on the flow
variablesU obtained from the solution of the correspondinggfflow equations (Euler or Navier-Stokes
equations). In this context, the generic optimatproblem can be succinctly stated as followsd 8"

such that

Js™") = min J(5)

whereS™is the seeked optimal surface (belonging to theSseof admissible boundary geometries) and

f=fg{U,rﬂds
5

is the objective or cost function, whose evaluatsosubject to the resolution of the flow equatiddere
gis a given smooth functiok) are the flow variables, subject to the (steadyyfemuationsZD or 3D
Euler or Navier-Stokes equations), ant the outward unitary normal vector $o

In practical applications, a numerical discretiaatin space and time is needed to evaluate the
functionalJ, as well as the flow variablés Generically, the continuous problem is replacedhe
following discrete problem: finds 7" (within the set of admissible discrete boundaryngewiess, ;)
for which

Ja(50) = min Ja(Se)

whereh represents a characteristic length of the spasatetization. Thus, in practice, one has to
optimize a finite dimensional system coming frosu#able discrete numerical approximation scheme of
PDEs. An efficient optimization process can be enpénted using a gradient method and the most
natural way to obtain the gradients of the objecfiinction would appear to be the adjoint methdds T
method requires the computation of the solutiothefadjoint to the linearized discrete flow equasio

This method is usually referred discrete adjoint methodNevertheless, the use of this methodology
requires making certain assumptions concerninglififierentiability of the numerical schemes used,
which are not generally verified, because the seitéd (and most popular) methods for the resatubio
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the Euler equations [Roe(1997), Jameson et al.1(].98c) are non-differentiable. To make thingskvo
practice, several alternatives have been propeseth, as to freeze the non-differentiable termseatral
schemes with high-order artificial viscosity whesing the discrete adjoint approximation, Nadarajath
Jameson (2000)], to develop pseudolinearized mddelSodunov schemes, and to use the continuous
approach as a shortcut, Castro et al (2007) améskan et al (2003), keeping in mind that the go&bi
minimize a discrete functional and that the congmariof “gradients” of different functionals, or different
discrete representations of the same continuougifumal, may be a delicate issue, as very different
functionals may have very close minima, their geats being significantly different.

An alternative to the discrete adjoint method esdabntinuous adjoint methodologyere, the main idea is to
come back to the continuous formulation of the fEwband derive the adjoint problem from the flow
equations. This makes it possible to obtain a grador the continuous functiondl and a suitable
discretization of this gradient can be used assaet# direction for the discrete functional. lingrth
mentioning that this procedure is far from beingtified from a mathematical point of view, in gealer

In this work we focus on the first part of this tionous adjoint methodology, namely the computatibthe
gradient of the continuous functional. We presegemeric adjoint formulation which clarifies sonfettoe
main drawbacks to the continuous adjoint methodgmrein the literature. More precisely, we usedail
shape deformation of boundary integrals to obtajergeric adjoint formulation with independencetwf t
kind of mesh used, which is suitable for any adibisfunctional. This formulation makes appe&tdzder
derivatives of the flow variables at the bounddtyis requires costly higher order numerical soltergbtain
accurate approximations. To overcome this difficwe reduce the order of these derivatives by mgithe
flow equations on the boundary in local coordinabeshis way, normal derivatives can be written as
tangential ones that can be reduced by integratygrarts. A fundamental problem present in our ysis|
and which is not addressed here, is the possibkepce of discontinuities in the solutions of tbef
equations. In this case, shocks must be treatsmhgslarities and the Rankine-Hugoniot conditionsstrbe
included. To obtain the adjoint system, a suitdibkearization of these adjoint Rankine-Hugoniot ditions
must be accomplished. The new formulation is thjeatkof forthcoming works (see Giles and PierceD©0
for some numerical preliminary results). Recergbyeral authors have proposed a procedure to ab&in
adjoint-based gradient of these cost functionathauit introducing the adjoint variables for the gko
position, Ulbrich (2003).

2. OVERVIEW OF CONTINUOUS ADJOINT FORMULATION

Given a control boundary surfaSewe consider a generic deformation defined asctovdield dx onS. In
general,&x is assumed to belong to a finite dimensional sgecerated by a suitable set of basis functions.
Deforming the boundar8induces a perturbation in the flow, which can barabterized, for small
deformations, by the solutiaJ of the linearized flow equations, which are spebedin detail below. As

bothSand the flow have changed, the functiohahries, too, and the corresponding variation can be
generically written as follows

&g = J‘g{u,ﬁjds+J‘ @&Ids.
s A
&
Geometric variation ~ Flow variation
[Change u by U in the previous formula]

The geometric variation part contains three te@astro et al. (2007) and Anderson and Venkatakaishn
(1999),
[ glu.mlds = [ %{d‘f -TU)ds + I (%éﬁ) ds+ [, g&ds

Displacement Term Variation of themat Curvature Term



[JSQ(U,ﬁ) ds= 53—8(5*@ U) dst J‘S(%J”a ds+ J’S g d]

Displacement Term Variation of the normalCurvature Tern

where the curvature term has the form

. % { {ﬂmﬁxr - x&xﬂ} (2D) xcurvature profile

s, = 4
i‘ ghds :J‘ g {?m T 2Hm|5.rﬂ} (3D) H,, mean curvature of profile
5 5

wheredx, = dxn (respbx, = §x — §x,n) is the normal (resp. tangent) part of the s@rfdeformation.

[In the first formula of the previous line the dotlicating the scalar product between the vectelad and n
is missing. Please, include it]

As for the flow variation term, its form dependstbe cost function under consideration, but it eorg, in
general, variations of flow variables such as tresguredP or the viscous stressdg; which can only be
computed by solving, for any vector fiefict describing the surface deformation, the linearitea
equations

(s &) Ju)—%ﬂqj %D =0

A=(oF/ou), A=-(oF'/u), D =(oF! B(ou bx))

(summation over repeated indicdsj=1,... ,3is understood) and linearized boundary conditions

Sﬁls = —5.1'535'1_,[

Gn6T); = =67 VI —m; 8x 8,6, T

on S(whereii is the flow velocity vectorT is the fluid temperature and an adiabatic therroahllary
condition has been assumed), as well as lineadlzathcteristic boundary conditions 65. This procedure
is computationally prohibitive when the dimensidrre space of design variablés (i.e., the number of
independent surface deformations considered) g&)ao the standard procedure is to introducedjoéra

statey= (lﬂl,lﬂz,l/JS,lﬂ4,l//5) subject to the adjoint equations:

AL AVYMmwT d anT -
(A+A)DDL|J +ﬁﬂoﬁﬁD_o

whereFand ¥ are the inviscid and viscous flux vectors, respetyi along with the appropriate adjoint
boundary conditions o8so as to allow the computation of the flow variatterm, Jameson (1988 and
1995),Castro, Lozano, Palacios and Zuazua (2007) andraodexind Venkatakrishnan (1999). The
resulting expressions are suitable for optimizatioder viscous as well as inviscid flow equatiofise
procedure also allows the determination of the g@rsgructure of the functionals. For functionals
defined on a control surfa@and subject to the Navier-Stokes equations withsignand adiabatic
boundary conditions the structure of the admisdilnhetional is the following



[g{fj!"}ds, f=Pn—u-uo.
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The corresponding adjoint boundary conditionsS@me

_| 99 dg ag

Wotrs) of, 'of, ’afZJ
_ g
ks = o

where (1/11,1/12,4113,1//4,1//5) are the components of the adjoint state laiscthe coefficient of thermal

conductivity. Therefore, optimization is possihtetiis case with respect to any of the componéefisectotal

force f exerted by the fluid on the wall (including botke thressure and the viscous stress terms), assvell a
with respect to surface temperature distributibnn particular, functions that depend solely oa pessure

are allowed, by considering #,T)=r-f since[&r[i=0 onS This possibility has been largely ignored
in the literature.

We now focus on the case of total drag minimizatfonwhich the cost function is
-,

I=J‘{f"-cf}ds.f"=fpﬁ—é
5

whereC, = (F — F_}/C. is the non-dimensional pressure coeffici@nt= M2 £, /2 is the reference
dynamic pressure,is the adiabatic exponent (or ratio of specifictaed the fluid),F_ and}_are the

free-stream Pressure and Mach number,daisch constant vector directed along the flow dioectThe
variation of this cost function is

! S\ (7. d 5 . L1
] = J‘ (C—x({af. VP)(#' - d) — n;d;6% - '-I-‘r.ri_i-) +k(f-d)+ 5{(5?3.;; _ c_xgd]) ds
5
- J‘{{i' 5oy, + pHYs) — Yeil - o+ 6 + 7 - Z6U — kips8, 6T )ds
5

wherep is the density of the fluid; is the enthalpy anigj- =u (?% - %55 %J is the
] EaL = k

adjoint stress tensor. The computation of the aleoypeession requires the specification of the feiig
linearized and adjoint boundary conditions®n

5ii|s = —6x ;8.

8,6T |5 = =67 - VT — n;6x ;8,8,T

(lﬂz,lﬂ3,l//4)|s = Ci(dx ! dy ) dz)

Baipsls =0



as well as appropriate boundary conditionggn It can be observed from the previous resultsiththe
variation of the above functional, and in genenahie computation of sensitivity derivatives fosadus

flows, second order derivatives of the flow varesbbnSare required (such as those appearir@uiigand

8, 6T . This is cumbersome (and has in fact been poiniéd®a drawback of the approach, Anderson and
Venkatakrishnan (1999)) as the accurate numericduation of such derivatives requires at leastitbrder
spatial accuracy, which is beyond the capabilibfesiost unstructured flow solvers. This issue hesnb
solved with the development of a systematic wasedficing the order of the higher derivative terwisich
amounts to the use of the flow equations restritdegko convert the normal derivatives on the seconérord
terms into tangent derivatives and integrate thysparts to reduce the order of the derivativesk Rir
example the terrfi, 5T |, which according to the thermal boundary condit®aqual

—&n-VT — n;§x;8;5;T . The corresponding terms in the variation candoleiced as follows (the details

can be found in Castro, Lozano, Palacios and ZugQGy).

Jskysno x, 66,T) dstfs kys(nTT) ds s xks(@,2T) ds - s kye( Ly dx)(GgT )dis

wherelltg is the tangent derivative on the surface. The tmaining two normal derivatives can be
rewritten as follows

koW T/s= LKLY s = Lig(kLhg T) == a3 Oty = Lhg(k g T)

after using the energy flow equation 8n

KOs ==y 6y,

The net result is

[skysniox; (6:8T) dsHs kys(nLT) ds = s Xy oy Ay ds+[s 9%, k (Gig ws )(TgT) ds

which only contains first derivatives of the flownables. Other second-order terms can be treatad i
similar fashion. With this strategy, more compagiressions result that can be evaluated with seoother
accurate flow solvers. For, e.g., drag minimizatithie following expression is obtained, Castro, druz,
Palacios and Zuazua (2007):

D=/0%, Gds

whereG, which is the local sensitivity, is the followirngmputable function of the flow and adjoint
variables and their first derivatives

G=(ndnu)(pya+pHys) +NZ0U—wsNoOU +ys 00l —K Ligws LigT

Therefore, sensitivities do not depend on the tahgart of the deformation of the control
surface, and the local sensitiviBy which by definition is the direction of optima¢fbrmation, can be
used as deformation function (instead of convemtidticks-Henne functions, for example).

3. NUMERICAL RESULTS AND CONCLUSIONS

As an example of the overall developments, Figemd 2 show a viscous design example carried

out with the methodology described in this workeTitoposed design problem starts with a NACA0012
airfoil at a Mach number d.3, angle of attack d2.5¢° and low Reynolds number ®000to keep the

flow laminar along the airfoil. The objective isagr minimization by modifying the shape of the alrfo
increasing the lift t®.15and using geometrical constraints: minimum value for theagest thickness
(12%),frozen curvature at the leading edge and minimhiokhess a?5%of the chord.
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In Figure 1 a comparison between the gradients ctadpby finite-difference and adjoint methods

is shown. The agreement is excellent. The restiliseasubsonic optimization are shown in Figuré&feer
9 design cycles the new airfoil based on a NACAOBAR a drag dd.1225 that is @@7% of the original
NACAO0012 drag (reduction &6 counts), while the final lift is 411%greater than the original one.



To sum up, a systematic continuous adjoint appro@elerodynamic design optimization has

been presented in this work. The resulting expoessare suitable for optimization under viscousvals
as inviscid flow conditions on unstructured as veslistructured grids. Some crucial problems aneedol
and new points of view and investigation lines @@posed in this work.

The results presented here are promising, butdurthmerical tests are necessary. In particular,

a detailed study of the influence of the mesh sieiigés on the formulation, and of a possible &gy for
incorporating them, should be carried out. Alsorkvo extend the methodology to deal with general
turbulent three-dimensional flows, and more carafdlysis concerning transonic flows, must be
undertaken.
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